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Abstract

The definition and investigation of general classes of nonparametric priors has recently
been an active research line in Bayesian Statistics. Among the various proposals, the Gibbs—
type family, which includes the Dirichlet process as a special case, stands out as the most
tractable class of nonparametric priors for exchangeable sequences of observations. This is
the consequence of a key simplifying assumption on the learning mechanism, which however
has justification except that of ensuring mathematical tractability. In this paper we remove
such an assumption and investigate a general class of random probability measures going
beyond the Gibbs—type framework. More specifically, we present a nonparametric hierarchical
structure based on transformations of completely random measures, which extends the popular
hierarchical Dirichlet process. This class of priors preserves a good degree of tractability, given
we are able to determine the fundamental quantities for Bayesian inference. In particular, we
derive the induced partition structure and the prediction rules, and also characterize the
posterior distribution. These theoretical results are also crucial to devise both a marginal
and a conditional algorithm for posterior inference. An illustration concerning prediction in
Genomic sequencing is also provided.
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1 Introduction

The proposal of novel classes of priors for Bayesian nonparametric inference typically aims at
increasing modeling flexibility, while preserving analytical or computational tractability. In fact,
the ubiquitous Dirichlet process stands out in terms of tractability due to its conjugacy property
but it appears quite limited in terms of flexibility for a number of relevant applied problems. These
limitations spurred a considerable stream of papers in the last 15 years. Recent accounts on this
subject can be found in the monographs by Hjort et al. (2010), Miiller et al. (2015) and Phadia
(2013). Among the proposed generalizations, Gibbs—type priors play a prominent role as shown
in De Blasi et al. (2015), where an account of their possible uses for Bayesian inference is given.
They are defined through a system of predictive distributions, whose weights depend on a sequence
of non—negative numbers that solve a simple system of recursive equations and on a parameter
o < 1. Importantly, they include, as special cases, several instances of popular random probability
measures such as, e.g., the Dirichlet process itself and the Pitman—Yor process.

The present contribution shows that even moving beyond the Gibbs—type setting, one can still
identify classes of priors that are amenable to a full Bayesian analysis. Previous attempts in this
direction focus on specific cases and are clearly affected by the challenging analytical hurdles that
arise. See, e.g., Lijoi et al. (2005) and Favaro et al. (2011). In order to provide a preliminary
description of the problem, suppose that X is a Polish space and 2" is the associated Borel o—
algebra. We denote by Px the space of all probability measures on (X, Z"), which is assumed to
be equipped with the topology of weak convergence and Hx represents the corresponding Borel
o-algebra. Then consider an exchangeable sequence of X-valued observations X = {X;},., such
that N

Xilp®p, i1
pr~ Q.

Hence, the prior Q is a probability measure on (Px, %x) and most popular choices are such that Q

(1)

selects with probability 1 a discrete distribution on X. The Dirichlet process (Ferguson, 1973), the
Pitman—Yor process (Pitman & Yor, 1997) and normalized random measures with independent
increments (Regazzini et al., 2003) are notable examples. Almost sure discreteness of p entails
that ties within the data may occur with positive probability, i.e. P[X; = X;] > 0 for any i # j.
Hence, a vector of n observations X = (X,...,X,) will display k& < n distinct values, say
x7,...,xf, with respective frequencies nq,...,n;. If P is a non-atomic distribution, we say that
Q is a Gibbs—type prior with parameter 0 < 1 and base measure P if

k

v, v,
P[X, 1 € A| X™] = %:“ Py(A) + Vle’“ > (nj —0)6ax (A) (2)
n, n, i=1

for any A € 2. The coefficients {V,, x, : n > 1, 1 <k < n} are solutions of the system of recursive
equation V,, , = Vi1 g+1 + (n — ko) V41 1, with initial condition V3 ; := 1. Gibbs-type priors
have been introduced in Gnedin & Pitman (2005), where one can also find a characterization of the
Vik’s corresponding to different values of o < 1, and rephrased in predictive terms as (2) in Lijoi
et al. (2007). For our purposes, it is also important to stress that such a specification amounts to
assuming that the pair (X, Q) induces a random partition ¥ of IN such that, for any n > 1,

