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Hierarchies of discrete probability measures are remarkably pop-
ular as nonparametric priors in applications, arguably due to two
key properties: (i) they naturally represent multiple heterogeneous
populations; (ii) they produce ties across populations, resulting in
a shrinkage property often described as “sharing of information”.
In this paper we establish a distribution theory for hierarchical ran-
dom measures that are generated via normalization, thus encompass-
ing both the hierarchical Dirichlet and hierarchical Pitman—Yor pro-
cesses. These results provide a probabilistic characterization of the
induced (partially exchangeable) partition structure, including the
distribution and the asymptotics of the number of partition sets, and
a complete posterior characterization. They are obtained by repre-
senting hierarchical processes in terms of completely random mea-
sures, and by applying a novel technique for deriving the associated
distributions. Moreover, they also serve as building blocks for new
simulation algorithms, and we derive marginal and conditional algo-
rithms for Bayesian inference.

1. Introduction. The random partition structure induced by discrete
nonparametric priors plays a pivotal role in a number of inferential prob-
lems related to clustering, density estimation, and prediction. It appears in
applications such as species sampling, computational linguistics and topic
modeling, genomics, and networks. The theory for the exchangeable case is
now well understood and extensively studied. See, e.g., [26, 38, 39, 18] for
probabilistic investigations and, e.g., [20, 21, 23, 10] for statistical contribu-
tions. However, in most applications data are intrinsically heterogeneous and
consistent with a dependence assumption more general than exchangeability.
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Starting from the seminal contributions of MacEachern [34, 35], an extensive
literature has been developed to address inferential issues arising with non—
exchangeable observations in a Bayesian nonparametric setting. See [11, 43]
for reviews. In document analysis, for example, the overall population con-
sists of all words in a collection of documents, but each document consti-
tutes a sub-population with its own distribution. Latent Dirichlet Allocation
(LDA) was developed in [2] as a simple and effective solution; its enormous
popularity is testament to the importance of the problem. The hierarchical
Dirichlet process [42] is a natural nonparametric extension. Further contri-
butions in this direction include [17, 43, 45, 37]. In these models, the induced
partition structure determines the inferential outcomes but, due to the an-
alytical complexity, its investigation and that of the associated prediction
rules have been quite limited; first contributions in this direction, under
different dependence assumptions, can be found in [30, 36, 46]. As far as
posterior characterizations are concerned, no results are known beyond the
hierarchical Dirichlet case [43]. Such characterizations are of theoretical in-
terest, but also a prerequisite for inference algorithms, which simulate draws
from (unobserved) random measures conditionally on data. See [6, 19, 31, 46]
for examples, and [16] for a comprehensive list of references.

The present paper deals with a general class of hierarchical processes
obtained by normalizing random measures, which encompass hierarchical
Dirichlet and Pitman-Yor processes. We establish a distribution theory for
this class of processes and determine the two distributional quantities es-
sential for Bayesian inference, namely the induced partition structure and
a posterior characterization. These allow to perform prediction density esti-
mation, clustering and the assessment of distributional homogeneity across
different samples. The focus on a general class of priors rather than on spe-
cial cases has a two—fold motivation. On the one hand, it helps to clarify the
underlying, probabilistic structure of hierarchical models and its statistical
implications. On the other hand, the Dirichlet process has well-known lim-
itations in the plain exchangeable framework, and that is similarly true in
the non—exchangeable case. In the former, various extensions of the Dirichlet
process have been introduced to provide more flexibility; our results provide
counterparts in the latter more general framework.

1.1. Partial exchangeability. A random infinite sequence is exchangeable
if its distribution is invariant under the group of all finitary permutations
(those which permute an arbitrary but finite number of indices of the se-
quence). It is partially exchangeable if invariance holds under a subgroup
of such permutations; see [24] for an extensive bibliography. In the prob-
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lems considered in the following, partial exchangeability arises naturally:
if a population decomposes into (conditionally independent) multiple sub-
populations that are each exchangeable in their own right, the overall pop-
ulation is partially exchangeable.

More formally, suppose X is a complete and separable metric space en-
dowed with the Borel o—field %2 . Consider d partially exchangeable se-
quences {(Xj; ;)j>1:1=1,...,d} defined on some probability space (2, #,P)
and taking values in (X, 2"). By de Finetti’s representation theorem this is
equivalent to assuming

d

(1) ]PHX(NJ CA: i= 1,...,dH :/ 12" (A5) Quldpr, .., dpa)

P =1
for any integer N; > 1 and 4; € 2 Vi, where X(Vi) = (Xit,--, Xin,)
and p@ = p x .-+ x p is the g—fold product measure on X9, for any q >
1. Moreover, Px is the space of all probability measures on X, which we
suppose is endowed with the topology of weak convergence and denote as
Px the corresponding Borel o—algebra. The mixing or de Finetti measure
Qg is a probability measure on (ng7 L@ffg) that plays the role of a prior
distribution. Hence, (1) amounts to assuming that, given a vector of random
probability measures (p1,...,pq) ~ Qg, the d samples are independent and
the observations X Vi) of the i—th sample are independent and identically
distributed from p;.

As in most of the current literature, here we focus on choices of Q4 that
select, with probability 1, vectors of discrete probability measures. This im-
plies that there will be ties, with positive probability, within each sample and
typically also across different samples. From a modeling perspective this is
a desirable feature since it allows clustering both within and across samples
or, in other terms, to have models accounting for heterogeneity in a flexi-
ble way. The appearance of ties then naturally leads to look at the induced
partition structure. In the exchangeable framework, the partition structure
is uniquely characterized by the exchangeable partition probability function
(EPPF) (see [39]), which is a key tool for studying clustering properties,
deriving prediction rules and sampling schemes.

In the partially exchangeable context one can define an analogous ob-
ject, which we term partially exchangeable partition probability function
(pEPPF), and plays exactly the same role of the EPPF in this more general
setup. In order to provide a probabilistic description of the pEPPF, let k
be the number of distinct values recorded among the N = Ny + --- 4+ Ny
observations in {X Ni) g =1,... ,d}. Each distinct value identifies a spe-
cific cluster of the partition. Accordingly, n; = (n1,...,n;)) denotes the
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vector of frequency counts and n;; is the number of elements of the i-th
sample that coincide with the j—th distinct value. Clearly n;; > 0 for any
i=1,...,dand 7 =1,...,k, and Z?ﬂ”i,j > 1forany 7 = 1,...,k. Note
that n; ; = 0 means that the j—th distinct value does not appear in the i—th
sample. The j—th distinct value is shared by any two samples 7 and « if and
only if n; jn.; > 1. To sum up, the pEPPF is defined as

k
N ", . o .
2) M (ny, - ng) =E /Xk [T50 (dzy) ... 5, (dzy)
j=1
with the obvious constraint Z?:l n;; = N;, foreach i =1,...,d.

