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Abstract

We study the interplay of probabilistic sophistication, second order stochastic dominance, and
uncertainty aversion, three fundamental notions in choice under uncertainty. In particular, our
main result, Theorem 2, characterizes uncertainty averse preferences that satisfy second order
stochastic dominance, as well as uncertainty averse preferences that are probabilistically sophis-
ticated.
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1 Introduction

In this paper we study in depth the overlap between the two fundamental classes of probabilisti-
cally sophisticated preferences and uncertainty averse preferences. The former class of preferences,

introduced and axiomatized by Machina and Schmeidler [15], rank acts f : S — X according to
V(f)=M(qof) (1)

where ¢ is a reference probability measure, go f~' is the lottery induced on X by f under ¢, and M
is a functional over the set of lotteries on X. Probabilistically sophisticated preferences characterize
decision makers that are able to quantify their beliefs with a single probability measure ¢, but that
on the induced lotteries g o f~! do not necessarily satisfy the expected utility axioms.!

Uncertainty averse preferences are complete and transitive preferences that are both monotone and
convex. It is a very large class of preferences, arguably the most basic class of rational preferences that

exhibit a negative attitude toward uncertainty. Recently, in Cerreia-Vioglio, Maccheroni, Marinacci,

*We thank Peter Klibanoff and Tomasz Strzalecki for some useful comments. The financial support of the European
Research Council (advanced grant, BRSCDP-TEA) is gratefully acknowledged.

IPapers that study the properties of probabilistically sophisticated preferences include Grant [11], Machina and
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and Montrucchio [2] we establish a representation for uncertainty averse preferences that plays a key

role in our analysis. Specifically, we show that these preferences rank acts according to

PEA

v (5) =minG ( [utr)dvn) )

where G : R x A — (—o00, 0] is a quasiconvex function that is increasing in the first component, and
u : X — R is an affine function. The function G is an index of uncertainty aversion, while u captures

risk aversion.

In view of the representation (2), to study the overlap between probabilistically sophisticated and
uncertainty averse preferences amounts to determine what properties of the index G characterize
uncertainty averse preferences that are probabilistically sophisticated. Our main result, Theorem 2,
achieves this goal by showing, under a standard assumption of nonatomicity, that a suitable symme-
try property of G, called rearrangement invariance, characterizes the uncertainty averse preferences
that are probabilistically sophisticated. In this way, we considerably extend earlier results of Mac-
cheroni, Marinacci, and Rustichini [18] for variational preferences, a special class of uncertainty averse
preferences.

Theorem 2 also establishes some remarkable properties of uncertainty averse preferences that satisfy
second order stochastic dominance, a property widely used in economic applications. As discussed
after its statement, in a sense Theorem 2 can be viewed as, first of all, a result on the overlap between

uncertainty aversion and second order stochastic dominance.

As a byproduct of Theorem 2, in Proposition 3 we show that in the presence of a nontrivial
unambiguous event the overlap collapses to the class of subjective expected utility preferences. This
shows that the basic tension first identified by Marinacci [17] among probabilistic sophistication and
the multiple priors representation (recently extended by Strzalecki [23] to variational preferences)
extends much more generally to the uncertainty averse case. Moreover, Proposition 3 shows that this
tension is actually peculiar to second order stochastic dominance, which turns out to be the general

property with a problematic interplay with uncertainty aversion.

Mathematically, our results build on the theory of rearrangement invariant Banach spaces, first
studied in the seminal paper of Luxemburg [14]. More precisely, Theorem 2 depends on a dual charac-
terization of quasiconcave and rearrangement invariant functionals defined over the normed space of
simple functions. This characterization shares some of the techniques of Cerreia-Vioglio, Maccheroni,
Marinacci, and Montrucchio [4], where quasiconvex and rearrangement invariant functionals defined
over L™ (S, X, q) are studied and characterized. However, the present very different decision theoretic
setting makes the derivation quite delicate and different. All this is reported in Appendix, where all

proofs are collected.

2 Preliminaries

2.1 Mathematical Preliminaries

We consider an Anscombe-Aumann setup [1]. Let S be a state space endowed with an event o-algebra
3, and X a convex set of consequences. We denote by F the set of all simple acts f : S — X, that
is, the set of all ¥-measurable maps that take on finitely many values. Given A € ¥ and f,g € F, we
denote by gAf the simple act that yields g (s) if s € A and f(s) if s € A.



Let By = By (S,X) be the set of simple X-measurable functions, ¢ : S — R, endowed with the
supnorm. Denote by A the set of all finitely additive probabilities on ¥, endowed with the weak™
topology. The subset of A consisting of all countably additive probabilities on ¥ is denoted by A“ .
Given g € A7, denote by A7 (¢) = {p € A : p < ¢} the set of all countably additive probabilities on
3 that are absolutely continuous with respect to (wrt, for short) ¢. Finally, when ¢ € A%, we say that

(5,3, q) is adequate if either ¢ is nonatomic or if S is finite and ¢ is uniform.

Endow R x A with the product topology and define £ (RxA) as the class of functions G : Rx A —

(=00, 0] such that:
(i) G (-,p) is an increasing function for all p € A;
(ii) G is quasiconvex and lower semicontinuous;
(iil) minpea G (¢,p) =t for all t € R.

A function G € L (R x A) is linearly continuous if the function I : By — R defined by

) 3)

pe

is continuous. For example, [2] shows that G € £ (RxA) is linearly continuous if G (-, p) is upper

semicontinuous on R for each p € A.

2.2 Decision Theoretic Setup

We consider a binary relation - on F that satisfies the following classic axioms:

A 1 (Weak Order) The binary relation 7 is nontrivial, complete, and transitive.
A 2 (Monotonicity) If f,g € F and f(s) 7 g(s) for all s € S, then f 7= g.
A 3 (Uncertainty Aversion) If f,g € F and a € (0,1), f ~ g implies af + (1 —a)g = f.

Following [2], a preference relation - that satisfies axioms A1-A3 is called uncertainty averse. As
[2] argues at length, this is the most basic class of rational preferences on F that exhibit a negative
attitude toward uncertainty.

To derive a representation for uncertainty averse preferences we need some further mild axioms.
The following axiom is peculiar to the Anscombe-Aumann setting and is a standard independence

axiom on constant acts, that is, on acts that only involve risk and no state uncertainty.

A 4 (Risk Independence) If z,y,z € X and o € (0,1), © ~ y implies ax + (1L —a)z ~ ay +
(1-a)z.

The next axioms are technical conditions that simplify the derivation and make the representation

more tractable.