k
PV, ={C1,....Ce}] = Vos [J(1=0)n, 1 (3)
j=1



identifies a random partition of [n] = {1,...,n}, n; = §(C;) is the cardinality of C; and (a), =
I'(a + q)/T(a) for any a > 0 and integer ¢ > 0. In this case, one has that i,j € [n] are in the
same cluster of ¥,, if and only if X; = X;. Note that the probability of observing a value not
contained in {z7,... ,x};}, namely a “new” observation, is Vi, 41 k+1/Vax: it depends on n and k
but not on the frequencies ny,...,ng. The same obviously holds for the probability of sampling
any of the “old” observations, which is 1 — V41 k+1/Vak. This simplifying assumption on the
learning mechanism (2) is the key reason for the mathematical tractability of Gibbs—type priors
but clearly represents a restriction from an inferential point of view. See De Blasi et al. (2015)
for a discussion. Here we remove this assumption and study random probability measures that
lead to a more general predictive distribution, where the weights make use of all the information
contained in the sample. To this end, we focus on a class of priors Q such that (X, Q) induces a
random partition of IN that is obtained as a mixture of random partitions on IN having a simpler
structure as they are induced by a wide class of discrete random probability measures with diffuse
base measure. This representation is the key for obtaining an expression suitable to carry out
posterior inference. This construction corresponds to the popular hierarchical processes, that are
deeply related to the huge probabilistic literature on coagulation and fragmentation processes. See
Kingman (1982) and Bertoin (2006). From a statistical standpoint, nice works connected to our
contribution, though in a different dependence setup for the observations, can be found in Teh &
Jordan (2010), Wood et al. (2011), Nguyen (2015) and Camerlenghi et al. (2016). It is finally worth
mentioning another considerable body of work in the literature where instances of non Gibbs-type
priors have been proposed and investigated. However, unlike our contribution, in all these papers
the exchangeability assumption is dropped. Examples can be found in Fuentes-Garcia et al. (2010),
Bassetti et al. (2010), Miiller et al. (2011), Navarrete & Quintana (2011), Airoldi et al. (2014),
Quintana et al. (2015) and Dahl et al. (2016).

Section 2 recalls some basic notions on completely random measures, which are then used to
define normalized random measures with independent increments and the Pitman—Yor process. In
Section 3 we introduce a prior Q that induces a system of predictive distributions, for which, in
contrast to (2), the probability of a new observation depends on the cluster frequencies ni, ..., ng
and hence use the full sample information. This generality clearly complicates their analysis, but we
are still able to determine the probability distribution of the induced random partition. Moreover,
in Section 4 we prove a posterior characterization, given the data and the latent variables. These
findings, in addition to their theoretical interest, are also relevant for computational purposes.
Indeed, we devise both a marginal algorithm that extends the standard Blackwell-MacQueen urn
scheme and a conditional algorithm that simulates approximate realizations of p from its posterior
distribution. See Section 5. Finally, resorting to the marginal algorithm some prediction problems
related to genomic data are faced in Section 6. Proofs are deferred to the Appendix.

2 Completely random measures and discrete nonparametric
priors

Most commonly used priors on infinite-dimensional spaces can be described in terms of suitable
transformations of completely random measures, which can be seen as a unifying concept of the
field as argued in Lijoi & Priinster (2010). Also our construction relies on completely random
measures and, hence, we briefly recall a few definitions and introduce some relevant notation that
occurs throughout.



Let Mx denote the space of all boundedly finite measures on (X, 2"), namely m(A) < oo for
any m € Mx and for any bounded Borel set A € Z". The space Mx is assumed to be endowed
with the Borel o-field .#x (see Daley & Vere-Jones, 2008). A random measure [ is a measurable
map from a probability space (§,.%,P), taking values in (Mx, #x). If one further has that the
random variables ji(A1), ..., i(Ay) are independent for any choice of bounded disjoint measurable
sets Ay,..., A, € 2, and any n > 1, then [ is termed completely random measure (CRM) on
(X, Z'). See Kingman (1993) for an exhaustive account. If a CRM fi does not have jumps at fixed
points in X, then i =), J;dy,, where {J;},., are independent random jumps and {Y;},., are
independent and identically distributed (iid) random atoms. In this case, there exists a measure
v, termed Lévy intensity, on RT x X such that fR+XB min{1, s} v(ds,dz) < oo, for any bounded
Be Z, and