1.2. Outline. The main goal of the paper is to establish a distribution
theory for prior distributions )4 displaying a hierarchical structure and se-
lecting discrete random probabilities. We focus on two key aspects. On the
one hand, we investigate the random partitions induced by an array of par-
tially exchangeable sequences as in (1), including the distribution of the
number of partition sets and its asymptotics when the sample size increases.
On the other hand, we provide a posterior characterization for a vector of
hierarchical random probability measures (pi,...,pq), conditional on the
data. The former allows one to address two relevant issues in Bayesian non-
parametric inference, namely inference on the clustering structure of the
data and prediction. The latter is crucial for accurate uncertainty quantifi-
cation and for devising simulation algorithms that generate trajectories of
hierarchical random probability measure, from their posterior distribution.

In Section 2 we introduce some basic elements on completely random
measures and provide a description of hierarchical normalized random mea-
sures. A probabilistic characterization of the induced partially exchangeable
random partition is detailed in Section 3 and this forms the basis for inves-
tigating the distributional properties of the number of distinct values in d
partially exchangeable samples in Section 4. The main results for establish-
ing a posterior representation of (p1,...,pq) are, then, stated in Section 5.
Finally, the computational algorithms that can be obtained from our the-
oretical results are described in Section 6. Proofs are deferred to the the
supplementary material [3].

2. Hierarchical normalized random measures. In the present work
we rely on random measures as the basic building blocks for the construc-
tion of discrete nonparametric priors having a hierarchical structure. Let
Mx be the space of boundedly finite measures on (X, 2"), i.e. m(A) < oo
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for any m € Mx and for any bounded set A € £, equipped with the
corresponding Borel o—algebra .#x. See [9] for details. We consider ran-
dom elements fi defined on some probability space (€2,.%,P) and taking
values in (Mx, .#x). Furthermore, [ is assumed to be almost surely discrete
and without fixed points of discontinuity. Hence, they can be represented as
fo =Y ;~q Ji Oy,. We shall henceforth focus on random probabilities obtained
as suitable transformations of ji. In particular, we will focus on normaliza-
tion. Indeed, if 0 < (X) < 0o a.s., we define

(3) p=-k Zzi—léyiNNRM(P)

i>1 J

where J := Y_,o; J; = i(X) and P = Ep is a probability distribution on
(X, Z). In order to obtain a hierarchical structure, one then assumes that
(Yi)i>1 in (3) is exchangeable with Y; | po id Po. Moreover, po = fio/ fio(X)
is obtained by normalizing a random measure jig = ) ;> Ji0dy;,, where
(Yi0)i>1 is an i.i.d. sequence taking values in X and whose common prob-
ability distribution P, is non—atomic. Therefore, we deal with d sequences
{(Xij)j>1 : i =1,...,d} that are partially exchangeable according to (1)
and the mixing measure )y is characterized by

~ | ~ id ~ .
Pi | po ~ NRM(po) i=1,...,d
Fo ~ NRM(R).

(4)

The almost sure discreteness of fi is clearly inherited by the p;’s and hence,
as desired, we have nonparametric priors Qg selecting discrete distributions
and inducing ties within and across the samples X (V1) . X Na),

The following subsections focus on two specifications of (f, fip), and hence
of (4), that will be thoroughly investigated in the paper.

2.1. Hierarchical NRMIs. A first natural choice is to set ji as a completely
random measure (CRM), i.e. a random element taking values in Mx such
that for any collection of pairwise disjoint sets A1, ..., Ag in 2", and for any
k > 1, the random variables fi(A;), ..., i(Ag) are mutually independent.
See [25]. An appealing feature of CRMs is the availability of their Laplace
functional. Indeed, if it is further assumed that fi does not have fixed points
of discontinuity, for any measurable function f: X — R* one has

(5) Ee fX f(z) p(de) _ e fR+XX[1—e_Sf(x)] v(ds,dz)

where v is the Lévy intensity uniquely characterizing the CRM fi. See [25, 27]
for an exhaustive account. Though the treatment can be developed for any
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CRM, for the ease of illustration henceforth we consider the case where the
jumps J;’s and the locations Y;’s are independent and specifically that

(6) v(ds,dz) = p(s)ds ¢ Py(dz)

for some measurable function p : Rt — R™, constant ¢ > 0 and probability
measure Py on (X, .2"). Noteworthy examples are the gamma process and
the o-stable process, which correspond to CRMs having p(s) = s~'e™* and
p(s) = 057179 /T(1 — o), for some o € (0,1). If p = ji/i(X) we use the
notation

D~ NRMI(p? Gy P0)7

which recalls the acronym of [41], where normalized random measures have
first been introduced and studied in the exchangeable framework. The cor-
responding hierarchical model in (4) is thus termed hierarchical NRMI.

For hierarchical NRMIs one can evaluate the correlation between p;(A)
and p;j(A), for any ¢ # j and measurable subset A of X, in terms of the
underlying parameters (c, p, co, po). In order to ease the statement of the
result, set ip(u) = [°[1 — e “Jp(s)ds and ¢o(u) = [;°[1 — e “*|po(s)ds as
the Laplace exponents corresponding to p and pg, respectively.

THEOREM 1. Suppose that p; | po by NRMI(p, ¢, po), fori=1,...,d, and
po ~ NRMI(po, co, Py). Then, for any A € Z and i # j

corr(pi(A), p;(A)) =
(7) {1 e Jou e~V 1y (u) du o u e—co%o(w) 7-12’0 (u) du }—1
0 Jo S wemcoto() 1y 6 (u) du ’

where Ty(u) = [(F s7e " p(s)ds and T40(u) = [;° s7e" po(s) ds.

It is worth stressing two important facts. The correlation coefficient be-
tween p;(A) and p;(A) is always positive. It does not depend on the specific
set A. Moreover, by specifying (c, p, co, po) the correlation coefficient (7)
becomes readily available as shown in the following examples.

