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Figure 1: OLS Regression Results

#==============================================================================
# Autoco r r e l a t i on ana l y s i s
#==============================================================================
r e s i d u a l s = model . r e s i d
l a g g e d r e s i d u a l s = model . r e s i d . s h i f t ( )
co r r mat r i x = np . c o r r c o e f ( r e s i d u a l s [ 1 : ] , l a g g e d r e s i d u a l s [ 1 : ] )
p r i n t ( co r r mat r i x ) [

1 0.075
0.075 1

]

#==============================================================================
# Plot r e s i d u a l s
#==============================================================================
x range = np . arange (0 , np . s i z e ( r e s i d u a l s ) )
p l t . p l o t ( x range , r e s i dua l s , ’bD ’ )

h l i n e s r ang e = np . arange (−0.3 , 0 . 2 , 0 . 0 5 )
f o r h l i n e in h l i n e s r ang e :

p l t . axh l ine (y=hl ine , c o l o r=’#aaaaaa ’ , l i n e s t y l e=” : ” )

min value = −0.3
max value = 0.15

p l t . yl im ( min value , max value )
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Figure 2: Residuals

Looking at the values of the residuals and at the graph above, there seems to
be a tendency for negative values to follow negative values, and positive values
to follow positive values. This is consistent with positive correlation between
successive terms.
We can also check numerically the correlation between the residuals and the
lagged values. The output indicates about 0.075 correlation between the errors
one period apart.

3



2 ARMA Models

”””
@author : dtoppo
ARMA models
”””

import numpy as np
import matp lo t l i b . pyplot as p l t
import pandas as pd
from stat smode l s . formula . ap i import o l s
from sc ipy import opt imize

# Import d a t a s e r i e from Excel
da taF i l e = ”data python HW 2017 . x l sx ”
x s l x = pd . Exce lF i l e ( da taF i l e )

sheetName = ”ARMA”
dataSe r i e s = xs lx . parse ( sheetName )

r e t l a g 1 = dataSe r i e s . s h i f t ( ) [ 3 : ]
r e t l a g 2 = dataSe r i e s . s h i f t ( 2 ) [ 3 : ]
r e t l a g 3 = dataSe r i e s . s h i f t ( 3 ) [ 3 : ]

#==============================================================================
# Mult ip l e r e g r e s s i o n
# d i r (model ) to d i sp l ay model a t t r i b u t e s
#==============================================================================
s e r i e = ”Belgium”
y = dataSe r i e s [ s e r i e ] [ 3 : ]
data = pd . concat ( [ y , r e t l a g 1 [ s e r i e ] , r e t l a g 2 [ s e r i e ] , r e t l a g 3 [ s e r i e ] ] ,

a x i s =1, keys=[”y” , ”x1” , ”x2” , ”x3” ] )
model = o l s ( ”y ˜ x1 + x2 + x3” , data ) . f i t ( )
p r i n t (model . summary ( ) )
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Figure 3: OLS Regression Results

#==============================================================================
# Plot s
#==============================================================================
n = np . s i z e ( y )
x range = np . arange (0 , n )

predictedY = model . p r ed i c t ( ) # pred i c t ed va lue s
r e s i d u a l s = model . wres id # r e s i d u a l s
r e tu rn s = predictedY + r e s i d u a l s

# Plot data
p l t . p l o t ( x range , predictedY )
p l t . p l o t ( x range , r e tu rn s )
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Figure 4: Actual and Fitted Values

# Res idual p l o t s
p l t . f i g u r e ( )
p l t . subp lot (311)
p l t . p l o t ( r e t l a g 1 [ s e r i e ] , r e s i dua l s , ”p” )
p l t . axh l ine ( y=0, c o l o r=’#aaaaaa ’ , l i n e s t y l e=” : ” )
p l t . axv l i n e ( x=0, c o l o r=’#aaaaaa ’ , l i n e s t y l e=” : ” )

p l t . subp lot (312)
p l t . p l o t ( r e t l a g 2 [ s e r i e ] , r e s i dua l s , ”p” )
p l t . axh l ine ( y=0, c o l o r=’#aaaaaa ’ , l i n e s t y l e=” : ” )
p l t . axv l i n e ( x=0, c o l o r=’#aaaaaa ’ , l i n e s t y l e=” : ” )

p l t . subp lot (313)
p l t . p l o t ( r e t l a g 3 [ s e r i e ] , r e s i dua l s , ”p” )
p l t . axh l ine ( y=0, c o l o r=’#aaaaaa ’ , l i n e s t y l e=” : ” )
p l t . axv l i n e ( x=0, c o l o r=’#aaaaaa ’ , l i n e s t y l e=” : ” )
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Figure 5: Residual Plots

# Fit p l o t s
p l t . f i g u r e ( )
p l t . subp lot (311)
p l t . p l o t ( r e t l a g 1 [ s e r i e ] , predictedY , ”p” )
p l t . p l o t ( r e t l a g 1 [ s e r i e ] , y , ”p” )
p l t . axh l ine ( y=0, c o l o r=’#aaaaaa ’ , l i n e s t y l e=” : ” )
p l t . axv l i n e ( x=0, c o l o r=’#aaaaaa ’ , l i n e s t y l e=” : ” )

p l t . subp lot (312)
p l t . p l o t ( r e t l a g 2 [ s e r i e ] , predictedY , ”p” )
p l t . p l o t ( r e t l a g 2 [ s e r i e ] , y , ”p” )
p l t . axh l ine ( y=0, c o l o r=’#aaaaaa ’ , l i n e s t y l e=” : ” )
p l t . axv l i n e ( x=0, c o l o r=’#aaaaaa ’ , l i n e s t y l e=” : ” )

p l t . subp lot (313)
p l t . p l o t ( r e t l a g 3 [ s e r i e ] , predictedY , ”p” )
p l t . p l o t ( r e t l a g 3 [ s e r i e ] , y , ”p” )
p l t . axh l ine ( y=0, c o l o r=’#aaaaaa ’ , l i n e s t y l e=” : ” )
p l t . axv l i n e ( x=0, c o l o r=’#aaaaaa ’ , l i n e s t y l e=” : ” )
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Figure 6: Line Fit Plots

#==============================================================================
# ARIMA(1 , 1 , 0)
#==============================================================================
s e r i e = ”France”
r e tu rn s = da taSe r i e s [ s e r i e ]