A 5 (Continuity) If f,g,h € F, the sets {a € [0,1] : af + (1 — a)g 7 h} and {a € [0,1] : h
af + (1 —a)g} are closed.



A 6 (Unboundedness) There are x,y € X such that, for each o € (0, 1), there exist z, 2" € X such
that az+ (1—a)y =z >=y=az + (1 — o).

A 7 (Monotone Continuity) If f,ge F, z € X, {E,}, € ¥ with E, | 0, then f = g implies that
there exists no € N such that xE,, f > g.

If 7 satisfies axioms Al, A2, and A5, then each act f € F has a certainty equivalent z; € X;
ie., f ~ xy. Certainty equivalents play an important role in the following representation result for

uncertainty averse preferences, proved in [2]. Here U (X) is the class of affine functions u : X — R.
Theorem 1 Let = be a binary relation on F. Then, the following conditions are equivalent:
(i) ¥ satisfies axioms A1-A7;

(i) there exist u € U (X), with u(X) = R, and G € L(RxA) linearly continuous with dom G C
RxA? % such that, for each f and g in F,

fig@minG</U(f)dp,p)ZminG</U(9)dp,p>~ (4)
pEA peEA
The function u is cardinally unique and, given u, the unique G € L (RxA) that satisfies (4) is

G t,p) = sup {u(xn [t t}. (5)

feF

Observe that the technical axioms A5-A7 translate in the representation as follows: A5 guarantees
the linear continuity of G, A6 corresponds to u (X) = R, and A7 implies that dom G C RxA°.3

Theorem 1 motivates the following definition.

Definition 1 A pair (u,G) € U (X) x L (R x A) that represents a binary relation - in the sense of

point (ii) of Theorem 1 is called an uncertainty averse representation of =-.*

Behaviorally, by Theorem 1 a binary relation admits an uncertainty averse representation if and
only if it satisfies axioms A1-A7. As shown in [2, Proposition 12|, the variational preferences of [18]

correspond to the additively separable case

G (t,p) =t+c(p) (6)

where ¢: A — [0, 00] is a lower semicontinuous convex function.

The function G is an index of uncertainty aversion. Given two preferences =1 and ~s, based on
Ghirardato and Marinacci [8] say that 71 is more uncertainty averse than 75 if, for each f € F and
each r € X,

fZiz=fZ2m (7)

In [2, Proposition 6] we prove that, if ~; and 72 have uncertainty averse representations (u,G1) and

(u2, G2), the following conditions are equivalent:

2Recall that dom G = {(t,p) € R x A : G (t,p) < oo}
3 [2, Theorem 3] provides a more general representation result that does not rely on A6 and AT.
4Though to ease terminology we use the term uncertainty averse representation, to be precise we should have used

the term surjective and monotone continuous, uncertainty averse representation.



(i) 71 is more uncertainty averse than 7o,
(ii) wq is cardinally equivalent to us and, normalizing u; = ug, G1 < Gs.

We close with a representation result that shows what the classic axioms of Savage [21] imply
in the present Anscombe-Aumann setting. It is an essentially known result, studied for example by
Neilson [19] and, more recently, by Strzalecki [22]. For completeness, in the Appendix we report a
proof of this result since it will play an important role in what follows and we did not find a proof of

the version that we use.
Proposition 1 Let = be a binary relation on F. Then, the following conditions are equivalent:

(i) 7 satisfies Savage’s axioms P1-P6 and axioms A4-A5;

(ii) there exist a nonatomic probability measure q, a nonconstant affine u : X — R, and a strictly

increasing and continuous function ¢ : u(X) — R such that, for each f and g in F,
froe [owmdiz [owlo)da ®)

The probability q is unique, u is cardinally unique, and ¢ is cardinally unique given u.® Moreover, ¢
is concave if and only if 7~ satisfies A3, and q € A% if and only if 7 satisfies A7.

In other words, [ ¢ (u (f)) dq represents a preference 7 of a Savage decision maker in an Ascombe-

Aumann world.

3 Main Result

In this section we state the paper’s main result, Theorem 2, which characterizes uncertainty averse
preferences that are probabilistically sophisticated.

Fix a reference probability ¢ € A?. In [18, Theorem 14] it is shown that variational preferences are
probabilistically sophisticated wrt ¢ if and only if the uncertainty aversion index ¢ in (6) is rearrange-
ment invariant wrt g, provided (S,Y,q) is adequate.® Hence, probabilistic sophistication translates
into a property of symmetry of the index ¢ when preferences are variational. Here, Theorem 2 shows
that this property can be suitably generalized to all uncertainty averse preferences.

To state the main result we introduce few classic notions, key for our analysis. A preference relation
- on F:

(i) is probabilistically sophisticated (wrt q) if, given any f,g € F,
q{seS:f(s)=a})=q({seS:g(s)=a}) Ve e X = f~y; (9)
(ii) satisfies first order stochastic dominance (wrt q) if, given any f,g € F,
q{seS:f(s)Zz}) <q({seS:g(s)Ja}) Vee X —= [y, (10)

or, equivalently,

/(b(u(f))dqz/sb(u(g))dq Vo € B = f = 0, (11)

5See (21) in Appendix and its discussion for more details on uniqueness.
6Rearrangement invariance is a symmetry property that will be introduced shortly.



where ®,,; is the set of all increasing functions ¢ : R — R;”

(iii) satisfies second order stochastic dominance (wrt q) if, given any f,g € F,

/ 6 (u(f))dg > / b (u(g)dq Vo€ Bry = f = g, (12)

where ®;,, is the set of all concave and increasing functions ¢ : R — R.®

To interpret the latter dominance conditions, consider decision makers that rank acts in F ac-
cording to the representation (8). A preference 7~ satisfies second order stochastic dominance when
it preserves the unanimous preference of all these decision makers that are uncertainty averse (i.e.,
that feature a concave ¢) and share the same u over the constant acts X. Analogously, 7 satisfies
first order stochastic dominance when it preserves the unanimous preference of all monotone decision
makers (i.e., that feature an increasing ¢) and share the same u over X.

These dominance notions can be also easily interpreted in terms of the classic notions of stochastic
dominance on lotteries. In fact, (11) is equivalent to require that the lottery induced by wo f under ¢
first order stochastically dominates that induced by w o g, while (12) is equivalent to require that the

former lottery second order stochastically dominates the latter one.