EXAMPLE 1. If p(s) = po(s) = s~te™*, then Py is a Dirichlet process
and the p;’s are, conditionally on pg, independent and identically distributed
Dirichlet processes. Hence, (p1,...,Pq) is a vector of hierarchical Dirichlet
processes as in [42]. A straightforward application of Theorem 1 yields

c+1

corr(pi(A),pj(A)) = m.
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Note that the correlation is increasing in ¢ and decreasing in cg. As ¢y 1T oo
the distribution of pg degenerates on Py and the p;’s are independent, which
is consistent with corr(p;(A),p;(A)) converging to 0. On the other hand, if
¢ T oo, then the distribution of each p;, conditional on pg, degenerates on pg
and it is, thus, not surprising that the correlation coefficient between any
pair of p;(A)’s converges to 1, for any A in 2 .

EXAMPLE 2. The hierarchical stable NRMI arises by setting p(s) =
05179 /T(1 — o) and po(s) = 095 1799/T'(1 — ay), for some o and oq in
(0,1). This implies that pg is a og—stable NRMI and, conditionally on py,
the p;’s are independent and identically distributed o—stable NRMIs. We
will say that (p1,...,Dq) is a vector of hierarchical stable NRMIs. A plain
application of Theorem 1 leads to

corr(pi(A),pj(A)) =

- 1—o009’

1—o0g

which is increasing in ¢ and decreasing in oy. Due to the properties of the
stable CRM, unsurprisingly the correlation coefficient does not depend on
the total masses ¢y and c.

2.2. Hierarchical Pitman—Yor processes. The second relevant construc-
tion arises when [i has a distribution obtained by a suitable transformation
of the distribution of a CRM. In particular, let IP, be the probability dis-
tribution on (Mx,.#x) of a o-stable CRM, with ¢ € (0,1). For 6 > 0
define P,y on (Mx,.#x) as absolutely continuous w.r.t. P, and such that
its Radon—Nikodym derivative is

dP; oT'(9)
(8) 5 (m) =

dP, I'@/o)
The resulting random measure fi, ¢ with distribution P, g is not completely
random. Nonetheless, via normalization

m(X)

~ Ho,6 .

9) D o (X) PY(0,6; P)
one obtains a fundamental process, the Pitman—Yor process or two—parameter
Poisson—Dirichlet process. A different equivalent construction, simpler but
less convenient for our purposes, starts from a specific NRMI(p, ¢, Py) and
puts a gamma prior on the parameter c. See [40] for details on both deriva-
tions.

The following results provides the correlation structure for the hierar-
chical Pitman—Yor process and nicely describes the role of the parameters
(0,00,0,00).
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THEOREM 2. Suppose that p;|po iy PY(0,0,p0), fori =1,...,d, and
po ~ PY (00,60, Py). Then, for any A€ Z and i #j

1—0 90+00}_1

(10) corr(pi(A). ;(A4) = {1+ = 5T

Unsurprisingly, also for hierarchical Pitman—Yor processes the correlation
between p;(A) and p;(A), for any i # j, is positive and does not depend on
A e 2. Moreover, from (10) the impact of (g, 09, 8, o) on corr(p;(A), p;(A))
can be easily deduced.

3. Random partitions induced by hierarchical NRMs. Consider
an array of d partially exchangeable sequences with de Finetti measure Qg
given by hierarchies of normalized measures as in (4). As already mentioned,
the discreteness of the p;’s and py entails that P[X,; = X, ;] > 0 for any ¢
and k, i.e. there is a positive probability of ties both within each sample and
across the different samples X Vi) = (Xi1,...,Xin;). A random partition
of the samples is, thus, induced, whereby any two elements X,; and Xy ;
are in the same partition group (or cluster) if and only if they take on the
same value. Its probability distribution is identified by the pEPPF H,(CN) in
(2). Here we determine a closed form expression for hierarchical NRMIs and
the hierarchical Pitman—Yor process.

We first focus on hierarchical NRMIs. In order to gain some intuition on
the structure of H,(CN)7 it is worth recalling the so—called Chinese restaurant
franchise metaphor described in [42] for the hierarchical Dirichlet process.
According to this scheme, a franchise of d restaurants shares the same menu,
which includes an infinite number of dishes and is generated by the top level
base measure Fy. Each restaurant has infinitely many tables. The first cus-
tomer sitting at each table of restaurant ¢ chooses the dish and this dish is
shared by all other customers who afterwards join the same table. In con-
trast to the well-known Chinese restaurant process, the same dish can be
served at different tables within the same restaurant and across different
restaurants. According to this scheme, X; ; represents the dish served in the
i—th restaurant to the j—th customer for j =1,...,N; and i =1,...,d. Fur-
thermore, the frequency n; ; in (2) is the number of customers in restaurant
i eating the j—th dish and we further let ¢; ; € {1,...,n;;} be the number
of tables in restaurant ¢ at which the j—th dish is served, if n; ; > 1. When
n;,; = 0 it is obvious that ¢; ; = 0 as well. Hence

d

k
Z.j = Z&’j’ gj. = Z;Ei,j
j=

=1



HIERARCHICAL PROCESSES 9

denote, respectively, the number of tables serving dish j (across restaurants)
and the number of tables in restaurant i (regardless of the served dishes).
Moreover, if we further label the tables, with g; j; we can identify the number

of customers in restaurant ¢ eating dish j at table ¢ so that Zf’zjl Qijt = Nij-
This additional notation suggests we are going to consider a combinatorial
structure arising from the composition of random partitions acting at differ-
ent levels of the hierarchy: one yields a partition where the N = N1+ - -4+ Ny
customers are allocated to |£] = Z?Zl Z§:1 ¢; ; > k tables and these tables
are, then, clustered into k groups, with each group being identified by a
different distinct dish.

Before providing the pEPPF, we introduce the notation that identifies the
composing random partitions. If pg ~ NRMI(pg, co, Py) and Py is a diffuse

probability measure on X, for any k& € {1,...,n} and any vector of positive
integers (r1,...,7) such that Zle r; = n, we set
(n) cg * 1 :
1) ) = i [ te e T o) du
0 .
7j=1

Note that according to [23, Proposition 3], q)]gng is the EPPF induced by an
exchangeable sequence drawn from a NRMI with parameter (cg, po).