# ARIMA(1 , 1 , 0)
de f arima1 ( params ) :

rho , theta = params

n = np . s i z e ( r e tu rn s )
ma = np . z e r o s (n)
ma [ 0 ] = 0

f o r i in range (1 , n ) :
ma[ i ] = re tu rn s [ i ] − ( rho ∗ r e tu rn s [ i −1] + theta ∗ ma[ i −1])

r e turn ma

# Squared e r r o r s func t i on to be minimized
de f squaredError ( params ) :

r e turn ( arima1 ( params )∗∗2 ) . sum( )

initParams = [ 0 , 0 ]

r e s u l t s = opt imize . minimize ( squaredError , initParams , method=’SLSQP ’ )
p r i n t ( r e s u l t s . x )
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[
−0.206 0.337

]

# Sta t i o n a r i t y & i n v e r t i b i l i t y
bnds = ((−0.9999999999 , 0 .9999999999) , (−0.9999999999 , 0 .9999999999))
r e s u l t s = opt imize . minimize ( squaredError , initParams , bounds=bnds ,

method=’SLSQP ’ )
p r i n t ( r e s u l t s . x )

[
−0.206 0.337

]
#==============================================================================
# MA(2) us ing MLE
#==============================================================================
s e r i e = ”Spain”
r e tu rn s = da taSe r i e s [ s e r i e ]

de f e p s i l o n ( params ) :
q , theta1 , theta2 = params

n = np . s i z e ( r e tu rn s )
e p s i l o n s = np . z e r o s (n)

f o r i in range (0 , n ) :
e p s i l o n s [ i ] = re tu rn s [ i ] − q − e p s i l o n s [ i − 1 ] ∗ theta1 − \

e p s i l o n s [ i − 2 ] ∗ theta2

re turn e p s i l o n s

de f l o gL i k e l i h ood ( params ) :
e p s i l o n s = ep s i l o n ( params )
re turn −((−1/2∗np . l og (2∗np . p i ∗np . var ( e p s i l o n s ) ) \

− 1/2∗ e p s i l o n s ∗∗2/np . var ( e p s i l o n s ) ) . sum ( ) )

initParams = [ np . average ( r e tu rn s ) , 0 , 0 ]

r e s u l t s = opt imize . minimize ( l ogL ike l i hood , initParams , method=’SLSQP ’ )
p r i n t ( r e s u l t s . x )

[
0.011 0.127 −0.021

]
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3 Simultaneous Equations

”””
@author : dtoppo
Simultaneous Equations
”””

import s c ipy as sp
import pandas as pd
from stat smode l s . formula . ap i import o l s

# Import d a t a s e r i e from Excel
da taF i l e = ”data python HW 2017 . x l sx ”
x s l x = pd . Exce lF i l e ( da taF i l e )

sheetName = ”Simult Equ”
da taSe r i e s = xs lx . parse ( sheetName )

#==============================================================================
# Desc r i p t i v e s t a t i s t i c s
#==============================================================================
def d e s c r i p t i v e S t a t s ( serieName ) :

s e r i e = da taSe r i e s [ serieName ]

mean = sp .mean( s e r i e )
stdErr = sp . s t a t s . sem( s e r i e )
median = sp . median ( s e r i e )
mode = sp . s t a t s .mode( s e r i e )
stdDev = sp . std ( s e r i e , ddof=1)
var = sp . var ( s e r i e , ddof=1)
ku r t o s i s = sp . s t a t s . k u r t o s i s ( s e r i e , f i s h e r=True )
skewness = sp . s t a t s . skew ( s e r i e )
minVal = sp . amin ( s e r i e )
maxVal = sp . amax( s e r i e )
rangeVal = maxVal − minVal
sumVal = sp . sum( s e r i e )
count = sp . count nonzero ( s e r i e )
c on f I n t e r v a l = sp . s t a t s . norm . i n t e r v a l ( 0 . 0 5 , l o c=mean , s c a l e=stdDev )

p r i n t ( ”∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗” )
p r i n t ( ”−−− %s −−−” %serieName )
p r i n t ( ”Mean : %.2 f ” %mean)
p r i n t ( ”Standard Error : %.2 f ” %stdErr )
p r i n t ( ”Median : %.2 f ” %median )
p r i n t ( ”Mode : %.2 f ” %mode [ 0 ] )
p r i n t ( ”Standard Deviat ion : %.2 f ” %stdDev )
p r i n t ( ”Sample Variance : %.2 f ” %var )
p r i n t ( ”Kurtos i s : %.2 f ” %ku r t o s i s )
p r i n t ( ”Skewness : %.2 f ” %skewness )
p r i n t ( ”Range : %.2 f ” %rangeVal )
p r i n t ( ”Minimum : %.2 f ” %minVal )
p r i n t ( ”Maximum: %.2 f ” %maxVal )
p r i n t ( ”Sum: %.2 f ” %sumVal )
p r i n t ( ”Count : %.2 f ” %count )
p r i n t ( ”Conf idence Level (95%%): %.2 f ” %(c on f I n t e r v a l [ 1 ] − c on f I n t e r v a l [ 0 ] ) )
p r i n t ( ”∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗” )
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f o r serieName in da taSe r i e s :
d e s c r i p t i v e S t a t s ( serieName )

Figure 7: Summary Statistics for Returns

#==============================================================================
# Regre s s i ons
#==============================================================================
data = pd . concat ( [ da t aSe r i e s [ ”Returns” ] , da t aSe r i e s [ ”dprod” ] , da t aSe r i e s [ ” dspread” ] ,

da t aSe r i e s [ ” rterm” ] , da t aSe r i e s [ ” d c r ed i t ” ] , d a t aSe r i e s [ ”dmoney” ] ] , ax i s=1)
returns mode l = o l s ( ”Returns ˜ dprod + dspread + rterm + dc r ed i t + dmoney” , data ) . f i t ( )
p r i n t ( re turns mode l . summary ( ) )
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Figure 8: Reduced-form equation for Returns

data = pd . concat ( [ da t aSe r i e s [ ” I n f l a t i o n ” ] , da t aSe r i e s [ ”dprod” ] , da t aSe r i e s [ ” dspread” ] ,
da t aSe r i e s [ ” rterm” ] , da t aSe r i e s [ ” d c r ed i t ” ] , d a t aSe r i e s [ ”dmoney” ] ] , ax i s=1)

i n f l a t i o n mode l = o l s ( ” I n f l a t i o n ˜ dprod + dspread + rterm + dc r ed i t + dmoney” , data ) . f i t ( )
p r i n t ( i n f l a t i o n mode l . summary ( ) )
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Figure 9: Reduced-form equation for Inflation

The importance of using 2SLS:

If we estimate a SSSE by OLS, OLS estimators will suffer from the so-called
Simultaneous Equation Bias, arising from the presence of correlation between
independent variables and regressors in some equations of the SSSE. The errors
will be correlated with the regressors and this violates an assumption of the
regression framework. Applying standard ordinary least squares (OLS) under
these circumstances results in inconsistent estimates.
To remedy this problem we can apply 2SLS: 2SLS imply replacing endogenous
variables on the RHS with fitted OLS values. Even if 2SLS estimators are still
biased, the advantage of 2SLS estimators over OLS is that they are consistent.