Our results use the convex order, a classic stochastic order. Specifically, the conver order ., on
L' (q) = L' (9,3, q) is defined by

mw«:/wdqz/uw)dq Ve € Do, (13)

where @, is the set of all convex functions ¢ : R — R. Notice that this order can be also defined over

A7 (q) by
dp Ay

dq ~CcT dq7
where dp/dq and dp’/dq in L' (q) are the Radon-Nikodym derivatives of p and p’, respectively. In this

P e D =

case, the symmetric part of 7., coincides with the identical distribution of the densities wrt ¢q. For
example, if S is finite and ¢ the uniform, then p ~, p’ if and only if there is a permutation 7 : S — S
such that p’ =pom.

A function T': A — (—o00, 0], with domT C A“ (g), is

(i) rearrangement invariant (wrt q) if p ~ep o =T (p) =T (p');
(ii) Schur convex (wrt q) if p 7o ' = T (p) > T (p').

We are ready to state our main result. A final piece of notation: given ¢ € L! (q), its inverse distrib-
ution function F;* : [0,1] — [—00, 00] is defined by F; ! (w) = inf{z e R: ¢ ({s € S : ¢ (s) < z}) > w}
for all w € [0, 1].

Theorem 2 Let 7, be a binary relation with uncertainty averse representation (u,G). Then, the

following conditions are equivalent (wrt q):

(i) 7 satisfies second order stochastic dominance;

(ii) G (t,-) is Schur convex on A for allt € R.

"In (11) and (12) we assume that - restricted to X is represented by the affine utility function wu.
8Clearly7 Dy C Py, and so second order stochatistic dominance obviously implies the first one. Moreover, it can
be shown that in conditions (11) and (12) is actually enough to consider strictly increasing functions.



In this case,

minG</u(f)dp,p>= min G(/Olﬂmlf(w)Fd,,l(l—w)dw,p> VfeF (14)

PEA PEAT(q) dq

and
sup {u(mf) : fol Fljolf (W) Fy' (1 —w)dw < t} if (t,p) €R x A7 (q)

dq

G(t,p) =
00 else.

Moreover, if (S,%,q) is adequate, then (i) and (ii) are equivalent to:

(i4i) = satisfies first order stochastic dominance;
(iv) 7= is probabilistically sophisticated;

(v) G (t,-) is rearrangement invariant on A for all t € R.

Theorem 2 is a powerful result that establishes few nontrivial properties. To fix ideas, consider
the important case where (S, %, ) is adequate. First, Theorem 2 shows that in this case probabilistic
sophistication remarkably turns out to be equivalent to first and to second order stochastic domi-
nance, something that in general does not hold. Second, Theorem 2 shows that Schur convexity and
rearrangement invariance are the functional properties of the index G that characterize a probabilis-
tically sophisticated and uncertainty averse preference. Finally, (14) and (15) show what form the
index G takes for this class of preferences.

Taken together, all these features of Theorem 2 establish for the adequate case a complete char-
acterization of uncertainty averse preferences that are probabilistically sophisticated. In particular,
the equivalence between (iv) and (v), that is, between probabilistic sophistication and rearrangement
invariance, extends to the present much more general setting the characterization of probabilistic
sophistication via a symmetry property of the index ¢ in (6) that [18] established for variational

preferences.

Observe that the first part of the theorem fully characterizes second order stochastic dominance
even in the nonadequate case. Since in the adequate case second order stochastic dominance is
equivalent to probabilistic sophistication, in a sense Theorem 2 can be more properly viewed as a
characterization of uncertainty averse preferences that satisfy second order stochastic dominance, a

very important property in economic applications.

We close with a corollary of our main result. Denote by =, , the Subjective Expected Utility
(SEU) preference represented by [ u(f)dg.

Corollary 1 Let - be a binary relation with uncertainty averse representation (u,G). Then, 7 is

more uncertainty averse than 7, 4 provided at least one of the following conditions holds (wrt q):
(i) 7 satisfies second order stochastic dominance;
(i) 7 is probabilistically sophisticated and (S, %, q) is adequate.

That is, according to the terminology of [8], each of the conditions (i) and (ii) guarantees that

is an absolute uncertainty averse preference.



4 Unambiguous Events

Marinacci [17] pointed out a possible tension between probabilistic sophistication, which is based on
a single reference probability, and the multiple priors representation, which instead relies on several
possible probabilities. Thank to Theorem 2, in this section we show that this possible tension holds,
much more generally, among probabilistic sophistication and uncertainty averse representations.

In order to do so, we first extend to our setting the notion of nontrivial unambiguous event of [17].

Consider a multiple priors representation a la Gilboa and Schmeidler [10]

V(f):min/u(f)dp Vf e F, (16)

peC

where C is a weak* closed set of A. An event is nontrivial and unambiguous if and only if 0 < p (4) =
p' (A) < 1 for all p,p’ € C. To generalize this notion to the present setting, consider the revealed

unambiguous preference of Ghirardato, Maccheroni, and Marinacci [9], defined as
fZrg=AN+A-XNhzZAg+(1-XN)h VYheFVrxe(0,1]. (17)

In [2, Theorem 10] we show that for preferences with an uncertainty averse representation it holds

g [uir= [u@dy e domsc (15)
where doma G = {p € A : G (t,p) < oo for some t € R}. This motivates the following definition.

Definition 2 Let - be an uncertainty averse preference. An event A in 3 is nontrivial and unam-
biguous if there exist x,y,z € X such that x = z > y and xAy ~* z.

In other words, an event A is unambiguous if the act xAy is “unambiguosly” indifferent to a
constant act z. Clearly, constant acts are unambiguous since their outcomes are independent of the
underlying state space realizations. Moreover, the condition x > z > y rules out the possibility that

A is “unambiguous” because either A or its complement are deemed null wrt .

Proposition 2 Let - be a binary relation with uncertainty averse representation (u,G). Then, the

following properties are equivalent:

(i) A is unambiguous;

(ii) for each x,y € X such that x >y there exists z € X such that x > z = y and xAy ~* z;
(i11) 0 <p(A)=p' (A) <1 for all p,p’ € doma G.

Remark Strazlecki [23] implicitly provides different notions of unambiguous event for unbounded
variational preferences. By (18) and Proposition 2-(iii), it follows that our notion of unambiguous
event gives a behavioral foundation and a generalization of the notion contained in his Assumption
2N.

We now state the main result of this section.

Proposition 3 Let - be a binary relation with uncertainty averse representation (u,G). If there

exists a nontrivial unambiguous event, then (wrt q):

(1) 7 satisfies second order stochastic dominance if and only if 77 is the SEU preference 7y q-



(i1) 7 is probabilistically sophisticated if and only if 77 is the SEU preference 7y q, provided (S, %, q)

~

is adequate.