THEOREM 3. Suppose the sequences {(X;j)j>1: @ =1,...,d} are par-
tially exchangeable according to (1), with Qg characterized by

~ | ~ iid ~ . ~
pz|p0 ~ NRMI(,O, Cap()) (Z = 17"'ad)> DPo NNRMI(PO,007P0)~

Then
N L) 5 =
I (o ma) = 30 3 Bl (G, o)
L q
(12) d ko .
X Q" (qg;1,...,q;
I, ) o g
i=1j=1 »J 2 Ik, g
where, if ni; > 1, qij = (¢ij1,--- ,qmgi’j) 1 a vector of positive integers

such that |q; ;| = n;j, foranyi=1,...,d and j=1,...,k, and

Z; o) ki
N c i—1 _—cy(u
1) a0 = iy [0 O T [

i
0
j=1t=1
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Note that, if n; ; = 0, then g; ; = (0,...,0) and

N; N;
¢.( )(Qz Lo Qi) = CI)E*Z_.,Z((Ii,la Qi1 i1 - Qi)

The backbone of (12) is

d
(14) ‘I);%D( lo1,- H ‘I)g\f (@its -1 Qi)
=1
which displays the random partitions’ composition acting at the two levels
of the hierarchy: the single samples (or restaurants) and the whole collection
of samples (or the franchise). The former is captured by H?:l @éf\fz while

the latter is identified by @,%D. The resulting expression of H,(CN)

from plain marginalization.
We now illustrate the result by considering again the hierarchical Dirichlet
process and the hierarchical stable NRMI.

then follows

ExXAMPLE 3. Let (p1,...,pq) be a vector of hierarchical Dirichlet pro-
cesses as in Example 1. Let (a), = I'(a +n)/T'(a) be the ascending factorial
and |s(n, k)| the signless Stirling number of the first kind. It is then straight-
forward to show that

|€

N C C =
H](C )(’I’Ll, ... ,nd) = — 0 Z (CO) H(on - 1)' H |5(ni7j’£i7j)‘
j= =1

[Timi(on el =1

( d Hk (C) 1 k d
k j=1 Ni,j =
~a (11 ) S b T 10 TPl ~
where K, ; is a random variable denoting the number of distinct obser-
vations, out of n; ; drawn from an exchangeable sequence whose de Finetti
measure is a Dirichlet process with concentration parameter c. Alternatively,
one can rely on properties of |s(n, k)| and deduce the following integral rep-
resentation

H,(cN)(nl, . ,nd) =
Ck C5 d
— / Dr(dp;&y,-- - &co) [T TI (epj+ Dy
[Tizi ()N, Jay i=1 {j:in;;>1}

where §; = 2?21 111,2,.3(niyj) is the number of restaurants sharing the j-th
dish, & = 25:1 & and Di(-;a1,...,a,41) is the multivariate Dirichlet dis-
tribution on the k—dimensional simplex Ay, with parameters (ay,...,ag+1).
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EXAMPLE 4. Let (p1,...,pq) be a vector of hierarchical stable NRMIs

defined as in Example 2 and €' (n, k; o) be the generalized factorial coeffi-
cients defined by

(0t)n = > (n, ko) (D)
k=1

As for the pEPPF, Theorem 3 and some algebra lead to

o1 le|—d 7
I'(k o lie)
H;(CN)(nlj---and): (k) Hz T H

ngl L'(NVi) V4 L(lel) j=1
d k
X H H Cg(nz;éf;]’a)
=1 j5=1
0 1 T(N;) - ()

X PIK,, ; = 4ij
H(H{] n1]>1} ) H H ]

=1 j=1

with Ky, ; denoting the number of distinct observations generated by n; ;
observations from an exchangeable sequence whose de Finetti measure is a
normalized o—stable process.

The combinatorial structure yielding the pEPPF in (12) is not specific to
hierarchical NRMIs. Indeed, it can be established also for the Pitman—Yor
process, which arises as the normalization of a measure that is not completely
random.

THEOREM 4. Let {(X;;)j>1: @ =1,...,d} be partially exchangeable as
in (1), with Qg characterized by

_ o iid 3 , N
il po ~ PY(0,0;p0) (i=1,...,d), po ~ PY (00, 00; Po)

nlv]’ 7]’ )
i

IZI
—
%;’
+H
Hq:
+
=
a
::]»

Jj=1
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This result is related to the findings in [17], whose construction leads to
a tree structure used as a language model. In models of this type, termed
sequence memoizer, the observations take values in the space ¥* of finite
sequences of elements from a countable (typically finite) set symbols X.
Each random probability measure involved in the hierarchies of the model
is supported by > and it is, then, apparent that the base measure at the
root of the hierarchy is atomic. Our treatment is different, in the sense that
the state space coincides with any separable and complete metric space X
and the probability distribution at the root of the hierarchy is diffuse. The
latter is crucial for obtaining the expressions of the pEPPF displayed in this

paper.

4. Distribution of the number of clusters K. Having determined
the pEPPF of hierarchical NRMIs and hierarchical Pitman—Yor processes, a
natural issue to address is the determination of the probability distribution
of the number K of distinct values out of N = Ny + --- + Ny partially ex-
changeable observations. This can be achieved by relying on the composition
of random partitions in the pEPPF representations in Theorems 3 and 4 and
highlighted in (14). For the derivation of the result, it is useful to introduce a
collection of sequences of latent random variables {(7;;);>1: i =1,...,d}.
They are such that T; ;|g; by Gi, with §; i NRMI(c, p, G) for hierarchical
NRMIs and ¢; X PY(0,0,G) for hierarchical Pitman—Yor processes, while
G is some diffuse probability measure. In terms of the Chinese restaurant
franchise metaphor, T; ; is the label of the table where the j—th customer of

the i—th restaurant is seated. In view of this, the probability distribution of
K arises by considering:

(i) independent random variables K n, that equal, for each i =1,...,d,
the number of distinct values in TW) = (T q,..., Ti N, );

(ii) Koz, which represents the number of distinct values out of ¢ exchange-
able random elements generated from py.

According to the Chinese restaurant metaphor, K Z’ n, 1s the number of tables
where the NN; customers of restaurant ¢ are seated, while Ko ; is the number
of distinct dishes allocated to the ¢ tables where the N customers of the
whole franchise are seated.

THEOREM 5. Suppose Ky s the number of distinct values in the d par-
tially exchangeable samples {X(Ni) : i =1,...,d} governed by a vector of

hierarchical NRMIs, i.e. pi|po > NRMI(c, p, po) and po ~ NRMI(co, po, Po),
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with Py being non—atomic. Then, for any k =1..., N one has

(16) Z]PKOt_k [Z =]

The probability distributions of K¢ ; and of K i N, are readily derived from
their EPPFs and coincide with

N PlEy=H=g Y <tk> il (r1s )

(11, Tk) EAR 1

for any k € {1,...,t}, where A;,, = {(r1,...,r5) : 7 > 1, zgzl ri = n},
and

1 N; N;
18) Py ==+ % )@gm,...,m
C. ('rl ,_,r<)€A< N T c TC )

for any ¢ € {1,..., N;}.
A similar result holds for the hierarchical Pitman—Yor process.