#==============================================================================
# 2SLS Model with pred i c t ed r e tu rn s and pred i c t ed i n f l a t i o n
#==============================================================================
pr ed i c t e d r e t u rn s = pd . DataFrame ({ ”PredictedReturns ” : re turns mode l . p r ed i c t ( )} ,

index=da taSe r i e s . index )
p r e i d c t e d i n f l a t i o n = pd . DataFrame ({ ” P r ed i c t e d I n f l a t i o n ” : i n f l a t i o n mode l . p r ed i c t ( )} ,

index=da taSe r i e s . index )

data = pd . concat ( [ da t aSe r i e s [ ” I n f l a t i o n ” ] , p r ed i c t ed r e tu rn s , da t aSe r i e s [ ” d c r ed i t ” ] ,
d a t aSe r i e s [ ”dprod” ] , da t aSe r i e s [ ”dmoney” ] ] , a x i s=1)

i n f l a t i o n mode l = o l s ( ” I n f l a t i o n ˜ PredictedReturns + dc r ed i t + dprod + dmoney” , data ) . f i t ( )
p r i n t ( i n f l a t i o n mode l . summary ( ) )
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Figure 10: Inflation

data = pd . concat ( [ da t aSe r i e s [ ”Returns” ] , p r e i d c t e d i n f l a t i o n , da t aSe r i e s [ ”dprod” ] ,
da t aSe r i e s [ ” dspread” ] , da t aSe r i e s [ ” rterm” ] ] , ax i s=1)

i n f l a t i o n mode l = o l s ( ”Returns ˜ P r ed i c t e d I n f l a t i o n + dprod + dspread + rterm” , data ) . f i t ( )
p r i n t ( i n f l a t i o n mode l . summary ( ) )

Figure 11: Returns
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Except for dcredit in the Inflation equation and intercept in Returns Equa-
tion, none of the parameters is even close to statistical significance. The conclu-
sion is that the inflation fitted value term is not significant in the stock return
equation, therefore inflation can be considered exogenous for stock returns. The
same happens in inflation equation: fitted stock return term is not significant
in the inflation equation, suggesting that stock returns are exogenous.
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4 VAR & Cointegration with Trend

”””
@author : dtoppo
VAR & Cointegrat i on with Trend
”””

import pandas as pd
import numpy as np
from stat smode l s . formula . ap i import o l s
from stat smode l s . t sa . v e c t o r a r import var model

# Import d a t a s e r i e from Excel
da taF i l e = ”data python HW 2017 . x l sx ”
x s l x = pd . Exce lF i l e ( da taF i l e )

sheetName = ”VAR & Cointegra t i on trend ”
da taSe r i e s = xs lx . parse ( sheetName )

#==============================================================================
# Sta t i o n a r i t y t e s t i n g
#==============================================================================
d i f f = da taSe r i e s . d i f f ( )
l ag = da taSe r i e s . s h i f t ( )
d i f f l a g = d i f f . s h i f t ( )

dependentVar = ”WTI”

trend = pd . DataFrame (np . arange (0 , np . s i z e ( da t aSe r i e s [ dependentVar ] ) , 1 ) ,
index=da taSe r i e s . index )

trend = trend . s h i f t (1 )

data = pd . concat ( [ d i f f [ dependentVar ] , l ag [ dependentVar ] ,
d i f f l a g [ dependentVar ] , trend ] , ax i s=1)

data . columns=[” d i f f ” , ” l ag ” , ” d i f f l a g ” , ” trend ” ]
model = o l s ( ” d i f f ˜ l ag + d i f f l a g + trend ” , data [ 2 : ] ) . f i t ( )
p r i n t (model . summary ( ) )
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Figure 12: Crude Oil WTI

dependentVar = ”USDX”
data = pd . concat ( [ d i f f [ dependentVar ] , l ag [ dependentVar ] ,

d i f f l a g [ dependentVar ] , trend ] , ax i s=1)
data . columns=[” d i f f ” , ” l ag ” , ” d i f f l a g ” , ” trend ” ]
model = o l s ( ” d i f f ˜ l ag + d i f f l a g + trend ” , data [ 2 : ] ) . f i t ( )
p r i n t (model . summary ( ) )
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Figure 13: The U.S. Dollar Index(USDX)

Because for both prices and dividends, the ADF t Stat fails to exceed any
ADF critical value (-3.42 for 5% confidence interval), we fail to reject the null
hypothesis of non-stationarity of the two series.

Please note that the usual p-value (next to t Stat) doesn’t make any sense
here. It is the value if we havetdistribution. Under the unit root process, we
haveTaudistribution. So, we have to compare computedtStat with the critical
values (given before) which were computed using theTaudistribution.

#==============================================================================
# Sta t i o n a r i t y o f d i f f e r e n c e
#==============================================================================
d i f f d i f f = d i f f . d i f f ( )
d i f f d i f f l a g = d i f f d i f f . s h i f t ( )

dependentVar = ”WTI”

trend = pd . DataFrame (np . arange (0 , np . s i z e ( da t aSe r i e s [ dependentVar ] ) , 1 ) ,
index=da taSe r i e s . index )

trend = trend . s h i f t (2 )

data = pd . concat ( [ d i f f d i f f [ dependentVar ] , d i f f l a g [ dependentVar ] ,
d i f f d i f f l a g [ dependentVar ] , trend ] , ax i s=1)

data . columns=[” d i f f d i f f ” , ” d i f f l a g ” , ” d i f f d i f f l a g ” , ” trend ” ]
model = o l s ( ” d i f f d i f f ˜ d i f f l a g + d i f f d i f f l a g + trend ” , data [ 3 : ] ) . f i t ( )
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pr in t (model . summary ( ) )

Figure 14: Crude Oil WTI

dependentVar = ”USDX”
data = pd . concat ( [ d i f f d i f f [ dependentVar ] , d i f f l a g [ dependentVar ] ,

d i f f d i f f l a g [ dependentVar ] , trend ] , ax i s=1)
data . columns=[” d i f f d i f f ” , ” d i f f l a g ” , ” d i f f d i f f l a g ” , ” trend ” ]
model = o l s ( ” d i f f d i f f ˜ d i f f l a g + d i f f d i f f l a g + trend ” , data [ 3 : ] ) . f i t ( )
p r i n t (model . summary ( ) )
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Figure 15: The U.S. Dollar Index(USDX)

For both Oil and USDX, the ADF t Stat exceeds the ADF critical value
(5%, -3.42), we reject the null hypothesis of non-stationarity; we then conclude
that Oil and USDX are I(1).

