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The Kaldor Facts

Nicolas Kaldor ’50 found some regularities in long-term US
economic data (also Mitchell and Kuznets) which are roughly
true today for several contries

1 Constant GDP (Y) growth rate (US since 1870, approx. 1.8%)
2 The ’great ratios’ K/Y, C/Y, I/Y are approx. constant, i.e.,

K,Y and C growth roughly at the same rate
(for the US: C/Y=.7, I/Y=.2)

3 N and r do not change much (rUS ∈ [0.02, 0.06])
4 Y/N (GDP per capita) growth rate changes across countries

(now, Y/N in top 5% is 20 times that in bottom 5%, constant
income disparity: both rich and poor growth.)

5 Income shares rK/Y and wN/Y are roughly constant (1/3 and
2/3 respectively), and high capital share ⇒ High investment

These facts guided researchers in the development of the
Neoclassical Growth Theory (Solow ’56 and Cass-Koopmans
’65). Key ingredient the (Neoclassical) production function ⇒



U.S. Capital and Labor Shares

0%

10%

20%

30%

40%

50%

60%

70%

80%

90%

100%
1

9
2

9

1
9

3
4

1
9

3
9

1
9

4
4

1
9

4
9

1
9

5
4

1
9

5
9

1
9

6
4

1
9

6
9

1
9

7
4

1
9

7
9

1
9

8
4

1
9

8
9

1
9

9
4

L
a

b
o

r 
a

n
d

 c
a

p
it

a
l 

s
h

a
re

 i
n

 t
o

ta
l 

v
a

lu
e

 a
d

d
e

d

Labor

Capital

5 / 21



Accuracy of Kaldor Facts?
Labor shares from Karabarbounis and Neiman (2014)
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The Neoclassical Production Function ...
Output in period t depends positively on Labour input Nt , existing
Capital Kt and the state of the technology At , and it satisfies two
key conditions: CRS and DR

Yt = F (Kt ,Nt ,At) with FK ,FN > 0

A1. Constant Returns to Scale (CRS)

F (λK , λN,A) = λF (K ,N,A) (you can replicate it elsewhere).

A2. Decreasing Returns (DR)

Both FKK < 0 and FNN < 0

F is also assumed to satisfy few other limit conditions:

lim
K→0

FK = lim
N→0

FN = +∞ (Inada) and lim
K→∞

FK = lim
N→∞

FN = 0



... The Neoclassical Production Function
Example: Cobb-Douglas

Y = K α(AN)1−α = (A)1−αK α(N)1−α (check it satisfies A1, A2, etc..)

Output per capita as a function of capital per capita

y =
Y

N
=

(A)1−αK αN1−α

N
=

ÂK αN1−α

N

=
ÂK αN1−α

NαN1−α

=
ÂK α

Nα
= Â

(
K

N

)α

= Âkα = Âf (k).

where k = K/N is capital per worker, or capital per capita.

Notice that we only have used CRS to derive the expression.

DR will imply that f is concave (see Figure)

The limit conditions imply f is as in the figure



A Simple Dynamic Economy

1 Saving function à la Keynes (behavioral hp): St = sYt

2 Capital accumulation rule (standard): Kt+1 = (1− δ)Kt + It
3 Capital market eq.: It = St (no public sector, closed economy)

(1-2-3) ⇒ Kt+1 = (1− δ)Kt + St = (1− δ)Kt + sYt

Now let’s get all this in per-capita terms:

If we assume that N and A are constant, we get

Kt+1

N
= (1− δ)

Kt

N
+

sYt

N
kt+1 = (1− δ)kt + syt or

kt+1 − kt = syt − δkt

where Kt
N = kt and Yt

N = yt are capital per-capita and income
per-capita respectively
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The Steady State

We are in the steady state when kt+1 = kt .

Recalling that kt+1 − kt = syt − δkt , the steady state level of
capital per capita solves:

syt = δkt

sÂf (kt) = δkt

sÂf (k∗) = δk∗

Cobb-Douglas Example: Assume f (k) = kα

sÂkα = δk ⇒ Âs

δ
= k1−α ⇒ k∗ =

(
sÂ

δ

)1/(1−α)

k∗ increases with s, α and Â; decreases with δ.
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Figure: Is it there any ’absolute’ convergence?