THEOREM 6. Suppose Ky is the number of distinct values in the d par-
tially exchangeable samples {X(Ni) : 4 = 1,...,d} governed by a vector
of hierarchical Pitman—Yor processes, i.e. p;|po id PY(0,0;p0) and py ~
PY (00, 60; Py). Then

Z H 9() + T‘O’()) (g(t, k; O‘o)

90+1t1 ol

9 ro) €(N;, (o
3 HH + ) (Ni, Gis o)

O+ D G
(Coceng} =1 O g

REMARK 1. In the proofs of Theorems 5-6, based on the expressions
of the pEPPFs, we give an alternative equivalent representation of Kp: if
§(N) = Kjn, + - + Ky, from (16) and (19) one deduces for both
hierarchical NRMIs and Pitman—Yor processes

d
KN = Kog(n)-

The equality between Kx and Kg¢(v) can be strengthened, and actually
holds almost surely. This fact is useful for the determination of the asymp-
totic behaviour of K.
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Before establishing the asymptotic behavior of Ky, as N — oo, introduce
two positive sequences (Ag(n)),>1 and (A(n))p>1 such that lim, A\o(n) =
lim, \(n) = co and assume )\ satisfies the following condition:

(H1) for any pair of positive sequences (b1(n))n>1 and (b2(n))n>1 such that
lim,, by (n) = lim,, ba(n) = co and lim, (b1 (n)/ba(n)) =1

iy 0(01(n) _
n—o0 Ao(ba(n))
)

We would like to stress that assumption (H1) is satisfied when \g is a regu-
larly varying function.

In the sequel we agree that Y,, ~ A(n), for n — oo, means that lim,, Y, /A(n)
almost surely exists and equals a finite and positive random variable, then
one can state the following.

THEOREM 7. Suppose K is the number of distinct values in the d par-
tially exchangeable samples {X(Ni) : i =1,...,d} governed by a vector of
hierarchical NRMIs such that Kon =~ Ao(n) and K y =~ A(N) as N — oo,
where (Ao(n))n>1 satisfies (H1). Moreover, let Ny = --- = Ng = N* = N/d.
Then

N =~ Xo(nA(N/d)) as N — oo,

for some positive and finite random variable 7.
In particular, if (p1,...,Dq) s a vector of hierarchical Dirichlet processes,
then

Ky ~loglog N as N — oo.

Note that the rate of increase of K for the hierarchical Dirichlet process
has been also displayed in [43] based on a more informal argument. The
corresponding result for hierarchical Pitman—Yor process is as follows.

THEOREM 8. Suppose Ky is the number of distinct values in the d par-
tially exchangeable samples {X(Ni) : i = 1,...,d} governed by a vector
of hierarchical Pitman—Yor processes. Furthermore, let Ny = --- = Ng =
N* = N/d. Then

Ky ~ N990 as N — oo

REMARK 2. These results can be extended to the case where only a
subset of the N;’s diverge and the others stay finite. Indeed, if for some
m < done has Nj, = --- = N; = N*, where N* — oo, and N; < L < o0
for any other i & {Jji,...,jm}, then it is possible to conclude that

Ky ~ X(nA(N/m))
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as N* — oo, which entails N — oo. This leaves the rates of increase for Ky
displayed in Theorems 7—8 unchanged .

REMARK 3. With some care the results can be generalized to cover
the case of the N;’s diverging at different rates. Indeed, considering the
asymptotics as maxj<j<qV; — 00, Ky increases at rates similar to those
displayed Theorems 7-8.

5. Posterior characterizations. In order to complete the description
of distributional properties of hierarchical processes, it is essential to deter-
mine a posterior characterization. To the best of our knowledge, no posterior
characterization is available for dependent processes in a partially exchange-
able framework, whether constructed in terms of hierarchies or by different
means. Hence, our following results are the very first. Despite the theoretical
interest, note that, while for prediction the partition probability functions
of Theorems 3—4 suffice, inference on non-linear functionals of (p1,...,Dq)
requires the posterior distribution of the vector of hierarchical random prob-
abilities.

5.1. Hierarchical NRMI posterior. In the following let X7,..., X} de-
note the distinct observations featured by the whole collection of samples
X = {XW™) . 4§ =1,...d} and assume Uy is a positive random variable
whose density function, conditional on X and on the latent tables’ labels
T ={TW): i=1,... d} introduced in Section 4, equals

k
(20) fo(ul X, T) oc ull=temovo) Tz (u).
j=1

The posterior characterization is then composed of two blocks, the first
concerning the root of the hierarchy in terms of fip and the second concerning
the vector of random probabilities.

THEOREM 9. Suppose the data X are partially exchangeable and are
modeled as in (4). Then

k
~ d . '
(21) fo | (X, T,Up) = nj+ E 1 Ljox+
]:

where the two summands on the right—hand side of the distributional identity
are independent and
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(i) ng ts a CRM with intensity
vo(ds, dz) = =05 po(s)ds cg Po(dz).

(ii) the I;’s are independent and non-negative jumps with density

£i(s|X,T) o s*ie=30 py ()

It is worth noting that the posterior of [ip depends on sample information
across the populations rather than population—specific, most notably the
number of different dishes served across restaurants. This clearly serves the
purpose of directing the dependence across populations. Theorem 9 allows
us then to establish the posterior distribution of a vector (fi1, ..., fig) of hi-
erarchical CRMs, conditional a vector U = (Uy,...,U;) whose components
are conditionally independent, given (X, T'), and with respective densities

k L
(22) £ X, T) o te O [T [ g, (@) i=1,....d.
j=1t=1

The fundamental posterior characterization, where population—specific char-
acteristics come into play, can then be stated as follows.