#==============================================================================
# OLS Oi l vs USDX
# The − s i gn can be used to remove columns/ v a r i a b l e s . For ins tance ,
# we can remove the i n t e r c e p t from a model by adding ”−1” to the formula
#==============================================================================
model = o l s ( ”WTI ˜ USDX −1” , da t aSe r i e s ) . f i t ( )
p r i n t (model . summary ( ) )
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Figure 16: OLS for Cointegration

#==============================================================================
# Lagged c o i n t e g r a t i o n
#==============================================================================
r e s i d u a l s = model . wres id . to f rame ( )
d i f fR e s i d u a l s = r e s i d u a l s . d i f f ( )
l aggedRes idua l s = r e s i d u a l s . s h i f t ( )

d i f f R e s i d u a l s . columns = [ ” d i f fR e s i d u a l s ” ]
l aggedRes idua l s . columns = [ ” laggedRes idua l s ” ]

data = pd . concat ( [ d i f fR e s i dua l s , l aggedRes idua l s ] , a x i s=1)
model = o l s ( ” d i f fR e s i d u a l s ˜ l aggedRes idua l s −1” , data [ 1 : ] ) . f i t ( )
p r i n t (model . summary ( ) )
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Figure 17: Summary Output

The t Stat is 1.49. The 5% critical value for the model with no intercept is
3.37.

The t Stat falls within the non-rejection region and the null hypothesis of no
cointegration is NOT rejected.

Of course this is not Johansen’s method and it appears to be primitive when
compared to it.

#==============================================================================
# VAR(2)
# F i r s t us ing r e g r e s s i o n
#==============================================================================
d i f f l a g l a g = d i f f l a g . s h i f t ( )

data = pd . concat ( [ d i f f [ ”WTI” ] , d i f f l a g [ ”WTI” ] , d i f f l a g l a g [ ”WTI” ] ,
d i f f l a g [ ”USDX” ] , d i f f l a g l a g [ ”USDX” ] ] , ax i s=1)

data . columns=[”WTI” , ” di f f lagWTI” , ” d i f f l ag lagWTI ” , ”difflagUSDX” , ” di f f laglagUSDX” ]
model = o l s ( ”WTI ˜ dif f lagWTI + di f f l ag lagWTI + difflagUSDX + dif f laglagUSDX” ,

data [ 3 : ] ) . f i t ( )
p r i n t (model . summary ( ) )
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Figure 18: Crude Oil WTI

data = pd . concat ( [ d i f f [ ”USDX” ] , d i f f l a g [ ”WTI” ] , d i f f l a g l a g [ ”WTI” ] ,
d i f f l a g [ ”USDX” ] , d i f f l a g l a g [ ”USDX” ] ] , ax i s=1)

data . columns=[”USDX” , ” di f f lagWTI” , ” d i f f l ag lagWTI ” , ”difflagUSDX” , ” di f f laglagUSDX” ]
model = o l s ( ”USDX ˜ dif f lagWTI + di f f lag lagWTI + difflagUSDX + dif f laglagUSDX” ,

data [ 3 : ] ) . f i t ( )
p r i n t (model . summary ( ) )
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Figure 19: The U.S. Dollar Index(USDX)

The series are not cointegrated, therefore we estimate a VAR(2) on their
first differences (since both the series are non-stationary in levels).

Using a 5% significance level, DiffOil is significantly related to its own past
values, while DiffUSDX is significantly related to Lag2DiffUDSX.
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5 GARCH

”””
@author : dtoppo
GARCH
”””

import numpy as np
from sc ipy import opt imize
import time
import pandas as pd

# Import d a t a s e r i e from Excel
da taF i l e = ”data python HW 2017 . x l sx ”
x s l x = pd . Exce lF i l e ( da taF i l e )

sheetName = ”GARCH”
da taSe r i e s = xs lx . parse ( sheetName )

#==============================================================================
# MAX Like l i hood func t i on
#==============================================================================
def minLike l ihood ( params , data ) :

s = GARCH(params , data )
logL = −((−1/2 ∗ np . l og (2∗np . p i ) − 1/2 ∗ np . l og ( s ) − 1/2 ∗ data ∗∗2/ s ) . sum ( ) )
re turn logL

#==============================================================================
# MAX Like l i hood func t i on f o r Variance Target ing
#==============================================================================
def minLikel ihoodVarTarget ( params , data ) :

s = GARCHTargetVar( params , data )
logL = −((−1/2 ∗ np . l og (2∗np . p i ) − 1/2 ∗ np . l og ( s ) − 1/2 ∗ data ∗∗2/ s ) . sum ( ) )
re turn logL

#==============================================================================
# GARCH(1 ,1 )
#==============================================================================
def GARCH(param , data ) :

alpha , beta , omega = param
s = np . z e r o s ( l en ( data ) )
s [ 0 ] = np . var ( data , ddof=1)

f o r i in range (1 , l en ( data ) ) :
s [ i ] = omega + alpha ∗data [ i −1]∗∗2 + beta ∗( s [ i −1]) # GARCH(1 ,1 ) model

r e turn s

#==============================================================================
# GARCH(1 ,1 ) with Variance Target ing
#==============================================================================
def GARCHTargetVar(param , data ) :

alpha , beta , omega = param
s = np . z e r o s ( l en ( data ) )
s [ 0 ] = np . var ( data , ddof=1)
omega=s [0 ]∗(1− alpha−beta )

f o r i in range (1 , l en ( data ) ) :
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s [ i ] = omega + alpha ∗data [ i −1]∗∗2 + beta ∗( s [ i −1]) # GARCH(1 ,1 ) model
r e turn s

#==============================================================================
# Optimizer
#==============================================================================
def maximizeMLE( initParams , data ) :