Point (ii) generalizes the main result of [17] to the present general setting. Point (i) shows that,
even when (5, X, ¢) is not adequate, second order stochastic dominance and uncertainty aversion can
be both satisfied only by SEU preference as soon as there exists at least one nontrivial unambiguous
event.

By Theorem 2, probabilistic sophistication and second order stochastic dominance are equivalent
properties in the adequate case. Point (i) thus shows that the tension originally identified by [17]
among probabilistic sophistication and multiple priors holds much more generally among second order
stochastic dominance and uncertainty aversion. Since second order stochastic dominance is a widely
used property in applications, this is an important novel insight of Proposition 3. Along with its
substantially greater generality, this insight is what makes Proposition 3 a significant advance relative

to the analysis of [17].

A Proofs and Related Analysis

A.1 Proof of Proposition 1

(i) implies (ii). By Savage’s Expected Utility Theorem,” there are a nonconstant v : X — R and a
nonatomic probability ¢ on ¥ such that V : F — R given by V (f) = [ v (f)dq represents . In
particular, 7 satisfies A1 and A2, which together with A4 and A5, guarantee that:

e There exists a nonconstant affine function v : X — R and a function I : By (u (X)) — R
normalized, monotone, and continuous such that f - g < I (u(f)) > I (v (g)). Moreover, u is
cardinally unique, and, given u, there is a unique normalized I : By (u (X)) — R that represents

7 in the above sense (see [2, Lemma 60]).

e Lor each f € F there exists x5 € X such that f ~ z;.

Since u is affine, u (X) = K is an interval. Since both w and v represent 7~ on X, there exists a
strictly increasing ¢ : u (X) — R such that v = ¢ o u. It only remains to show that ¢ is continuous.
For all ¢ € By (K), let f € F and x5 in X be such that ¢» = u (f) and 2y ~ f. Then

Jowrda= [6@di=v () =viap) = o (ua).

and so [ ¢ (¢)dg € Im¢.'* Now, for each t; = ¢ (k1) ,t2 = ¢ (k2) € Im¢ and « € (0,1), take A € &

such that ¢ (A) = « (this is possible since ¢ is nonatomic). Then
ati + (L —a)ta = ag (k1) + (1 —a) ¢ (k) = /¢(k11A + kalac)dg € Im ¢.
Therefore, Im ¢ is convex and ¢ is continuous (¢ is increasing).

(i) implies (i). Clearly, (8) is equivalent to f 7 g <= [ ¢ (u(f))dq > [ ¢ (u(g))dg. Thus, P1-P6
hold. Moreover, A4 follows from the fact that V' : X — R given by V (z) = ¢ (u (x)) represents 2Z on

X, with ¢ is strictly increasing and u affine.

9Notice that we are assuming that 3 is a o-algebra (see, e.g., Wakker [24, Observation 2]).

10Ty particular, ¢! (f¢(¢) dq) =u (a:f) =17 (u (:vf)) =I(u(f))=1).



It remains to show that ¢ — [ ¢ (¢)dg is continuous on By (K), which in turn implies A5. Let
1, be a sequence in By (K) that supnorm converges to 1 € By (K). For each § > 0, eventually

[n (s) =¥ (s)[ <6  Vs€S. (19)

Moreover, 1, is supnorm bounded and so it is easy to check that there are a,b € R such that [a,b] C K
and, eventually, ¥, 9 € By ([a,b]) for all n > 1. But, being continuous, ¢ is also uniformly continuous
on [a,b]. Thus, for all € > 0 there is . > 0 such that

t,r€fa,b] and [t —r| <. = |p(t) — ¢ (r)| <e

Then, eventually |1, (s) — 9 (s)| < d. for all s € S, and |¢ (¥, (5)) — P (¥ (s))] < e for all s € S.
That is, By (¢ (K)) 2 ¢ (¢n) — ¢ (¥) and [ ¢ (¢n)dg — [ ¢ (¢)dg, as wanted. Let f,g,h € F, and
{an} € ]0,1] be such that o, f + (1 — a,) g 7 h for all n > 1, and assume «,, — «. Then

/ 6 (ulanf+ (1 —an)g)dg=V(anf +(1-an)g) > V(h) VYn>L. (20)

BUta U (anf + (1 - an)g) = QU (f) + (1 - O‘n) u (g) =u (g) +ap (u (f) —u (g)) —u (Oéf + (1 - a) g)
in the supnorm. Thus, passing to the limits in (20),

V(af+(1—a)g) = /¢(u(af+(1—a)g))dq2 V(h),
which immediately delivers A5.

As to uniqueness, we show that ((j, i, (/3) represents 2~ in the sense of (8) if and only if § = ¢ and
there exist «, 8,7, k € R with o, > 0 such that for all x € X and ¢ € @ (X):
u(z) —k

a(z) = ;

By Savage’s Expected Utility Theorem, ¢ = g and there are o« > 0 and 3 € R such that ¢ o @ =
a(powu)+ . By the von Neumann-Morgenstern’s Expected Utility Theorem, there are n > 0 and
k € R such that @ = n~! (u — k). Therefore, ¢ (@ (z)) = a (¢ (u(2))) + 8 = a (¢ (ni (z) + k) + 3 for
allz € X, and ¢ (t) = a (¢ (nt + &) + B for all t € @ (X). The converse is easily checked.

and b (t) =a(p(nt+ k) +B. (21)

Next we show that A3 implies concavity of ¢ and A7 implies ¢ € A, the converse implications
being trivial. Assume per contra that A3 holds and that ¢ is not concave. Since ¢ is continuous, there
are r,t € K such that ¢ (27t +27'r) <271 (t) + 27'¢ (r). Let H € X be such that ¢ (H) = 271,
and z,y € X be such that u (z) =7 and u (y) =t. Then

V (eHy) = /¢ (wHy)da = [ 6 () L+ 6 (0 () Luedg = 560) + 56 (1)

= 260+ 56() =V (yHa)

and we get the following violation of A3:

V(;xHy—i-;ny) =V<;x+;y> =¢<u <;z+;y>> :gb(;—l—;) <V (zHy).