THEOREM 10. Suppose the data X are partially exchangeable and are
modeled as in (4). Then

~ ~ ~ d /% ~ %
(23) (M17"'7Md)|(X7T7U>IUO):(Mlv"'aud)—i_
k 1 k fa;
( D Jiebxss ,Zsz,j,t5X;>,
Jj=lt=1 j=1t=1

where the two summands on the right-hand-side are independent, ngl Jijt =
0 ifn;; =0 and

(i) (@1,..., @) is a vector of hierarchical CRMs and, conditional on [iy =
o + Z§:1 Ijox: in (21), each [if has intensity
vi(ds,dz) = e7Vi*p(s)ds ¢ piy(d),
with py = fig/ i15(X);
(ii) the jumps J;j; are independent and non-negative random variables
whose density equals

figa(s) oc e Tisstiot p(s).

when n; ; > 1, whereas J; ;1 = 0, almost surely, if n; ; = 0.
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The expressions involved in the posterior characterization of Theorem 10
are somehow reminiscent of the ones provided in [23] for the exchangeable
case. This is due to the fact that, once accounted for the dependence struc-
ture inherited from the hierarchical construction, one has exchangeability
within each population.

We now illustrate the general results by means of two examples, related
to the hierarchical Dirichlet process and the hierarchical stable NRMI.

EXAMPLE 5. Assume that p(s) = po(s) = e~%/s, so we are considering
a vector of hierarchical Dirichlet processes. Recall that ¥ (u) = to(u) =
log(1 + u) and 74(u) = 740(u) =I'(q)/(1 4+ w)?. In this case

~ T(le] + co) wltl=1
T T([)T(co) (1 + w)cotldl

fo(w) 10,00 (1)
implying that Up/(1+ Up) ~ Beta(|£], cp). In the posterior representation of
[io as stated in Theorem 9, one has

(a) 75 is a gamma CRM with intensity e~(1V0)ss~1 ds ¢y Py(dx),
(b) I; b Ga(lej, 1 + Up), meaning that its density function is
(1+ yo)g'j Lloi—1g—(14+U0)zq

) (0,00) ()

Now, since the normalized distributions of (a) and (b) do not depend on the
scale Uy, it follows that

k
Py = B0l (X, T) ~ D(coPo + Y lajix;).
j=1

with & indicating a Dirichlet process. As far as the vector of random proba-
bilities (p1, ..., Pq) is concerned, by Theorem 10 one has that, conditional on
pg and on (X, T,U), the CRMSs fi1, ..., fig are independent, and the distri-
bution of each [i; equals the probability distribution of the random measure
ﬂ;k + E?:l Hi,jéXZj where

(2) i a gamma CRM having intensity e~(+Uiss~1 ds ¢ pg(da)

) Ei j ind
(b) Hi,j = Zt:’JI Ji,j,ta where Ji,j,t ES Ga(qm-,t, U, + 1), fort =1,... 7€i,j7
thus implying that H;; ~ Ga(n;;,U; +1) if n;; > 1 and H;; = 0
almost surely if n; ; = 0, by virtue of Theorem 10(ii).
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Moreover, note that U;/(1 + U;) nd Beta(c, N;). Hence, by the same argu-
ments as before, one has

k
pil(X, T, py) ~ -@(Cﬁa +> ni,j5X;j>

Jj=1

for i = 1,...,d. Note that the dependence on the table configuration T is
induced solely by pg, arguably a quite restrictive feature. O

EXAMPLE 6. For a hierarchical stable NRMI one has p(s) = o517 ds/T'(1—
o), for some o € (0,1), ¥(u) = u” and 74(u) = 0(1 —0)g—1 9. Similar ex-
pressions hold true for pg, 70 and g, with o € (0, 1) replacing o. It is easily
seen that Uy is such that U5 ~ Ga(k, cg) and note that the distribution of
Up depends on the observations only through k. Moreover

(a) ng is a CRM with intensity

oo erOS

(1~ og) 57071 ds ¢o Py(dx),

which is known as generalized gamma CRM (see, e.g, [29]).
(b) Ij 1[11(/1 Ga(?.j — 0Q, Uo).
Hence p§ = (n5 + Z?Zl Iiox:)/(n5(X) + Z?Zl I;). Conditional on p§, and
on (X,T,U), the CRMS fi1, ..., fig are independent and each fi; equals, in
distribution, g} + 2?:1 Hi jox;,, where

(a’) fif is a generalized gamma CRM whose intensity is

—U;s
o e Vi -
] — 7 ds cpy(dz);

'l—-o) s
, Iy ind
(b ) Hi,j = thﬂl Ji,j,t, where Ji,j,t S Ga(qi,j,t — 0, UZ'), for t = 1, - ,fm‘,
thus implying that Hi,j 1251 Ga(nm —Zi’ja, U,L) if ng 4 > 1, while HiJ =0
almost surely if n; ; = 0.
Finally, U; is such that U7 ~ Ga(k,c). This implies that the posterior dis-
tribution of (p1, ..., pPq), conditional on the data and a suitable latent struc-

ture, is a vector of normalized generalized gamma CRMs with fixed points
of discontinuity at the data points. O
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5.2. Hierarchical PY posterior. Even if not obtained through the nor-
malization of a CRM, the techniques used in Theorems 9-10 apply, with
suitable modifications, to the determination of a posterior characterization
of the Pitman—Yor process. Hence, assume that data X are partially ex-
changeable as in (1) and the prior @)y is characterized by

_ . iid . . N
pi|Po ~ PY(0,0;p0) (i=1,...,d), Do ~ PY (00, 60; Po)

where po = fig/f0(X) and p; = f1;/f:(X), for i = 1,...,d and, recall that,
in view of (8), here the random measures fip and fi; are not completely
random. The first step is again the posterior characterization of the root of
the hierarchy in terms of fig.

THEOREM 11.  Let Vj be such that Vi'° ~ Ga(k+6y/00,1). Then fio|(X,T, Vo)
equals, in distribution, the random measure 1§ + Z?Zl Iﬂx;, where ng s a

generalized gamma CRM whose intensity is

00 e—VOS

(1 — og) sttoo

dsPy(dx),

the jumps {I; : j =1,...,k} and n§ are independent and I; nd Ga(le; —
o0, Vo), forj=1,... k.

Given this result, one can establish the following posterior characteri-
zation of the vector of random measures (fi1, ..., fiqg) whose normalization
yields a vector of hierarchical PY processes.