# Const ra int s
# 1 − ( alpha ∗(1 + theta ˆ2)+beta ) >= 0
de f pe r s i s t enc e IndexCons t r a i n t ( params ) :

omega , alpha , beta = params
return 1 − ( alpha + beta )

cons = { ’ type ’ : ’ ineq ’ , ’ fun ’ : p e r s i s t enc e IndexCons t r a i n t }

# Could be a l s o a lambda expr e s s i on
# cons = { ’ type ’ : ’ ineq ’ , ’ fun ’ : lambda params : 1 − np . sum( params )}

# Bounds
# 0 <= parameters <= 1
bnds = ( (0 , 1 ) , (0 , 1 ) , (0 , 1 ) )

# Run the minimizer
r e s u l t s = opt imize . minimize ( minLikel ihood , initParams , data , method=’SLSQP ’ ,

bounds=bnds , c on s t r a i n t s=cons )

re turn r e s u l t s . x

#==============================================================================
# Optimizer Variance Target ing
#==============================================================================
def maximizeMLEVarTarget ( initParams , data ) :

# Const ra int s
# 1 − ( alpha ∗(1 + theta ˆ2)+beta ) >= 0
de f pe r s i s t enc e IndexCons t r a i n t ( params ) :

omega , alpha , beta = params
return 1 − ( alpha + beta )

cons = { ’ type ’ : ’ ineq ’ , ’ fun ’ : p e r s i s t enc e IndexCons t r a i n t }

# Bounds
# 0 <= parameters <= 1
bnds = ( (0 , 1 ) , (0 , 1 ) , (0 , 1 ) )

# Run the minimizer
r e s u l t s = opt imize . minimize ( minLikel ihoodVarTarget , initParams , data , method=’SLSQP ’ ,

bounds=bnds , c on s t r a i n t s=cons )

re turn r e s u l t s . x

#==============================================================================
# Main rou t ine
#==============================================================================
def main ( ) :

data = da taSe r i e s [ ”Germany” ]
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# I n i t i a l parameter gue s s e s ( alpha , beta , omega )
initParams = [ 0 . 0 8 32 , 0 .8759 , 0 . 0 001 ]

# GARCH
s t a r t = time . time ( )
r e s u l t s = maximizeMLE( initParams , data )
end = time . time ( )

# Print the r e s u l t s
p r i n t ( ”Alpha : %.6 f \nBeta : %.6 f \nOmega : %.6 f ” % ( r e s u l t s [ 0 ] , r e s u l t s [ 1 ] , r e s u l t s [ 2 ] ) )
p r i n t ( ”Computed in %.2 f s e c s ” % ( end − s t a r t ) )
p r i n t ( )

Alpha 0.1480
Beta 0.8040

Omega 0.0002

The persistence index (0.148 + 0.804 = 0.952) is lower than 1. A high
persistence implies that shocks, which may push variance away from its long-
run average, will persist for a long time.

# GARCH with Variance Target ing
s t a r t = time . time ( )
r e s u l t s = maximizeMLEVarTarget ( initParams , data )
end = time . time ( )

# Print the r e s u l t s
p r i n t ( ”Alpha : %.6 f \nBeta : %.6 f \nOmega : %.6 f ” % ( r e s u l t s [ 0 ] , r e s u l t s [ 1 ] , r e s u l t s [ 2 ] ) )
p r i n t ( ”Computed in %.2 f s e c s ” % ( end − s t a r t ) )

Alpha 0.1374
Beta 0.8062

Omega 0.0002
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6 GARCH with Leverage

”””
@author : dtoppo
GARCH with Leverage
”””

import pandas as pd
import numpy as np
from sc ipy import opt imize
import matp lo t l i b . pyplot as p l t
from stat smode l s . formula . ap i import o l s

# Import d a t a s e r i e from Excel
da taF i l e = ”data python HW 2017 . x l sx ”
x s l x = pd . Exce lF i l e ( da taF i l e )

sheetName = ”GARCH with Leverage ”
da taSe r i e s = xs lx . parse ( sheetName )

#==============================================================================
# MAX Like l i hood func t i on
#==============================================================================
def minLike l ihood ( params , data ) :

s = GARCHLeveraged( params , data )
logL = −((−1/2 ∗ np . l og (2∗np . p i ) − 1/2 ∗ np . l og ( s ) − 1/2 ∗ data ∗∗2/ s ) . sum ( ) )
re turn logL

#==============================================================================
# GARCH(1 ,1 ) with l e v e r ag e model
#==============================================================================
def GARCHLeveraged( params , data ) :

alpha , beta , omega , theta = params

s = np . z e r o s (np . s i z e ( data ) )
s [ 0 ] = np . var ( data , ddof=1)

f o r i in range (1 , np . s i z e ( data ) ) :
s [ i ] = omega + alpha ∗ ( ( data [ i −1] − theta ∗ np . s q r t ( s [ i −1 ] ) )∗∗2) + beta ∗( s [ i −1])

r e turn s

#==============================================================================
# Main rou t ine
#==============================================================================
def maximizeMLE( initParams , data ) :

alpha , beta , omega , theta = initParams

# Const ra int s
# 1 − ( alpha ∗(1 + theta ˆ2)+beta ) >= 0
de f pe r s i s t enc e IndexCons t r a i n t ( params ) :

r e turn 1 − ( alpha ∗(1 + theta ∗∗2) + beta )

cons = { ’ type ’ : ’ ineq ’ , ’ fun ’ : p e r s i s t enc e IndexCons t r a i n t }

# Could be a l s o a lambda expr e s s i on
# cons = { ’ type ’ : ’ ineq ’ ,
# ’ fun ’ : lambda params : 1 − ( params [ 0 ] ∗ ( 1 + params [ 2 ] ∗ ∗ 2 ) + params [ 1 ] ) }
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# Bounds
# 0 <= parameters <= 1
bnds = ( (0 , 1 ) , (0 , 1 ) , (0 , 1 ) , (0 , 1 ) )

# Run the minimizer − SLSQP
# SLSQP uses Sequent i a l Least SQuares Programming to minimize a
# func t i on o f s e v e r a l v a r i a b l e s
# with any combination o f bounds , e qua l i t y and i n e qua l i t y c on s t r a i n t s .
r e s u l t s = opt imize . minimize ( minLikel ihood , initParams , data ,

method=’SLSQP ’ , bounds=bnds , c on s t r a i n t s=cons )
re turn r e s u l t s . x