]E |:ei fx f(w)ﬁ(dw)} = exp {— / (]_ — eisf(w))l/(ds, dx)} s
R+ xX

for any measurable function f : X — R™. In the following we consider almost surely finite
CRMs and, for the sake of illustration, assume the jumps {J;},., and the locations {Y;},.; to be
independent which amounts to having a Lévy intensity of the form

v(ds,dz) = p(s)dscPy(dzx)

for some constant ¢ > 0 and a non-atomic probability measure Py on (X, 2"). We will write
[L ~ CRM(pa &) PO)

2.1 Transformations of CRMs

The first class of priors we consider has been introduced in Regazzini et al. (2003) and it is obtained
through a normalization of a CRM. Indeed, if i ~ CRM(p, ¢; Py) and p is such that fooo p(s)ds = oo,
then p = i/fi(X) defines a random probability measure on (X, .2") which is termed normalized
random measure with independent increments (NRMI), in symbols p ~ NRMI(p, ¢; Py). Such a
construction includes, as special cases, several noteworthy priors. In particular, one obtains the
Dirichlet process with base measure cPy when p(s) = s~!e™* and the normalized o-stable process
(Kingman, 1975), arising from the normalization of a o—stable CRM, specified by the choice ¢ = 1
and p(s) = 05177 /T'(1 — o) for some o € (0,1).

The other popular class of random probability measures we are going to consider is the Pitman—
Yor process, which may be defined in different ways. A relevant construction for our purposes is
as follows. Let fig,, be a o—stable CRM with base measure Py and denote with P, its probability
distribution. Introduce, now, another random measure fi, ¢ whose probability distribution P, ¢ on
(Mx, #x) is absolutely continuous with respect to P, and has Radon—Nikodym derivative

dP,g, . _p ol (0)
dpo' (m)_m( ) 91—1(9/0_) (4)

Then the random probability measure p = fis 9/flo,0(X) is termed Pitman—Yor process or two—
parameter Poisson-Dirichlet process. See Pitman & Yor (1997). Henceforth we use the notation
p~ PY(o,0; P).

2.2 Exchangeable random partitions

Both NRMIs and the Pitman—Yor process are discrete random probability measures. Hence, when
used to model exchangeable data as in (1), they induce a random partition ¥ of IN, whose restriction



U, on [n] = {1,...,n} is such that any two integers ¢ and j in [n] are in the same partition set
if and only if X; = X;. From a probabilistic standpoint, such a partition is characterized by the
so—called exchangeable partition probability function (EPPF). See Pitman (2006). It also plays
a pivotal role to infer the clustering structure featured by the data and to carry out posterior
inference. It is defined as

O ) o= [ B )5 ) ®)
X
for any n > 1, k € {1,...,n} and vector (ni,...,ng) of positive integers such that Zle n; = n.

This is nothing but the probability of having a partition ¥,, = {C4,...,Cy} of [n] into k sets with
frequencies n; = #(C;) and, relative to (1), is the probability of observing a specific sample X (n)
featuring k distinct values with respective frequencies (n1,...,ng). Hence, for Gibbs—type priors,
the form of @;n) is readily available from (3) and it displays a simple product form. For example,
for the Pitman—Yor process with parameters o € (0,1) and § > —o one has

n (0 +io) k
q)l(c )(n17"'7nk): I_I(,L ! H 1_0 nj—l (6)

Also for NRMIs the expression of <I>§€n) is known. Indeed, if p ~ NRMI(p, ¢; Py) in (1), with
non—atomic Py, one has

k 00 k
" (p e, ) = ¢ / ut e () Tn. (w) du 7
Pl = o | [T ™
with (u ﬁ) 1 —e ] p(v)dv and 7.(u) = fooo v"e Y p(v)dv for any integer r > 1. For

example, When p(s) = s~ te™*, then <I>l(€n)(n1, coymg) =k Hle(ni — 1)!/(c)y, which is the EPPF
corresponding to the Dirichlet process. On the other hand, if p(s) = 0 s7177/T'(1 — o) it is easily
checked from (7) that @,(cn)(nl, cooyng) = a* 1T (k) Hle(l — 0)p,—1/T'(n), which is the EPPF of
a normalized o—stable process.

