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The game of parimutuel betting poses some interesting probability problems.
1. We first study a simple case in which this game is practiced on random events for which the
probabilities are well known. An example is the probability of obtaining a number determined by two
dice.
Let us propose to a hundred bettors the following game: everyone bets a certain sum on a
number from 2 to 12; each player’s stake and number remain undisclosed to the other players. The dice
are then thrown, and if they show the number 8, the players who placed a bet on 8 share the stakes, in
proportion to their bets. If no player bet on 8, the throw is null and the dice are thrown again.
The game is equitable if the total number of bets placed on each number is proportional to the
probability of obtaining that number; but there is no reason a priori for this condition to be met. If the
game is repeated a large number of times among the same players, the players could be tempted to try
to use the results to change their bets; it is immediately clear, however, that if many of the players were
to let themselves be influenced the same way by the results, the game would actually become
advantageous for the other bettors, who bet in the opposite direction.
For the game to be on average equitable, each player, after having determined his stake, must
bet on each number with a probability equal to the probability of that number being thrown; for
example, he can throw two dice and bet on the sum of the numbers he throws. Another method
consists of drawing a random number from 2 to 12 with equal probabilities, and then making the bets
proportional to the probability of obtaining the number on which the player must bet. If some of the
players, G, adopt these methods, while others, G’, do not, players G will beat players G’ in the long run.
2. Suppose now that, in the game described above, one of the players, J, were allowed to bet
last, after having learned what bets were placed by the other players. A simple computation can
determine how he must bet to obtain the highest mathematical expectation.

An interesting case is one in which J has already placed a bet in a way that yields a positive
mathematical expectation; it is then possible that by increasing his bet on the same number, he would
decrease his mathematical expectation, whereas a new player, J’, not yet having placed any bets, would
obtain a positive mathematical expectation by betting an appropriate sum on the same number. The
rule that determines the most favorable bet for J can be stated very simply: let a be the total bets placed
by the other players on number α, and let A be the total bets on α that make the game equitable for the
players who bet on α, without changing the other bets; J must bet an amount equal to x – a such that
the total amount, x, bet on α is equal to the geometric mean of a and A.
If a large number of players are allowed to bet one after the other, with each of them knowing
the preceding bets, and if they follow this rule, the game will become asymptotically equitable.
3. Let us now consider the particularly interesting case in which bettors have different opinions
regarding the probabilities of the random events on which they are betting; this is notably the case with
all competitive sports. The following is a very simple example of a case with only two possible outcomes
on which players can bet.
Let us suppose that two bettors, P and P’, have each bet the same sum, a, on outcome A, to
which they both attribute probability p, whereas two other bettors, Q and Q’, have each bet the same
sum, b, on the opposite event, B, to which they both attribute probability q, which is greater than 1–p. If
p≤

(1)

2a
,
b + 2a

q≤

2b
,
a + 2b

none of the four players is interested in increasing his bet if he is confident in his own evaluation of the
probabilities. Let us examine the particular case in which
p=
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,
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q=
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.
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The mathematical expectation of players P and P’, from their point of view, is equal to
ab/(b+2a), whereas the mathematical expectation of players Q and Q’, from their point of view, is equal
to ab/(a+2b).
If x is the true probability of event A, the mathematical expectation of P and P’ is
E = bx − a(1 − x ),

whereas the mathematical expectation of Q and Q’ is –E. It is worth noting that the probability of A for P
and P’ is equal to p, whereas for Q and Q’, it is equal to 1–q. The value of x at which E equals zero is
intermediate between p and 1–q; we have
p=
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,
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a
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The fraction equal to x is obtained by dividing the sum of the numerators of fractions p and 1 – q
by the sum of their denominators.
We can see through which mechanism, in certain cases, a betting equilibrium is established
when bettors have different opinions on the probabilities. However, note that for a given p and q that
satisfy condition p+q>1, it is not always possible to determine a and b in a way that satisfies inequalities
(1); our assumptions must then be elaborated so that the equilibrium can be established.
4. Certain economic phenomena share the following aspect of the parimutuel game: if a player
wants to secure an advantage, based on his own evaluation of probabilities, he cannot do so without
lowering the mathematical expectations of those who speculate in the same direction. The study of
these phenomena would be simplified by prior study of simple parimutuel–betting problems,
generalizing what we have shown by way of example.
5. The discussion above assumes that one recognizes the notion of the probability of an
individual event. This notion is contested by certain authors; I personally consider it to be one of the
essential concepts of probability theory.