THEOREM 12. Let V; be such that V7 g Ga(lie + 0/0, 1), for i =
1,...,d. Then (fi1,..., 1a)|[(X,T,V,D5) equals, in distribution, the random
measure

k k
(ﬂT, . ,[LZ) + (ZHLJ-(SX;, .. .,ZHdﬂj5X;>
i=1 j=1

where the two summands in the above expression are independent, py =
* k k
(5 + 2251 i)/ (ng(X) + 22521 1) and

(i) ai,..., [ are independent and each i} is a generalized gamma CRM

with intensity
o e Vis

(i) H;; d Ga(n;j — 4 jo, Vi) if nij > 1 and H; j; = 0, almost surely, if
Niy = 0.
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From Theorems 11— 12 the posterior distribution of py and of the p;’s,
conditional on pg, immediately follow. However, given the special features of
the PY process, one can further simplify such a representation and discard
the dependence on the latent random elements Vy and V' = (Vi,...,V})
leading to a simple posterior representation, which completes the picture of
the posterior behaviour of hierarchical PY process. In stating the result, we
set k; = card{j : n;; > 1} and agree that the Dirichlet distribution with
parameters (n;1 — 4;10,...,n;5 — ¥; ;0,0 + l;s0) is on the k;—dimensional
simplex, after removing the parameters having n; ; = 0.

THEOREM 13.  The posterior distribution of pg, conditional on (X,T),
equals the distribution of the random probability measure

k
(24) Z Wijbxr + W1 Dok
j=1
where (W1, ..., Wy) is a k—variate Dirichlet random vector with parameters

(ﬁ.l —00, ..., ek — 00, Ho—i-ka), Wi = 1—2?21 W; andﬁo,k ~ PY(O’(), 0y +
koo; Po). Moreover, conditional on (py, X, T'), the posterior distribution of
each pf = (ff + Z?:l Hij0x:)/(f; (X) + Z§:1 H; ;) equals the distribution
of the random measure

k
(25) Z Wi 0x + Wikt1 Dik
j=1
where (Wiq,...,Wiy) is a k-variate Dirichlet random vector with param-

eters (ni,1 — &-,10, sy Nk — &JCU, 0 + Zi.a), Wi,k+1 =1- Z?zl Wi,j and
~ ~ ind = ~
Pik | Po ~ PY (0,0 + liec; o).

As previously mentioned, in (25) one has P[W;; = 0] = 1 whenever
ni; = 0 and the distribution of (W;1,...,W;}) degenerates on a lower—
dimensional simplex. Both representations (24) and (25) are reminiscent of
the one given in the exchangeable case by [38]. The common thread is the
so—called quasi-conjugacy property characteristic of the PY process. See [33].

6. Algorithms. The theoretical findings in Sections 3 and 5 are essen-
tial for deriving, respectively, marginal and conditional sampling schemes.
Note that, based on the pEPPFs provided in Theorems 3—4, one can derive
the predictive distributions associated to hierarchical normalized random
measures. However, the analytical complexity inherent to the hierarchical
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construction does not allow to deduce closed form expressions. Therefore, the
best route for a concrete implementation is represented by the derivation of
suitable sampling schemes. In Section 6.1 we state the marginal sampler aris-
ing from the pEPPF in the context of prediction problems, when p1, ..., pqg
model directly the data and one is interested in specific features of additional
samples (Xi,Ni+17 ce 7Xi,N,-+m)7 conditional on X(N’) = (Xi,la cee 7Xi,N,')7
for i = 1,...,d. The algorithm can be adapted in a straightforward way
to mixture models with py,...,pg modeling latent random variables in de-
pendent mixtures. Finally, in Section 6.2 we devise a conditional algorithm,
which allows to simulate the trajectories of (pi,...,pq) from its posterior
distribution. These posterior trajectories can then be immediately used for
prediction and mixture modeling.

6.1. Blackwell-MacQueen urn scheme. The pEPPFs established in The-
orems 3-4 arise upon marginalizing out the hierarchical random probability
measures and naturally lend themselves to be used for addressing predictive
inferential issues. To be more specific, conditional on observed data X Vi),
we aim at determining the probability distribution of the m; additional out-

comes for each population i =1,...,d
(26) P[Ad {XmIN) e 43 XD, x ()]

d
= sz(mi)(Ai) Qa(dpy, ..., dpg| XN .. x(Na)y
X j—1

where X (milNi) — (XiN;4+1s -+ XiNi+m,;) and A; € 2. Based on (26),
one can predict specific features of X (™ilNi) for ¢ = 1,...,d, such as, e.g.,
the number of new distinct values in the additional m; sample data or the
number of distinct values that have appeared r times in the observed sample
X W) that will be recorded in X (™ilVi) These, and a number of related
problems, have been extensively studied in the exchangeable case in view of
species sampling applications where such quantities can be seen as measures
of species diversity. See, e.g., [13, 28]. The results of this paper allow to cover
also the more realistic partially exchangeable case for the first time.

The direct evaluation of (26) is unfeasible and one needs to resort to some
simulation scheme. To this end, one may rely on the pEPPF in (12)—(15)
to devise a Blackwell-MacQueen urn scheme, for any d > 2, that generates
X (milNi) for any hierarchical NRML. In order to simplify the notation and
the description of the algorithm, we consider the case d = 2. The goal is to
generate samples X1 ny+1, .-, X1, N, +m; and Xo Np41, -+ -, X2 Nytms, condi-
tional on X M) and XMN2) for any two positive integers m; and msy. One
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needs to introduce Ny + mq 4+ No + mg latent variables 11 1,...,T1 N, 4my»
T51,-..,T5 Nytm,, Which are the labels identifying the tables at which the
different costumers are seated in the restaurants. The determination of
the full conditionals follows immediately from Theorems 3-4 and, more
specifically, (14). The sampler allows one to generate (Tj1,...,T;n,) and
(Xi,Nytrs TiNy4r), for m=1,...,m; and i = 1,2. In order to provide details
on this, the label —r is used to identify a quantity determined after removing
r—th element. Hence, for each i = 1,2, one has

(1) At t =0, start from an initial configuration X 1(3\)/1 tre X l(,(l)\)’z g and
0 0
T, T s for =12,

(2) At iteration t >1
(2.a) With X;, = X, generate latent variables Ti(tr), forr=1,...,N;, from

(Ni)

o™ (g (g D)
IP(,TZ'»T = “new”| - ) = Whyr “(Ni—l) -r —r —r
(I)Z_;T,i (ql,la sy gy qi,k)
and, for k =1,..., 0},
N; _ _
IP( ) ) (I)( )'(q117_,.7ql.7;;+1,{,...,qi7’:)
E,T — 7174*}1_/4/ e = N1
where
ol VT,
Wy = = — — Loy (£7) + Loy (£7)
(| |)( T ¢ 7‘)
kO el "1V eh " ek

and 1 is a vector of dimension €_T with all Components being zero but

the k—th which equals 1. Moreover T h L T h Z‘ are the tables at
the first restaurant where the h-th dish is served, after the removal of
T
(2.v) For r =1,...,m;, generate (XZ(K,JFT7 1(?[ ,) from the following pre-
dictive distributions
IP(Xi,NiJrr — “new”azji,Ni+7“ — “new”| - - ) —
(17 1+1) (g=r (Nitmi) (g—r o
¢k+] T, 0(5 g.’:+]_r, ]_) (I)Z;’”+1,z‘ (ql71 9ttty q1/7k’ 1)

an . — Ni+m;—1 — —
W O iy ) S

107
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while, for any h=1,--- Jk+j "and k = 1,--- , £},