It is worth noting that these three examples display the structure of a Gibbs—type prior and
they are characterized by the specific weights V;, ;, and the value of . Hence, all these models
yield a predictive distribution (2) for which the probability of observing a new value at the (n+1)—
th step of the process, conditional on the first n values, does not depend on cluster frequencies
(n1,...,ng) in X™. Next we remove such a simplifying condition, which is not justified from
a modeling perspective, and work out explicit expressions of the EPPF that arise as mixtures of
simpler EPPFs of the form displayed in this section.

3 Hierarchical processes

An effective strategy for obtaining a more complex structure than the one displayed by Gibbs—
type priors is the use a mixture model. Let Q(-| Py) be a probability distribution on Px such that
Jo P(A)Q(dp|Py) = Py(A), for any A € 2°. Q in (1) may then be defined as

Ploo ~ Q(-|po), po ~ Q'(-|PR) (8)

for some non—atomic distribution Py on X. Natural specifications for Q(-|po) and Q'(-|Fy) are
then the probability distributions of either a NRMI or a Pitman—Yor process. Alternatively, the



model can be viewed as a random partition of IN obtained as a mixture over a space of partitions
induced by pp. Such an interpretation will become apparent when stating our results. The model
in (8) corresponds to a hierarchical process introduced in a multi-sample setting in Teh et al.
(2006), with both Q( - |po) and Q’( - |Py) being the probability distributions of Dirichlet processes,
and known as hierarchical Dirichlet process.

In order to gain an intuitive insight on the induced partition structure we resort to a variation of
the popular Chinese restaurant franchise metaphor in Teh et al. (2006), which we term multi—room
Chinese restaurant. According to this scheme, the restaurant has a menu of infinitely many dishes
(with labels generated by the non—atomic base measure Py in (8)) and rooms, with each room
containing infinitely many tables, where people may be seated. Each person in the same room,
regardless of the table she is seated at, eats the same dish in the menu. Different rooms serve
different dishes. The generative construction is as follows: the first customer picks a dish from
the menu, is assigned to a room and seated at one of its tables. The n—th customer entering the
restaurant may either select a dish already chosen from the menu by at least one of the previous
n — 1 customers or a new dish. In the former case, she will be seated in the room serving her dish
of choice, which hosts all other people, among the previous n— 1, who have selected that very same
dish. She may be seated either at a new table or at an existing table. If a new dish is chosen, the
n—th customer will sit in a new room and at a new table. This scheme implies that distinct tables
may share the same dish (as long as they are in the same room, which is the only one serving
that dish). The key difference w.r.t. the standard Chinese restaurant process description of the
Dirichlet process and of other Gibbs-type priors is that here we allow the same dish to be served at
different tables. In the sequel X; represents the dish eaten by the i—th customer of the restaurant,
for ¢ = 1,...,n, whereas the tables are latent variables which denoted by T7,...,T,. Moreover,
if k& distinct dishes are served in the restaurant, with respective labels X7, ..., X}, the frequency
n; in (5) represents the total number of customers seating in room j or, equivalently, eating dish
j. Then ¢; € {1,...,n;} is the number of occupied tables in room j, and g;; is the number of
customers seating at table ¢ in room j, under the obvious constraint Zf;l gj,t = n;. Hence, the
actual random partition has a probability distribution that is obtained by mixing with respect to
all tables’ configurations {(g;¢ ¢;) : t = 1,...,¢;}, for j € {1,...,k}. This description clearly
hints at an immediate connection with the theory of coagulation and fragmentation processes as
nicely accounted for in the monograph Bertoin (2006).

3.1 Hierarchies of NRMIs

We first examine the following class of random probability measures

P|po ~ NRMI(p, c; po)

_ 9)
Po ~ NRMI(po, co; Fo)

and, for notational convenience, in the sequel we set |z| = Zle z;, for any @ = (z1,...,75) € R¥
and for any k > 1.