Suppose A7 holds and let ¥ > E, \, #. Choose z = y and consider the sequence z,, =
(1-m™ ') z+mly for all m > 1. We have u(z,) = u(z) — = (u(2) —u(y)) < u(z). For all
m > 1, z > z,, and there is n,, > 1 such that yE, z > z,, i.e.,,

q(En,,) ¢ (u(y) + (1 —q(Ey,)) ¢ u(z) > ¢ (ulzm)). (22)

Wlog set ¢ (u(y)) =0=1—¢(u(z)). Thus, w, = ¢ (u(zm)) — 1. By (22), for all m > 1 there is
Nm > 1 such that 1 — q(E,, ) > wn, ie, ¢(E,, ) < 1—w,. But, ¢(E) is a decreasing sequence,
therefore 0 < limy ¢ (Ex) < ¢(Ep,,) <1 —w,, for all m > 1. Thus, lim, ¢ (E;) =0and g€ A°. R

10



A.2 Proof of Theorem 2

In this appendix we prove the main result of Section 3. Let (u,G) € U (X) x L(R x A) be an

uncertainty averse representation of a preference - in the sense of Definition 1 and set

I(¢) =minG (/ <pdp,p> Yy € By. (23)
pEA

By [2, Theorem 53] there exists at least one ¢ € A? such that dom G C RxA? (¢q), and hence

I(p)= min G(/godp,p) Yo € By.

PEA“(q)

Notice that, by Theorem 1,

G(t,p)=sup{f(so):/<pdp§t} V(t,p) € R x A.

In the study of rearrangement invariance it is useful to consider some important stochastic orders.
We already introduced in (13) the convex order 7., on L' (¢). The increasing convex order .., the
first order stochastic dominance (fsd), and the second order stochastic dominance (ssd) are defined
analogously by replacing the set of convex functions ®., with that of increasing convex functions
Dy, increasing functions ®,,;, and increasing concave functions ®;.,. Notice that ¢ ;. 9 if and

only if —¢ Zssq —, and that the preorders = .., 7=;

~

icxs Nfsd and 7554 all share the same symmetric
part ~q, which is the identical distribution relation wrt ¢.'!
A function J defined on a subset of L! (q) with values in (—oo, 00| is:

1. rearrangement invariant if ¢ ~q v = J () = J (¥);

2. Schur convex if ¢ 7ep h = J () = J (¥)

Moreover, J preserves first (resp., second) order stochastic dominance if ¢ 7 rsq 1 (resp., ¢ Zssa V)
implies J (¢) > J ().

Theorem 3 Let I be the function defined by (23) and g € A® be such that dom G C RxA (q). The

following conditions are equivalent (wrt q):

(i) I preserves second order stochastic dominance on By;

(ii) G (t,-) is Shur convex on A for all t € R.

In this case,

I(¢)= min G(/ F, (1—w)dw p) Yo € By (24)
PEA“(q)
and
1 ~—1 —1 .
F F./ (l—-w)dw<t t,p) € R x A7
om0 R @ 0 d <t e erxaT@
else.
Moreover, if (S,%,q) is adequate, then (i) and (ii) are equivalent to:

(iii) I preserves first order stochastic dominance on By;

I1See Chong (1974) for this fact and for alternative characterizations of some of these stochastic orders.
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(i) I is rearrangement invariant on By;
(v) G(t,-) is rearrangement invariant on A for all t € R.
For all p € L' (¢) and all w € [0, 1], set
bp(w)=inf{reR:q({seS:p(s)>a})<w} (=inf{zeR:F,(z)>1-wl=F,'(1-w)).

Proof. The proof relies on the theory of rearrangement invariant Banach spaces developed by Lux-
emburg [14] and Chong and Rice [7].

Step 1. If ¢ € By and p € A7 (g), then

1 1
{/1/)dp' A% (q) 2P Zew p} = [ dy (w) 5% (1—-w)dw dy (w) 5% (w) dw] . (26)
0 4 0 1
Moreover, if (5,3, q) is adequate, then
1
/ Jy (w) (5%1) (1 — w) dw = min {/wdp’ :A%(q) 2 p ~q p} and (27)
0 q
1
/ 8y (w) Sap (w) dw = max {/wdp’ t A% (q) 39 ~yg p} : (28)
0 q

Proof. [7,10.2, 13.4, and 13.8] guarantee that, if ¢,v € L' (¢) and 40|, € L' ([0,1],B,)) = L* (),

hen
t {[ovn: @20 5ol - | by ()6 (1 — ) do, / by ()6, @as|. )

Moreover, if (S, %, q) is adequate, then

/@, (1— )dw—mm{/w(pdq L' (q) 3¢ ~d<p} and (30)
/5w dW—maX{/qu Ll()Bdew} (31)

Notice that, the condition d}y6), € L' () is implied by &, € L™ () and &), € L' (X), which is
implied by 1 € By and ¢ € L' (q) [7, 4.3].

If, in addition, ¢ is a probability density (p.d.) and ¢’ Zc» ¢, then essinf ¢’ > 0 [7, 10.2] and
J¢'dg= [@dg =1, 1ie., ¢ is a probability density.

Finally, if ¥ € By and p € A9 (g), then

d
{/Tﬁdp':Af’(q)ap/jch} {/wgpdq ¢ isap.d. and ¢ S dZ}
d
{/qu Ll()waczdp}

[/ 51/, 54;; 1—w dw / 51/, 6dp dw].
Moreover, if (S, Y, q) is adequate, then

/ Oy (w (5@ (1—w)dw—m1n{/¢<p’dq L' (q) 3 ¢ ~q ZZ}

= {/Wp’dq ¢ is a p.d. andgowddp}
dq
ln{/¢dp’:A°(Q)9p’ Ndp}

12



and
1

Oy () Ogp (w) duw = max { / be'dg: L' () 5 ¢~ jf;}

0

= max {/z/up’dq c ¢ is ap.d. and ¢ ~y ZZZ}

:max{/’(/}dp/ VANS (q) 9]9/ Ndp}

as wanted. O

The next step is essentially due to Hardy.
Step 2. Let r = co and 7 = 1 or viceversa, ¢, ¢’ € L" (q) and 9 € L" (q).

(a) ¢ Zex ¢ implies fol 0y (w) 0y (W) dw < fo w) 0y (w) dw
(b) © Zex ¢ implies fol 3y (W) 0y (1 —w) dw > fo Oy (W) 0y (1 — w) dw.

(¢) ¥ Zice ¢ and 1 > 0 (g-a.e.) implies fol 0y (W) 0y (W) dw < fo o (W) by (w) dw

Proof. See [7, 9.1] O

Step 3. If either G (t,-) is Shur convex on A for all t € R, or (5,%,q) is adequate and G (t,-) is

rearrangement invariant on A for all ¢ € R, then

1
I(¢)= min G ( 0y (W) dap (1 —w) dw,p) Yy € By. (32)

pEA“(q) 0 dq
Proof. Let ¢ € Bj. Then, by (26), [@dp > fo (5@ (1 —w)dw for all p € A% (q). Thus,

monotonicity of G in the first component implies

1 :minG/d,)z inf (/5 (5p wdw,).
() ,uin | ( wdp.p | 2 inf a ) dw, p

Conversely, by (26), for any p € A7 (¢) there exists p’ Zcr p (resp., by (27) there exists p’ ~4 p) such

that
/ 8y &zp —w)dw = /cpdp'.