*,—T
P(Xin+r =X TiN4r = “new’[--+) =
([€="1+1) o —r 7—r 7—r
¢k+j—7‘70 (£.1 PRI ,617}1 + 1, o .. 7€.k‘+j_r)
(e (p-r —r
(I)k‘—f—jfr’()( el 7£.k+j77‘)

Ni+m;), — - -
o (g (), a5

o it aig)
P(X; N, 4r = XZﬁT’ TN, tr = T:}’;ﬁ ) =

Ni+m; - - o
(I)é;er )(qi,lT’ ceey quf + ]—m SRR qi,I:’ 1)
Ni+m;—1 - T o
(I)éfrim )(‘Ii,{""’qi,/’f""’q“:)

1@

Loy

where X;:’_r, for h =1,...,k 4+ 77" denote the distinct dishes in the
whole franchise after the removal of the r—th observation, while the
condition n,; > 0 entails that the h-th dish is served in the i-th
restaurant. 7

The above algorithm holds for any hierarchical NRMI and only requires
insertion of the specific p, pg and Py to specialize to a particular instance
of hierarchical NRMI. The sampling schemes outlined above can also be
tailored, in a quite straightforward way, to the hierarchical Pitman—Yor case
(see the supplementary material [3] for details and [4] for applications).
Finally note that the proposed algorithm can also be adapted to yield a
marginal sampling schemes for mixture models with dependent hierarchical
mixing measures.

6.2. Simulation of (p1,...pq) from its posterior distribution. The poste-
rior representations derived in Theorems 10 and 13 are of great importance
also from a computational standpoint as they allow to establish algorithms
that generate the trajectories of py, ..., pg from their posterior distributions,
conditional on T'. The resulting sampling scheme can be viewed as an ex-
tension of a Ferguson & Klass—type algorithm (see [15, 44] for additional
details) to a partially exchangeable setting. With respect to the generalized
Blackwell-MacQueen urn scheme described in Section 6.1, the possibility of
generating posterior samples of hierarchical processes is a significant addi-
tion. Just to give an example, it allows to obtain estimates of non-linear
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functionals, such as credible intervals, of the vector (p1,--- ,pq) that cannot
be otherwise achieved.

For the sake of simplicity assume that X = R*. Using a representation
of X; given in [15] and the notation of Theorems 9-10, one has

* 0
(27) n5((0,4) = > SV LV < Po((0,1))},
h=1
with Vi, Vs, ... S U(0,1). The jumps J,(lo) are in decreasing order and can
be obtained by solving the following

(28) Sh,O = Cp /J(O) e_Uospo(S) ds.
h

where S1 0, S20, . .. are the points of a standard Poisson process on R, that
is to say Sho — Sh—1,0 are i.i.d. exponential random variables having unit
mean. Similarly, one has

(29) As0.4) = 3 1V1{Vi < (0.8},
h=1

where the ordered jumps J,(f) are now the solution of

o0
(30) Si=c [ e 0 pls)ds,
Jo
where S ;,52; — 51, ... are i.i.d. exponential random variables having unit

mean. In view of these representations, once one has sampled the latent
variables T" through the algorithm described in Section 6.1, one can proceed
as follows:

(1) Generate pg from its posterior distribution, described in Theorem 9,
namely:

(1.a) Generate Uy from fo(-| X, T) in (20);
(1.b) Generate I; from f;(-|X,T) in Theorem 9(ii), for any j =1,...,k;
(1.¢) Fixe >0 and for any h > 1
— Generate unit mean exponential random variables Sy 0 — Sp—1,0
— Determine jumps J}(LO) according to (28)

— Stop at h = min{h > 1: J}(lo) <e}
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— Generate i.i.d. Vi,...,V} from a U(0, 1)

and evaluate an approximate draw of 7§ on (0,¢] as

h
1)~ > IOV < B((0,1])},
h=1
(1.d) Evaluate an approximate draw of a posterior sample of pg as

Zh 1Jh ]l{vh < PO((O t])}+ZJ 1I 5X*((0 t])
Zh 1Y, ‘*‘Z] 11

Having drawn pj, one can now rely on Theorem 10 in order to approxi-
mately sample (p1, ..., pq) from its posterior distribution. This can be easily
deduced and described as follows.

Po((01]) ~

(2) For any i =1,...,d, generate p;|(X,T,pj) as follows
(2.a) Generate U; from f;(-|X,T) in (22);
(2.b) Generate J; j; from f; j¢(-|X,T) in Theorem 10(ii)
(2.¢) Fixe >0 and for any h > 1
— Generate unit mean exponential random variables Sy, ; — Sp—1,
— Determine jumps J}(f) according to (30)
— Stop at h; = min{h > 1: J,gi) <e}

and evaluate an approximate sample of the posterior trajectory of p;
as follows

S IV, < B <<o )} + k. 12“ 14a0%; (0. 1)
Zh 1Jh +Z] IZt 1 Jt

An important, and well-known, advantage of the procedure is the fact that
it generates jumps J}(L ) and J}(L ), for : = 1,...,d, in decreasing order. This
entails that the truncation at h or h; is such that the most relevant jumps
are taken into account and one is discarding a negligible random mass of
the actual trajectory. Future work, of more computational nature, will aim
at: (i) investigating the implementation of the algorithm to applied prob-
lems, such as density estimation with accurate uncertainty quantification,
allowed by the conditional structure of the algorithm and (ii) comparing the
performance of our proposal with the so—called direct assignment algorithm,
which is widely used within estimation problems involving the hierarchical
Dirichlet process.

ﬁi((oa t]) ~
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SUPPLEMENTARY MATERIAL

Supplement A: Distribution theory for hierarchical processes:
supplementary material
(doi: COMPLETED BY THE TYPESETTER; supplementary.pdf). We pro-
vide the proofs of the theoretical results and specialize the Blackwell-MacQueen
urn scheme of Section 6.1 to the case of hierarchies of Pitman—Yor processes.
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