Theorem 1. Suppose {X,,}, -, is an exchangeable sequence of X-valued random elements accord-
ing to (1), where p ~ Q is such that

P|po ~ NRMI(p, ¢; po), Po ~ NRMI(po, co; Fo)-



Then the EPPF that characterizes the random partition induced by (X1,...,X,), for any n > 1,
coincides with

k
(n) <vz|) 1 n;
11 <I> E —
D, ) = Y 0y, _1:1g z(qq)

P (10)

X q)|(e| (ql,la"' 7q1,f17"'7qk,17'"7qk,€k)

where ®) and CID_(;()) indicate the EPPF's (7) associated to NRMIs with parameters (p, c) and (po, o),
respectively. Moreover, the first sum runs over all vectors of £ = (£1,...,0) such that ¢; €
{1,...,n;} and the j-th of the other k sums runs over all q; = (qj1,...,qj,e;) such that qj; > 1
and |q;| = n;.

The expression in (10) can be readily rewritten in an equivalent form which discloses a nice in-
terpretation of exchangeable random partitions induced by hierarchical NRMIs. One can represent
chn) as a mixture over spaces of partitions, which can be described in terms of the multi-room
Chinese restaurant metaphor: (i) the n customers are partitioned into ¢ tables according to the
NRMI with parameters (c, p); (i) these t tables are are further allocated into & distinct rooms
in the restaurant according to the NRMI with parameters (cg, po) and this step corresponds to
gathering the tables being served the same dish. The following Corollary effectively describes this
structure.

Corollary 1. If {Xn}n21 is as in Theorem 1, then

1O () =3 S0 {0lAT. . pa7)

t=k TEPn ¢
k
t o "
< @Az eag) T (X 247)])
T EPy i j=1 ieAgfj
where Py and Py, are the spaces of all partitions of [n] = {1 n} and [t] = {1,...,t} into

t and k sets, respectively, the sets AT,..., AT and Ag:l, e Ao & zdentzfy the pa'rtztwns m and 7.
Moreover, for any set A, 14 is the indicator function of A.

Note that the product of indicators on the right-hand side of the equality displayed in Corol-
lary 1 implies that we are summing over all partitions 7 and 7’ such that . A, $AT = n;, for
any j = 1,..., k. The multi-room Chinese restaurant interpretation amounts to saymg that the
frequency of customers eating dish j at different tables in room j of the restaurant is exactly n;.

Having characterized the distribution of the random partition induced by {X,}, ~, it is then
natural to look at the marginal distribution of the number of clusters K, out of n observations
XM = (X1,...,X5). This is a key quantity in a number of applications. For instance, it serves
as a prior distribution on the number of components in nonparametric mixture models or on the
number of distinct species in a sample of size n in species sampling problems. It is identified by
the following

Corollary 2. If {Xn}n21 is as in Theorem 1 and K, is the number of distinct values in X ™,
then



1 t
) E Z <C17"' 7Ck>(b(t) <<1’”. 7<k) (11)

’ CEAL ¢
where Ay, ={v = (v1,...,n): v; > 1, [v|=n} foranyn>1andt € {1,...,n}.

In general, the sums involved in the mixtures (10) and (11) cannot be evaluated in closed form.
However, as shown in the sequel, expressions like (10) form the backbone for devising suitable
algorithms that allow to sample exchangeable random elements from p and evaluate, among others,
an approximation of the distribution of K,,. The following two examples illustrate the previous
general results.

Example 1. Suppose p(s) = po(s) = s~ e™*, so that (9) corresponds to a hierarchical Dirichlet
process (HDP). See Teh et al. (2006) for its version in a multi-sample setting. A straightforward
application of Theorem 1 yields a novel closed form expression of the EPPF

k ok

n C,
Hé)(nl,...,nk):—oz Hz — 1)!'s(ny, £;)). (12)

(©)n 7 0)e

where |s(n, k)| are the signless Stirling numbers of the first kind and the sum runs over all vectors
L = ({q,...,0) such that ¢; € {1,...,n;}. The predictive distributions can be determined from
(12). Indeed, using the recursive relationship [s(n; +1,¢;)| = n;|s(n;, ;)| +|s(n;, £; —1)| and some
algebra, one finds out that

IP[Xn+1 € '|X(n)] = (C-in) Z (Coi)la) 7T(£|X(n))PO(')

n; c l; (n) .
Jrz c+n+(c+n)ze:(co+|£\) (€] X)) 0 ()

Jj=1

where (€] X (™) is the posterior distribution of the latent variables £ = (¢1,...,£;) coinciding
with

ck cl#l k

(CO)IZI Hj:l (C)nJ =1

Notice that the predictive probability mass associated to the j-th distinct observation z7’s is
n;/(c+ n), which appears also in the Dirichlet prediction rule, and an additional term generated
by the discreteness of po. In other terms, a dish z} is picked by the (n + 1)-th customer either
because it is the one served at that particular table she seats at or because she seats at a new
table while picking 7 from the menu. The latter term does not appear in the standard Chinese
restaurant process associated to the Dirichlet case, where tables and dishes are in one-to—one
correspondence.