</ 0p (W) Oap (1= w) duw p> G(/wdp’,p> > G(/wdpl,p/> > 1(p)

by Shur convexity (resp., rearrangement invariance).

Thus,

Therefore,

inf G(/ 0y 5dp 1—w)de>ZI(<P)
PEA (g

and the infimum is attained. O

Step 4. (ii) implies (i) and (24), also (v) implies (i) and (24) provided (S, %, q) is adequate.

Proof. By Step 3, (ii) guarantees that (32) holds and the same is true for (v) if (S, %, q) is adequate.
But, for all ¢ € By and p € A? (),

1
/5 Jdp 1—w) dwf/ 0y 17(,0)5@( )dwf/ F;l(w)Fél(lfw)dw
0

13



which plugged in (32) delivers (24).

Moreover, ¢ Zssq ¢ if and only if —p =;c. —t. Thus, Step 2.c implies fol 0y (W) dap/dg (W) dw <
fo 0y (W) bap/aq (W) dw for all p € A"( ), but §_, (w) = =0, (1 —w) (Ma.e.) [7, 4.4] and the same
is true for t. This implies that fol (1 —w) bap/dg () dw < fol —0y (1 — w) 4p/dq (W) dw and hence
fo W) 8ap/dg (1 — w) dw > fo 8y (w 5dp/dq (1 —w)dw for all p € A% (q). By (32), monotonicity of G
allows to conclude that

I(¢)= min G(/6 )b w)dw,p)z min G(/Oléw(w)égz(l—w)dw,p):I(qp).

PEA7(q) PEA7(q)

Therefore, I preserves second order stochastic dominance and, in particular, it is rearrangement
invariant. O

Step 5. If ¢ € L™ (q) then there exists {¢,} C By such that ¢, is the conditional expectation of ¢

on a finite o-algebra for all n € N and ¢, e . In particular, ¢ =, @, for all n € N.

Proof. Let ¢ € L™ (¢) and wlog take a bounded version of . There exists {u,,} C By that uniformly
converges to ¢. Set, for each n € N, d,, = ||o — Ynll, ¥ = p — dp, V), = p + dn, pp = 0 (Yn) =
o (¥2) = o (). It is immediate to see that 2 < ¢ < 1/ for all n € N. Moreover, both {¢2} and
{9/, } converge uniformly to ¢, and, for each n € N, there exist suitable versions of E (¢2|X,,), E (¢|X,),
and E (¢ |%,) such that ¢, = E (¥2]3,) < E(¢|X,) < E(@)|2,) = ¢!. Define ¢, = E(p|%,) for
all n € N. Clearly, ¢, € By and it uniformly converges to .

Finally, observe that for all convex functions £ : R — R, by Jensen’s inequality, we have that g-a.e.

C(pn) = LB (p[20) <E(L(p) [Xn) VneN.

Then, by integrating both sides, for all convex ¢: R — R

E((en)) <EE({(p)[Xn) =E(l(p)) VYneN.

Step 6. Let ¢ € By and p € A (q). Then,

clps=(g) ({p€Bo:pZex ¥}) ={p € L™(q) : ¢ Zex ¥} (33)

In particular,

inf{/sodp BOBSDNcM/J}miH{/@dPiLOO(Q) Ncm} /016;5<w>6w<1w)dw- (34)

Moreover, if (S,Y, q) is adequate then

1
min{/godp:Bo > <p~,ﬂ/1} :min{/cpdp:Loo(q) E <PNd1/)} = 637;7 (W) 0y (1 —w)dw. (35)
0 q
Proof. Tt is easy to verify that {¢ € L> (q) : ¢ Zcx ¥} is closed wrt ||-|| . Therefore,

ClL°°(q) ({p€Bo:pZex?}) C{e € L7 (q) 1 ¢ Zex ¥} -

Conversely, by Step 5, for all ¢ € L (q) such that ¢ Z.. @ there exists {¢,} C By such that

©On e v and ¢, Zer @ Sex ¥ for all n € N. Hence, (33) follows.
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Moreover, [7, 4.3, 10.2, and 13.8] guarantee that, if ¢ € By and p € A7 (q) then 5‘¢‘5‘%| €Lt ()
q

and
[ eRa: 1~ @50 5} = [ [ o @0 -yt [ o @anra]. 6o

By (33) and (36), (34) follows since [ -dp is a continuous linear functional on L> (q).
If (S,%,q) is adequate, [7, 4.3, 10.2, and 13.4] guarantee that, if ¢ € By and p € A% (¢) then
5‘w|5‘%| eL! ()\) and

1
mln{/ pdq L~ ( )Sgowdz/z}z/o 5%5¢(1—w)(w)dw.

But, notice that if ¢ is simple and L™ (q) 3 ¢ ~4 1, then there exists a version of ¢ which is simple
too, thus proving (35). O

Step 7. If either I preserves second order stochastic dominance or if (5,3, q) is adequate and I is
rearrangement invariant, then, for all (¢,p) € RxA? (q),

G(t,p>—sup{1<¢>:/¢dp<t}—sup{fw>:/01635 @ds (1 -wdo<t). (@)

Proof. Observe that the set {w € By : [vdp < t} is the closure of {1/) € By : [vYdp < t}. The fact
that I is continuous implies the first equality. In what follows ¢, € By. If I preserves second order
stochastic dominance, then [ is Schur concave. For, if ¢ ., 9 then —p =, —% and —¢ i —.
Hence, 1 7Zssq . It follows that I (¢) > I (¢). Let I be Shur concave (resp., rearrangement invariant).
Then,

sup {I (o) : /gpdp < t} = sup {I (1) : there exists ¢ Sep ¥ s.t. /(pdp < t}

(resp., = sup {I (1) : there exists ¢ ~q ¥ s.t. /godp < t} ).

But,
sup{[(z/;) : /gpdp < t for some ¢ Z.; w} = sup {I(w) : inf{/gadp : By 3 ¢ Jer 1/1} < t}
(resp., sup {1(1/)) : /godp < t for some @ ~g 1/)} = sup {1(1/)) : inf{/gadp By 3 p~yg 1/1} < t} ).