‘Conditional’ Convergence

Consider the following ‘growth regression’:

g1960/1990
y ,i = α + βy0,i + γedu0,i + ε i i = 1, 2, . . . n

Within a group classified by 1960 human capital measures (such as
schooling), 1960 saving rates, and other indicators,
a higher income in 1960 is positively correlated with lower growth
rates gy , that is β < 0.

NB: If we do not add the controls for education, we get β = 0 (no
‘absolute’ convergence)



Normative: The Golden Rule

The good market equilibrium implies C + I = Y . Since
I = S , using (ii) we have

C

N
=

(1− s)Y

N
⇒ c = (1− s)y = (1− s)Âf (k)

s = 0 ⇒ k∗ = 0⇒ f (0) = 0⇒ c∗ = 0.

and s = 1⇒ c∗ = 0 as well.

The golden rule saving rate sG solves:

max
s

c∗(s) := (1− s)Âf (k∗(s))

Cobb-Douglas example: y ∗(s) = Â(k∗(s))α = Â
(
sÂ
δ

)α/(1−α)

max
s

(1− s)Â

(
sÂ

δ

)α/(1−α)

⇒ sG = α. (Check at home)



Positive: Predictions of the Solow Model

1 The model does not predict long-run or sustained growth

Diminishing returns to reproducible factors (K )
.. and limiting condition: limK→∞ FK = 0

2 Conditional Convergence:

Define the growth rate of capital as γkt := kt+1−kt
kt

, we have:

γkt =
syt − δkt

kt
=

sÂkα
t − δkt
kt

=
sÂ

k1−α
t

− δ

(Check that at kt = k∗ we have γkt = 0)
The above condition is key in several empirical studies (growth
regressions)
’After controlling for observable differences across countries
(which affect the steady state level) the lower is the initial
capital, the faster they growth’ (Conditional Convergence)



Sources of Sustained Growth

1 Physical Capital Accumulation F (Kt , ĀN)

2 Human Capital Accumulation F (Kt , ĀHt), Ht (education)

3 Technological Progress F (Kt ,AtN) At (innovation)

3a. Exogenous technological progress: At+1 = (1 + g)At

If F (Kt ,AtN), the GDP per effective worker is

ŷt = Yt/NAt = f̂ (Kt/AtN) = f̂ (k̂t)

where k̂t is now capital per effective worker.

Kt+1

AtN
= (1− δ)

Kt

AtN
+

sYt

AtN

⇒ At+1

At

Kt+1

At+1N
= (1− δ)

Kt

AtN
+

sYt

AtN

⇒ (1 + g)k̂t+1 = (1− δ)k̂t + sŷt



Solow with exogenous technological progress
If we rearrange the law of motion, we get:

(1 + g)k̂t+1 = sŷt + (1− δ)k̂t

⇒ (1 + g)
(
k̂t+1 − k̂t

)
= sŷt − (δ + g)k̂t

NB1: g decreases the capital per effective worker. Why?

NB2: We can use the same diagram as before in k̂

⇒ k̂∗ =
(

s
δ+g

)1/(1−α)

NB3: If ŷ = Y /AN is constant then income per capita
y = Y /N grows as long as A grows (we get sustained
growth). Recall k̂ :

k∗(t) = k̂∗A(t) =

(
s

δ + g

)1/(1−α)

A(t) ⇒ γk = g

In a sustained (balanced) growth we must have γy = γk

(prove it!)



A Couple of Revision Exercises

1 Consider the standard Solow model with no technological
progress (i.e., At = Ā), and assume there is population
growth, that is, Nt+1 = (1 + n)Nt . Show that the model
implies a sustained growth path where total GDP Yt and
aggregate capital Kt both growth at the same rate n.

2 Now consider the model in the previous exercise and suppose
the economy is on its balanced growth path and the saving
rate is s0. Now, suppose the saving rate increases to s1 > s0.
Describe what will happen to the path of Yt and Kt . Do it by
drawing two well commented graphs where in the horizontal
axis you have time t, while in the vertical axis you have lnYt

and lnKt respectively.
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