(€] X™M) o

One can also give an interesting integral representation of the EPPF corresponding to the HDP
(12). Indeed, if Ay is the k—dimensional simplex, the definition of the signless Stirling number of



the first kind entails 227:1 a’~Ys(n;,4;)| = (a+ 1),,-1 and from (12) we deduce

k
I (o = lpD~t [T tep)"sIs(ns, 45)ldp
=1
! (13)
o ( ﬁ
= —— Dy(dp;1,...,1,¢co) | | (cpj + 1)n, -1
(C)n (co)r Ay =1 /
where Dy(-;a1,...,ak41) is the k—variate Dirichlet distribution with parameters (aq,..., @g41).

Finally, note that (13) admits an interesting interpretation by noting that if (Y7,...,Y%)|p ~
Di(epr+1,...,cepr + 1,¢(1 — |pl), then

k

n CC n n
H§C><n1,...,nk):%/ E[Y," - Y™ | p] De(dp; 1,...,1,co)
(e)k(co)r) A,

From (13) one can also readily obtain the corresponding predictive distributions.
Example 2. Let p(s) = 057 177/T(1 — o) and po(s) = 095 177°/T'(1 — 0p), with o and oq in
(0,1). In view of this specification, p is a hierarchical normalized o—stable process whose base

measure is itself a normalized op—stable process. Since the total masses ¢ and ¢y are redundant
under normalization, we set ¢ = ¢y = 1 with no loss of generality. Based on Theorem 1 one has

k=1 o1 k ni b o
H]((;n)(n17 o 7nk) _ ze: OF(|£|§k) F(;)(ﬂ) jl;[l(l _ Uo)éj—l (5( ngjv )

where €'(n, k;0) = & Z o(—1)° ( ) (—i0), is the generalized factorial coefficient, for any k < n (see
);

Charalambides (2002)), and the sum runs over all vectors £ = ({1, ..., ¢) such that ¢; € {1,...,n;}.
Now rewrite H,(Cn)(nl, co., M) as
ok
H,E_")(nl,...,nk)* 0 Hzcgn], 170’0)[ —1
j=14;=1

(14)

1 — UUO)nj—l

where the last equality follows immediately by the definition of generalized factorial coefficients.
We observe that the EPPF in (14) is the one of a normalized (cog)-stable process. From a
probabilistic point of view, the hierarchical construction can also be seen as subordination and, as
such, (14) is an important and well-known formula originally derived in Pitman (1999), which has
found several applications in Population Genetics with reference to coagulation phenomena.

3.2 Hierarchies of Pitman—Yor processes

The results displayed in Section 3.1 can be extended to the case where Q(-|pg) and Q'(-|Fp) in

(8) are the probability distributions of Pitman—Yor process, namely
p|po ~ PY(o,0;po)
) (15)
po ~ PY(oo,00; Fo)

being 0,00 € (0,1), # > 0 and 6y > 0. We also refer to p in (15) as hierarchical Pitman—Yor process
and use the acronym HPYP. The following result provides the corresponding partition structure.



Theorem 2. Let {Xn}n21 be an exchangeable sequence of X—valued random elements as in (1),
with p being a HPYP. Then the EPPF that characterizes the random partition of N induced by

{X’n}nZl is

k-1 \z| 1 k
—, (00 + rop) [I.1 (0 + so) E(n;
H(n)n,...,n :H’”*l(o j’ (1—00)e, - 16
V) = e T Y G F D I:[1 e (16)
where the sum runs over all vectors of positive integers £ = ({1,...,0y) such that £; € {1,...,n;},

foreachi=1,... k.