By Step 6, (37) follows. O

Step 8. (i) implies (i) and (25), also (iv) implies (ii) and (25) provided (S, %, q) is adequate.
Proof. By Step 7, (i) guarantees that (37) holds, and the same is true for (iii) if (S, %, q) is adequate.
But, fol 5%,) (W)dy (1 —w)dw = fol Fdjl (W) F' (1 —w)dw for all ¢p € By and for all p € A7 (q).
a aq
Hence, (37) implies (25). By Step 2.b and (37), it descends the following chain of implications
1

1
pjwp’:/ &Lp (W) by (1 —w) dw > (5Lp/ (w) 6y (1 — w) dw for all ¢ € By
0

{T/JGBO /5@ 5U)(1w)dw<t} {TﬁGBO /5@ 5¢ 1w)dw<t} Vi eR

= G (t,p) <G (t,p)) VteR.
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Hence, G (t,-) is Shur convex for all ¢ € R. O

Step 9. (i) implies (iii), (iii) implies (iv), and (ii) implies (v).
Proof. The step is proved by a routine argument. O

Finally, Steps 4 and 8 guarantee that (i)<(ii). In this case (24) and (25) hold. Moreover, if
(S,%, q) is adequate, the same steps and Step 9 deliver both (v)=-(i)=-(iii)=(iv)=(ii)=(v). [ |

Before proving Theorem 2, we prove two ancillary results.

Lemma 1 Let (u,G) be an uncertainty averse representation for 7. If 7 is probabilistically sophis-
ticated wrt ¢ € A%, then dom G C R x A7 (q).

Proof. By definition, dom G C RxA?. Next, we show that G (t,p) = oo for all (¢,p) € RxAT\A7 (g).
Fix t € R and p € A°\A (q). It follows that there exists A € ¥ such that p(4) > 0 and ¢ (4) = 0.
Since u (X) = R, there exist {z,},{yn} € X such that u(z,) = +/n and u(y,) = —n. Define
fn = ynAx, for all n € N. By probabilistic sophistication, it follows that f,, ~ z, for all n € N.
Hence, u (zy, ) = u(z,) = /n for all n € N. But, for ecach n € N

/ w(f) dp = —np (A) + viip (A%) — —o0 as n — oc.

It follows that eventually f, € {f€ F: [u(f)dp <t} and n € {u(zy): [u(f)dp<t}. We
conclude that G (t,p) = cc. |

Lemma 2 Let (u,G) be an uncertainty averse representation for - and let I be defined as in (23).

The following statements are true wrt g € A°.
(a) 7 is probabilistically sophisticated if and only if I is rearrangement invariant on By;

(b) = satisfies first order stochastic dominance if and only if I preserves first order stochastic dom-

inance on By;

(¢) 7 satisfies second order stochastic dominance if and only if I preserves second order stochastic

dominance on By.
Proof. First notice that By = {u (f) : f € F}. By definition,

V() =1(u(f) VieF
represents .
(a) “Only if.” Consider ¢, 1 € By such that ¢ ~g 1, then
g{seS:p(s)=t})=q({seS:v¥(s)=t}) VteR.
Since u (X) = R, for each ¢t € R choose z; € X such that u(z;) = t. Since ¢ and ¢ are simple, it
follows that ¢ (S) = {t1,...,t,} and ¢ (S) = {t},..., ¢, }. Define
Ai={seS:p(s) =1t} andBj:{SES:w(s):t;}.
Finally, define f and g such that f (s) = 2, if s € A; and g (s) = Ty if s € B;. It follows that ¢ = u (f),
Y =u(g) and f and g satisfy (9).!2 Thus, f ~ g. Therefore, I (p) =1 (u(f)) =1 (u(g)) =1 (¢).

12Notice that ¢ (f’1 (zt)) =q (go’l (t)) =q (1[)*1 (t)) =q (g’l (zt)) for all t € R, while ¢ (f’1 (:r)) =0=g¢q (g*1 (:r))
ife ¢ {zt},er
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“If.” Suppose that f and g satisfy (9). Define ¢ = uwo f and ¥ = uwog. Since ¢ and ¢ are
simple, it is immediate to see that ¢ ~g 1. Then, since [ is rearrangement invariant, it follows that
I(u(f)=1I(p)=1()=1I(u(g)), which implies that f ~ g.

(b) “Only if.” Consider p,9 € By such that ¢({s€ S:¢(s) <t}) < q({se€ S:¢(s) <t}) for
each t € R. Define f,g € F to be such that ¢ = u (f) and ) = u (g). It follows that

q({s€5:f(s) Zz})
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Therefore, it is clear that f and g satisfy (10). It follows that f 2= g, and so I (¢) = I (u(f)) >
I(u(g)) = 1(¥).

“If.” Suppose that f and g satisfy (10). Define ¢ = uo f and ¥ = u o g. It follows that

(({seS:p(s)<th) =q({seS:u(f(s) <ul@)}) =q({s€S: f(s) Im:})
<q(f{seS:g(s)Ia}) =q({s €5 :u(g(s)) <ulz)})
=q({seS:9Y(s)<t}) VteR.

It follows that ¢ Zfsq ¥. Then, since I preserves first order stochastic dominance, it follows that
I(u(f))=1(p) 2 1()=1I(u(g)), which implies f 7 g.

The proof of (c) is analogous. [

Proof of Theorem 2. Consider the uncertainty averse representation (u, G) for 7Z. Then, define the
functional I : By — R as in (23).

(i) implies (ii). Since 7 satisfies second order stochastic dominance (wrt ¢), it is probabilistically
sophisticated. By Lemma 1, dom G C R x A? (¢). By Lemma 2, I preserves second order stochastic
dominance. Hence, Theorem 3 guarantees that (ii) holds.

(ii) implies (i). Since dom G C R x A? (¢), by Theorem 3 I preserves second order stochastic
dominance. By Lemma 2, - satisfies second order stochastic dominance.

Furthermore, assume (i) or (ii) hold. By Theorem 3, I satisfies (24) and (25). Hence, (14) and
(15) follow from the observation that I (u (f)) = minpea G ([ w (f)dp,p) = u(zy) for each f € F.

Assume that (5,%,q) is adequate.
(i) implies (iii) and (iii) implies (iv). The statement is proved by a routine argument.

(iv) implies (v). Since ZZ is probabilistically sophisticated, by Lemma 1, dom G C R x A7 (g), and
by Lemma 2, I is rearrangement invariant. By Theorem 3, (v) holds.