#==============================================================================
# Lagged au t o c o r r e l a t i o n func t i on
#==============================================================================
def laggedSquaredAutoCorre lat ion ( data , nbLags ) :

rSquared = data ∗∗2

au t o c o r r e l = np . z e r o s ( nbLags )
baseSquaredArray = pd . DataFrame ( rSquared [ 0 : np . s i z e ( rSquared ) − 1 ] )

f o r i in np . arange (0 , nbLags , 1 ) :
lagged = baseSquaredArray . s h i f t (− i −1). f i l l n a (0 )
au t o c o r r e l [ i ] = np . c o r r c o e f ( baseSquaredArray [ 0 ] . va lues , lagged [ 0 ] . va lue s ) [ 0 , 1 ]

r e turn au t o c o r r e l

#==============================================================================
# Squared Standard auto c o r r e l a t i o n
#==============================================================================
def laggedSquaredStandardAutoCorre lat ion ( data , nbLags ) :

rSquared = data ∗∗2

au t o c o r r e l = np . z e r o s ( nbLags )

# I n i t i a l parameter gue s s e s ( alpha , beta , omega , theta )
initParams = [ 0 . 2 , 0 . 8 , 0 . 0 , 0 . 0 ]

garchParams = maximizeMLE( initParams , data )
garchVol = GARCHLeveraged( garchParams , data )

squaredStandardizedRet = rSquared / garchVol

baseSquaredArray = squaredStandardizedRet [ 0 : np . s i z e ( squaredStandardizedRet ) − 1 ]
lagged = baseSquaredArray

f o r i in np . arange (0 , nbLags , 1 ) :
lagged = np . d e l e t e ( lagged , 0)
lagged = np . append ( lagged , 0)
au t o c o r r e l [ i ] = np . c o r r c o e f ( baseSquaredArray , lagged ) [ 0 , 1 ]

r e turn au t o c o r r e l

#==============================================================================
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# Main rou t ine
#==============================================================================
def main ( ) :

ser iesName = ” I t a l y ”

# I n i t i a l parameter gue s s e s ( alpha , beta , omega , theta )
initParams = [ 0 . 1 , 0 . 85 , 0 .000005 , 0 . 0 ]

r e s u l t s = maximizeMLE( initParams , da t aSe r i e s [ ser iesName ] . va lue s )

# Print the r e s u l t s
p r i n t ( ”\nAlpha : %.6 f \nBeta : %.6 f \nOmega : %.6 f \nTheta : %.6 f ” % ( r e s u l t s [ 0 ] , r e s u l t s [ 1 ] ,

r e s u l t s [ 2 ] , r e s u l t s [ 3 ] ) )

Alpha 0.2069
Beta 0.5978

Omega 0.0010
Theta 0.1129

Leverage Effect: a negative return on a stock implies a drop in the equity
value, which implies that the company becomes more highly levered and thus
riskier (assuming the level of debt stays constant).

#==========================================================================
# Plot sample au t o c o r r e l a t i o n c o e f f i c i e n t s at l a g s 1 through 100
#==========================================================================
nbLags = 100

squaredAutocorre l = laggedSquaredAutoCorre lat ion ( da taSe r i e s [ ser iesName ] . values , nbLags )
squaredStandardAutoCorrel =

laggedSquaredStandardAutoCorre lat ion ( da taSe r i e s [ ser iesName ] . values , nbLags )
l ag = np . arange (1 , nbLags + 1 , 1)

barlettLowerBand = np . array (np . ones (100 ) )
barlettLowerBand = barlettLowerBand ∗ (−1.96 / np . s i z e ( da t aSe r i e s [ ser iesName ] ) ∗ ∗ 0 . 5 )
barlettUpperBand = −barlettLowerBand

# Plot data
p l t . p l o t ( lag , squaredAutocorre l )
p l t . p l o t ( lag , squaredStandardAutoCorrel )

# Plot bands
p l t . p l o t ( barlettLowerBand , ’−−r ’ )
p l t . p l o t ( barlettUpperBand , ’−−r ’ )
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Figure 20: Sample Autocorrelation

#==========================================================================
# Regres s ion o f da i l y squared r e tu rn s on var iance
#==========================================================================
forcas tedVar = GARCHLeveraged( r e s u l t s , da t aSe r i e s [ ser iesName ] . va lue s )
squaredReturns = da taSe r i e s [ ser iesName ] . va lue s ∗∗2

sqretDataFrame = pd . DataFrame ( data = squaredReturns ,
index = da taSe r i e s . index , columns = [ ” sqRet” ] )

garchDataFrame = pd . DataFrame ( data = forcastedVar ,
index = da taSe r i e s . index , columns = [ ”garchVar” ] )

data = pd . concat ( [ sqretDataFrame , garchDataFrame ] , ax i s=1)
model = o l s ( ” sqRet ˜ garchVar” , data ) . f i t ( )
p r i n t (model . summary ( ) )
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Figure 21: Summary Output

The intercept is significantly different from zero at a 5% confidence level; the
slope is around 0.54 and this estimate is significantly different from 1. Therefore
the GARCH(1,1) model with leverage offers a poor variance model.
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7 QQ Plots

”””
@author : dtoppo
QQ Plot s
”””

import numpy as np
import matp lo t l i b . pyplot as p l t
import s c ipy as sp
import pandas as pd

from GARCHLeverage import maximizeMLE , GARCHLeveraged

# Import d a t a s e r i e from Excel
da taF i l e = ”data python HW 2017 . x l sx ”
x s l x = pd . Exce lF i l e ( da taF i l e )

sheetName = ”QQ Plot ”
da taSe r i e s = xs lx . parse ( sheetName )

#==============================================================================
# Get d e s c r i p t i v e s t a t i s t i c s
#==============================================================================
def d e s c r i p t i v e S t a t s ( data ) :

nbObs = len ( data )
mean = np .mean( data )
stdev = np . std ( data , ddof=1)
skewness = sp . s t a t s . skew ( data , b i a s=False )
ku r t o s i s = sp . s t a t s . k u r t o s i s ( data , b i a s=Fal se )

r e s u l t = {”nbObs” : nbObs , ”mean” : mean , ” stdev ” : stdev ,
” skewness ” : skewness , ” ku r t o s i s ” : k u r t o s i s }

r e turn r e s u l t

#==============================================================================
# Desc r i p t i v e s t a t i s t i c s p r i n t i n g he lpe r
#==============================================================================
def p r i n tDe s c r i p t i v e S t a t s ( s t a t s ) :

p r i n t ( ” De s c r i p t i v e S t a t i s t i c s ” )
p r i n t ( ”Number o f obs .\ t%d” %s t a t s [ ”nbObs” ] )
p r i n t ( ”Mean\ t \ t%.4 f%%” %( s t a t s [ ”mean” ] ∗ 100))
p r i n t ( ”Std . Deviat ion \ t%.4 f%%” %( s t a t s [ ” stdev ” ] ∗ 100))
p r i n t ( ”Skewness\ t%.4 f ” %s t a t s [ ” skewness ” ] )
p r i n t ( ”Kurtos i s \ t%.4 f ” %s t a t s [ ” ku r t o s i s ” ] )