Remark 1. For the special case of § = yo in (15), and proceeding as for hierarchies of normalized
o—stable processes in Example 2, the EPPF (16) reduces to that of a simple PY process, or in
other terms, p ~ PY(coy, 0go; Py) and this can be easily checked through (16). Such a coagulation
property was first established in Pitman (1999). See also Bertoin (2006).

Having the EPPF (16) at hand, one can derive the predictive distributions in a similar vein to
the HDP case considered in Example 1. In fact,

P, €| X™] = %: <9+ |£|a> <90 +kao> (0] XV ()

0+n 6o + |£]
k
n; — ;o 0+ |€|o — 09 (n)
L1 X))o (-
+;§e:{ 0+n +< 0+n 90+|£| (€] X )ox; ()

where (€] X (™) is the posterior distribution of the latent variables £ = (¢1,...,£;) coinciding
with

|e|—1 k .
r(e] X o L= (0 +50) pr € (nisliio)

1-— 4.
(904'1)“3‘_1 oli ( UO)& 1

i=1

It is then immediately clear that a simulation algorithm can be devised by augmenting with respect
to the latent variables ¢;’s. Also note that an analogous structural interpretation to the one given
for the HDP holds also here. Similarly to what we have shown for hierarchical NRMIs, one can
establish the probability distribution of K.

Corollary 3. Let {X,},>, be as in Theorem 2. Then

121 (0 +ro0) 1 2’““:(§+1)q,1

PRy = k] = O+ oof s (0o +1)q

Cg(n’q;g) (g(q’k;UO) (17)

It is worth noting that in both cases covered by Corollary 2 and Corollary 3 one has the following
equality

ZIP P[K, o = k] (18)

where K/ and K, o denote the number of distinct values, out of n exchangeable observations driven
by p and pg, respectively. In terms of the multi-room Chinese restaurant process representation,
this amounts to saying that the n customers are seated at t tables and, conditional on having ¢
tables, these are allocated into k different rooms each being identified by a specific distinct dish.

It is apparent from (18) that K, i K K1 .0- Such an equality is the obvious starting point to
investigate the asymptotic behaviour of K, which is described in the following
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Proposition 1. Assume that K, is the number of distinct values in a sample X™ from an
exchangeable sequence {X;}i>1, governed by a HPYP defined as in (15). Then, as n — oo,

K, ~
- S(Ua 00, 07 90)

nO'O'[J
almost surely, where 5’(0, 00,0,0p) is a finite and non—negative random variable.

The previous proposition follows from the asymptotic behaviors concerning K, o and K/, de-
rived in Pitman (2006). Asymptotic results analogous to Proposition 1 may be derived also for
hierarchical NRMIs (see also Camerlenghi et al. (2016) for a general treatment).

Some other insight on the distribution of K,, in (17) can be gained by means of Figures 1-2,
which correspond to a sample size n = 500. For the plain PY (o, 8; Py) it is well-known (see Lijoi et
al., 2007) that the parameter o tunes the flatness: the larger o and the flatter the distribution of K.
On the other hand, 6 has a direct impact on the location and a slight influence on variability. For
the HPYP the interaction between the two hierarchies has an important effect. Indeed, increasing
just one of ¢ and o¢ is not enough to achieve a non-informative situation. One has to increase
at least one parameter for each level of the hierarchy. This is apparent when comparing the two
curves both in right and left panels in Figure 1. In other terms, if o is low (high) and oq is high
(low), one should fix a high value of 6 () to obtain a less informative prior. In both the cases,
the increase of either 8 or 0y induces an expected shift of the distribution of K¢ towards a large
number of (a priori) clusters. Figure 2 shows that a large value of oo has the effect of flattening
the prior, regardless of the values of 8 and 6.

(o, S 0, Bo)=(0 05,0.8,0.5,15) (o, S 0, OD)=(0 8,0.05,0.5,15)
02l (6, 55, 0, 0)=(0.05,0.8,15,0.5) | 02l (6, 55, 0, 0)=(0.8,0.05,15,0.5) |

80

Figure 1: Prior distribution of K,,, for n = 500 and for different choices of the parameters
g, 0030a00~

Remark 2. In general, hierarchical processes are not of Gibbs—type, since the probability of
sampling a new value depends explicitly also on nq, ..., ng. The only exceptions we are aware of are

11



(0,046, HO):(O 05, 0.05, 0.5, 0.5)
(0, 04 6.60,)=(0.8,0.8, 0.5, 0.5)

Figure 2: Prior distribution of K,,, for n = 500 and for different values of (¢, o), when 6 = 6y = 0.5
are fixed.

the o—stable hierarchies (see Example 2) and a very specific HPYP (see Remark 1). Nonetheless,
they still preserve a good degree of tractability and the displayed examples represent the most
explicit instances of nonparametric priors outside the Gibbs framework.