By Theorem 3, (v) implies (ii), which concludes the proof. [

A.3 Proofs of Corollary 1, Proposition 2, and Proposition 3

Let I : By — R be defined as in (23). For each ¢ € By the normalized Greenberg-Pierskalla superdif-
ferential of I at ¢ is the set

o1 ()= {pea: [eir> [vip=1002 10}
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Proposition 4 Let (u,G) be an uncertainty averse representation for 7=. The following conditions

are equivalent for p € A:

(1) 7 is more uncertainty averse than 7. p5;
(i) G (t,p) = minyea G (t,p) for allt € R;
(iii) p € ()OI (t)
teR
Proof. (i) implies (ii). Since 7, 5 is a SEU preference, setting

tif (t,p) = (t,p)

. (38)
00 otherwise

G@m={
for all (t,p) € R x A, it follows that the pair (u @) is an uncertainty averse representation of 77, 5
By [2, Proposition 6], the fact that 27 is more uncertainty averse that 7, 5 translates into
t<G(t,p) <G(t,p) Y(tp) ERxA. (39)
Substituting p = p in (39) delivers

G(t,p) =t=minG (t,p) VteR
pEA

where the last equality follows from G € £ (R x A).

(ii) implies (iii). Since (u, G) is an unbounded uncertainty averse representation,

G(t,p):sup{U(wf):/U(f)dpét}zsup{l(u(f)):/U(f)dpét}zsup{f(w):/¢dp§t}
(40)

for all (¢,p) € R x A. Let ¢ € By be such that [+dp < ¢, then, by (40), I () < G (¢,
implies that G (¢,p) = ¢. Thus I (¢)) <t = I(t) implies that if [¢dp < [tdp then I (¢)
we conclude that p € 91 (1).

p)- But (i)
<I ()and

(iil) implies (i). Let f € F and x € X. Since p € n@f , it follows that p € OI (u (z)). Therefore,
teR

/u<f>dps/u<x>dﬁ:1<u<f>>suu(x»

that is
T Zup f =T Zup [
But the latter condition can be easily seen to be equivalent to 2~ being more uncertainty averse that

13 [

~Uu,p*

13Indeed, consider two preorders =1 and >‘2 on F. Assume that 7Z; over X is represented by an affine nonconstant
function u,; and for each f € F there exists z ~; f (¢ =1,2). Then, the following conditions are equivalent:

(i) Foreach fe Fandeachz € X, fZ1 2= f 72 x;
(ii) 71 coincides with ZZ2 on X and m =1 zl for all f € F;

(iii) Foreach f€ Fandeachz € X, f =1z = f =2z (le. zZ2 f = 2 Z1 f).
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Proof of Corollary 1. Assume (i). For each p € A% (¢q), by Jensen’s inequality,

Ji()e( [u)-r- [o(5)o

for all convex functions ¢ : R — R. This implies that p -, ¢ for all p € A% (q). By Theorem 2,
G (t,-) is Shur convex for all ¢ € R. Therefore, for each t € R, G (t,p) > G (t,q) if p € A% (¢) and
G (t,p) = 0 if p ¢ A% (¢). That is, ¢ € argmin G (¢, -) for all ¢ € R. By Proposition 4, the statement
follows.

Assume (ii). By Theorem 2, (i) is satisfied and the statement follows. [

Let u: X — R be a nonconstant affine function and C' a subset of A. Set
ft*g@/u(f)dPZ/U(g)dp Vp e C. (41)

Notice that Z* is complete (and represented by «) on X, hence the definition of nontrivial unambiguous
event can be naturally extended to this more general setting.!* Next we prove that the equivalence
among points (i)-(iii) of Proposition 2 holds more in general for any relation 7-* defined as above (the
special case is obtained by setting C' = doma G and observing that - and ZZ* coincide on X).

Proof of Proposition 2. (i) implies (iii). By assumption, there exist z,y,z € X such that z >*
z>*yand zAy ~* z. Wlog u(z) =1 and u (y) = 0. Then z =* z =* y amounts to u (z) € (0,1) and
zAy ~* z amounts to [u(zAy)dp = u(z) for all p € C, that is p (A) = u(z) for all p € C.

(iii) implies (ii). Consider z,y € X such that = ~* y. Wlog u(z) = 1 and u(y) = 0. By
(iii), it follows that there exists o € (0,1) such that [u(zAy)dp = p(A) = a for all p € C. Set
z=ax+ (1 —a)y and conclude z >* z =* y and zAy ~* 2.

(iii) implies (ii). Follows from the fact that 7=* is nontrivial on X. [

A subset C of A% (q) is Shur convex (wrt ¢ € A7) if and only if {p € A7 (q) : p Zex P’} C C for
each p’ € C.

Proposition 5 Let ¢ € A% and 7Z* be defined as in (41). If A is a nontrivial unambiguous event for
Z* and C is Schur convezx (wrt q), then C = {q}.

Proof. Wlog p(A) =« € (0,1/2] for all p € C. Let p € C, then, by Step 1 of the proof of Theorem
3,

1
max{/lAdp:A”(q)aijxp}:/ 814 (w)(S?(w)dw
0 q
1
min{/lAdp:A”(q)aijwp}:/ 51A(w)6?(1—w)dw.
0 q

Since g € {p € A7 (q) : p Zex P} C C and A is a nontrivial unambiguous event, then {f ladp: A% (q) 2p Zex ;5} =
{q(A)} = {a}, hence,

/01 01 (W) Ogg () doo = /01 Oy (W) 0 (1= w) do.

As well known,

5 (w){ 1 we(0,)

0 wela,1).

M An event A in X is nontrivial and unambiguous if there exist x,y, z € X such that  =* z =* y and zAy ~* 2.
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Therefore,

5¥ (1—-w)dw (42)

dap (W) dw =
o

but 6% : (0,1) — [0,00) is decreasing and fol (5% (w)dw =1 [7, 4.3]. Therefore, by standard argu-
ments, (42) implies 5% =1 (Ma.e.). It follows that 3—73 =1 (¢g-a.e.) [7,2.8], and p = q. [

0

Proof of Proposition 3. Let A be a nontrivial unambiguous event for .

(i) Sufficiency is immediate. As to necessity, notice that =* is represented by (18) and doma G
is Shur convex subset of A (¢). Proposition 5 delivers doma G = {q}. By definition of doma G and
since G € L (R x A), it follows that for each (t,p) € R x A

tif (t,p) = (t,q)
oo otherwise.

G(t,p) = {

The statement follows.

(ii) Assume that (S,%,q) is adequate. Sufficiency is trivial. As for necessity, notice that, by

Theorem 2, 77 satisfies second order stochastic dominance and the statement follows. |
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