#==============================================================================
# QQ Plot func t i on
#==============================================================================
def qqPlot ( normal izedReturns ) :

nbObs = len ( normal izedReturns )

sortedNormal izedReturns = np . s o r t ( normal izedReturns )
normal i zedQuant i l e s = sp . s t a t s . norm . ppf ( ( np . arange (1 , nbObs+1) − 0 . 5 ) / nbObs)
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p l t . f i g u r e ( )
p l t . p l o t ( normal izedQuant i l es , sortedNormal izedReturns , ’ rD ’ )

# Es tab l i sh min and max va lues f o r axes
min value = np . around ( sortedNormal izedReturns [ 0 ] )
max value = np . around ( sortedNormal izedReturns [ l en ( sortedNormal izedReturns ) − 1 ] )

ab so l u t e va l u e = max( ( np . abs ( min value ) , max value ) )

p l t . xl im(−abso lu t e va lue , ab so l u t e va l u e )
p l t . yl im(−abso lu t e va lue , ab so l u t e va l u e )

# B i s e c t r i x p l o t
x = np . arange(−abso lu t e va lue , ab so l u t e va l u e + 1 , 1)
p l t . p l o t (x , x )

de f main ( ) :

#==========================================================================
# Simple QQ Plot
#==========================================================================
data = dataSe r i e s [ ” I t a l y ” ] . va lue s

# Standard s t a t i s t i c s
s t a t s = d e s c r i p t i v e S t a t s ( data )
p r i n tDe s c r i p t i v e S t a t s ( s t a t s )

Number of obs. 468
Mean 1.0732%

Std. Deviation 6.9915%
Skewness 0.5249
Kurtosis 1.3336

# normal ize r e tu rn s
normal izedReturns = data / s t a t s [ ” stdev ” ] ;

# QQ Plot
qqPlot ( normal izedReturns )
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Figure 22: QQ Plot of Italian Equity Returns (scaled by unconditional variance)

#==========================================================================
# QQ Plot us ing GARCH vol
#==========================================================================
data = dataSe r i e s [ ” I t a l y ” ] . va lue s

# GARCH vol
initParams = [ 0 . 2 , 0 . 8 , 0 . 0 , 0 . 0 ]
garchParams = maximizeMLE( initParams , data )
garchVol = GARCHLeveraged( garchParams , data )

# normal ize r e tu rn s
normal izedReturns = data / np . s q r t ( garchVol )

# Standard s t a t i s t i c s
s t a t s = d e s c r i p t i v e S t a t s ( normal izedReturns )
p r i n tDe s c r i p t i v e S t a t s ( s t a t s )

Number of obs. 468
Mean 15.0207%

Std. Deviation 99.2437%
Skewness 0.3608
Kurtosis 0.8175

# QQ Plot
qqPlot ( normal izedReturns )
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Figure 23: QQ Plot of Italian Equity Returns with GARCH(1,1) Shocks
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8 Correlations

”””
@author : dtoppo
Co r r e l a t i on s
”””

import numpy as np
import pandas as pd

# Import d a t a s e r i e from Excel
da taF i l e = ”data python HW 2017 . x l sx ”
x s l x = pd . Exce lF i l e ( da taF i l e )

sheetName = ”Cor r e l a t i on ”

da taSe r i e s = xs lx . parse ( sheetName )

# Covariance matrix
cov matr ix = np . cov ( da taSe r i e s .T)
p r i n t ( ”Covariance matrix : ” )
p r i n t ( cov matr ix )


0.00488812 0.00157657 0.00205688 0.00175714 0.00186691
0.00157657 0.00201506 0.00176448 0.0014482 0.00159337
0.00205688 0.00176448 0.00291552 0.00170511 0.00160591
0.00175714 0.0014482 0.00170511 0.00240827 0.00154439
0.00186691 0.00159337 0.00160591 0.00154439 0.00304086


# Determinant
determinant = np . l i n a l g . det ( cov matr ix )
p r i n t ( ”Determinant : %.6 f ” % determinant )

Determinant 0

# Cor r e l a t i on matrix
co r r mat r i x = np . c o r r c o e f ( da taSe r i e s .T) ;
p r i n t ( ”\n\ nCor re l a t i on matrix : ” )
p r i n t ( co r r mat r i x )


1. 0.50234023 0.54485513 0.51213205 0.48423435

0.50234023 1. 0.72797427 0.65740331 0.64368594
0.54485513 0.72797427 1. 0.64349111 0.53934197
0.51213205 0.65740331 0.64349111 1. 0.57069908
0.48423435 0.64368594 0.53934197 0.57069908 1.


# Determinant
determinant = np . l i n a l g . det ( co r r mat r i x )
p r i n t ( ”Determinant : %.6 f ” % determinant )

Determinant 0.82543
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9 Dynamic Conditional Correlations

”””
@author : dtoppo
Dynamic Condi t iona l Co r r e l a t i on s
”””

import pandas as pd
import numpy as np
import s c ipy as sp
from sc ipy import opt imize
from sc ipy . s p e c i a l import gammaln

from GARCHLeverage import GARCHLeveraged , maximizeMLE

# Import d a t a s e r i e from Excel
da taF i l e = ”data python HW 2017 . x l sx ”
x s l x = pd . Exce lF i l e ( da taF i l e )

sheetName = ”DCC”
da taSe r i e s = xs lx . parse ( sheetName )

#==============================================================================
# Uncondit iona l sample covar iance and c o r r e l a t i o n
#==============================================================================
sampleCov = np . cov ( da taSe r i e s [ [ ”Germany” , ”Japan” ] ] . T, ddof =0) [0 , 1 ]
sampleCorr = np . c o r r c o e f ( da t aSe r i e s [ [ ”Germany” , ”Japan” ] ] . T, ddof =0) [0 , 1 ]

#==============================================================================
# Po r t f o l i o uncond i t i ona l covar iance
#==============================================================================
GermanyWgt = 0 . 5 ;
JapanWgt = 0 . 5 ;

GermanyVar = np . var ( da t aSe r i e s [ ”Germany” ] , ddof=1)
JapanVar = np . var ( da t aSe r i e s [ ”Japan” ] , ddof=1)

# PPF = percent po int func t i on === quan t i l e func t i on = norminv
# q = prob (X<=x)
VaRGermany = −sp . s t a t s . norm . ppf ( q=0.01 , l o c =0, s c a l e =1)∗np . sq r t (GermanyVar )∗GermanyWgt
VaRJapan = −sp . s t a t s . norm . ppf ( q=0.01 , l o c =0, s c a l e =1)∗np . s q r t ( JapanVar )∗JapanWgt
sumOfVaRs = VaRGermany + VaRJapan

pfCov = np . cov ( da taSe r i e s [ [ ”Germany” , ”Japan” ] ] . T, ddof =0) [0 , 1 ]
pfVar = GermanyWgt∗∗2∗GermanyVar + JapanWgt∗∗2∗JapanVar + 2∗GermanyWgt∗JapanWgt∗pfCov

VaRPf = −sp . s t a t s . norm . ppf ( q=0.01 , l o c =0, s c a l e =1)∗np . s q r t ( pfVar )

p r i n t ( sumOfVaRs ) ;
p r i n t (VaRPf ) ;

Sum of VaRs 0.1239
Portfolio VaRs 0.1035

Due to diversification, the VaR of the portfolio is less than the sum of the
individual VaRs.
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#==============================================================================
# NAGARCH(1 ,1 )
#==============================================================================
deData = da taSe r i e s [ ”Germany” ] . va lue s

deInitParams = [ 0 . 2 , 0 . 5 , 0 .0008 , 0 . 7 5 ]
deParams = maximizeMLE( deInitParams , deData )
deGarchVol = GARCHLeveraged( deParams , deData )
deStdRet = deData / np . s q r t ( deGarchVol )

jpData = dataSe r i e s [ ”Japan” ] . va lue s

jpInitParams = [ 0 . 2 , 0 . 5 , 0 .0008 , 0 . 7 5 ]
jpParams = maximizeMLE( jpInitParams , jpData )
jpGarchVol = GARCHLeveraged( jpParams , jpData )
jpStdRet = jpData / np . sq r t ( jpGarchVol )

#==============================================================================
# Lamda es t imat ion
#==============================================================================
def computeQ( lda ) :

qDE = np . ones (np . s i z e ( deData ) )
qDEJP = np . ones (np . s i z e ( deData ) )
qJP = np . ones (np . s i z e ( deData ) )

q = pd . DataFrame ( data=np . array ( [ qDE, qDEJP, qJP ] ) . T,
columns=[”DE−DE” , ”DE−JP” , ”JP−JP” ] , index=da taSe r i e s . index )

q [ ”DE−DE” ] [ 0 ] = 1
q [ ”DE−JP” ] [ 0 ] = ( deStdRet ∗ jpStdRet ) . sum( ) / np . s i z e ( deStdRet )
q [ ”JP−JP” ] [ 0 ] = 1

f o r t in range (1 , np . s i z e ( deData ) ) :
q [ ”DE−DE” ] [ t ] = (1− lda )∗ deStdRet [ t−1]∗∗2 + lda ∗q [ ”DE−DE” ] [ t−1]
q [ ”DE−JP” ] [ t ] = (1− lda )∗ deStdRet [ t−1]∗ jpStdRet [ t−1] + lda ∗q [ ”DE−JP” ] [ t−1]
q [ ”JP−JP” ] [ t ] = (1− lda )∗ jpStdRet [ t−1]∗∗2 + lda ∗q [ ”JP−JP” ] [ t−1]

r e turn q

de f dccMinLikel ihood ( lda ) :
q = computeQ( lda )
r = q [ ”DE−JP” ] / np . s q r t ( q [ ”DE−DE” ] ∗ q [ ”JP−JP” ] )
logL = −1/2∗((np . l og (1− r ∗∗2)) + ( deStdRet∗∗2+jpStdRet∗∗2−2∗ r ∗deStdRet∗ jpStdRet )/(1− r ∗∗2))
re turn −( logL . sum ( ) )

bnds = [ ( 0 . 0 0 0 01 , 0 . 9 9 999 ) ]
initParam = 0.94
re su l tDcc = opt imize . minimize ( dccMinLikel ihood , initParam ,

method=’SLSQP ’ , bounds=bnds )

p r i n t ( r e su l tDcc )

Optimal Lambda 0.9841

#==============================================================================
# GARCH(1 ,1)− t (d) model
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#==============================================================================
data = dataSe r i e s [ ” I t a l y ” ]

# I n i t i a l i z e GARCH(1 ,1 )
de f garch ( params ) :

omega , alpha , beta , de l ta , d = params
s = np . z e r o s (np . s i z e ( data ) )
s [ 0 ] = np . var ( data , ddof=1)
f o r i in range (1 , np . s i z e ( data ) ) :

s [ i ] = omega + alpha ∗( data [ i −1] − de l t a ∗np . s q r t ( s [ i −1]))∗∗2 + beta ∗ s [ i −1]
r e turn s

# MLE
def mle ( params ) :

s = garch ( params )
d i= params [ 4 ]
logL = (gammaln( d i ∗0 .5 + 0 . 5 ) − 0 .5∗np . l og (np . p i ) − gammaln( d i ∗0 . 5 ) − \

0 .5∗np . l og ( di−2)−( d i ∗0 .5 + 0 . 5 )∗ np . l og (1+( data ∗∗2/ s )/ ( d i − 2) ) \
− 0 .5∗np . l og ( s ) ) . sum( )

re turn −logL

# Optimizat ion
in i tParamete r s = [ 0 . 0 0 01 , 0 . 085 , 0 . 876 , 0 . 5 , 3 ]
bnds = [ ( 0 . 0 0 0 1 , 0 . 9 9 9 9 ) , ( 0 . 0 001 , 0 . 9 999 ) , ( 0 . 0 001 , 0 . 9 999 ) , ( 0 . 0001 ,None ) ,

( 2 . 0001 ,None ) ]

de f p e r s i s t e n c e ( params ) :
omega , alpha , beta , de l ta , d = params
return 1 − ( alpha ∗(1 + de l t a ∗∗2) + beta )

cons = {” type” : ” ineq ” , ” fun” : p e r s i s t e n c e }

r e s u l t = opt imize . minimize (mle , in i tParameters , method=”SLSQP” , bounds=bnds ,
c on s t r a i n t s=cons )

p r i n t ( r e s u l t )

Alpha 0.1373
Beta 0.7616

Omega 0.0005
Theta 0.2041

d 7.5876
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