Moreover, note that by using the characterization of Gibbs-type priors as o—stable Poisson—
Kingman models one could define hierarchies of Gibbs—type priors in a straightforward way. Also
Theorem 2 and Corollary 3 could be extended with minor conceptual adaptations but a significant
additional notational burden.

Remark 3. The previous results concern hierarchical processes involving random probability
measures which are structurally the same, i.e. Q(-|po) and Q'(-|P) in (8) are both either NRMIs
or Pitman—Yor processes. Nonetheless, the techniques used to prove Theorems 1-2 can be easily
adapted to yield the EPPFs and the prediction rules of hierarchical processes where Q( - |pg) and
Q' (- |Py) are the probability distribution of a NRMI and of a Pitman—Yor process, respectively, or
vice versa. We omit detailed derivation of the relevant formulas in these cases as they easily follow
from the previous treatment.

4 Posterior characterizations

One of the reasons of the popularity of the Dirichlet process is its conjugacy, which makes full
posterior inference feasible. When moving beyond the Dirichlet process, one typically has to give
up conjugacy but it is still possible to retain a considerable degree of analytical tractability as shown
in James et al. (2009) for the large class of NRMIs. As we will show the same holds for hierarchical
processes in the sense that we are able to derive analytically their posterior distributions. This
completes the picture of their main distributional properties in view of Bayesian inference. As
for the partition structure, the displayed results refer to cases where both levels of the hierarchy

12



involve a NRMI or a Pitman—Yor process, but they can be easily extended to mixed models where
one hierarchy is identified by a NRMI and the other by a Pitman—Yor process. See also Remark 3.

The posterior representations we establish can be used to devise conditional algorithms, which
are important in order to estimate non-linear functionals. See Section 5.2.

4.1 Hierarchical NRMI posterior

Assume that {X; }jZl is a sequence of X—valued exchangeable observations such that X;|p i P,
with p|po id NRMI(p, ¢; po), Po ~ NRMI(pg, co; Po) and Py is a non—atomic probability measure
on (X, Z). Recall that 7, ..., 2z} denote the distinct observations featured by the sample X ™

and assume that Uy is a positive random variable whose density function, conditional on the
observations and the tables, denoted as T\ = (T,...,T},), equals

k
fo(u| X M) M)y o lél=te=covo(w) H 7e,,0(u) (19)
j=1

where both the ¢;’s and ¢;¢’s are functions of (X 7). The latent variable Uy plays a role
similar to U, in the posterior representation of NRMIs obtained in James et al. (2009). In the
current hierarchical setting, the posterior characterization is described in terms of: (i) the posterior
of o, at the root of the hierarchy, given the data; (ii) the posterior of p, conditional on the data
and on pg. As it will be apparent from the next Theorems 3—4, the main results are stated in terms
of the CRMs fig and fi.

Theorem 3. Suppose that {X;};>1 is an X-valued sequence of exchangeable observations as
in (9), with p = p/(X) and po = fio/fio(X). Then the conditional distribution of fig, given
(X, 70 Uy, equals the distribution of the CRM

k

iy =y + ) Liox; (20)
j=1

where the two summands on the right-hand-side of (20) are independent. Moreover, ng is a CRM
with intensity vo(ds,dz) = e=Y0%po(s)ds co Po(dz) and the I;’s are independent and non-negative
Jumps with density

Fi(s] XM TM U5) o s%e7V0 py (s)

It is now possible to provide a posterior characterization of fi, which is expressed in terms of a
non—negative random variable U, whose density function is

k4
Fu| XM 7MYy o = tee¥(®) H H gy (1)
j=1t=1
The main theorem of the section can now be stated as follows.

Theorem 4. Suppose that {X;}i>1 is an X-valued sequence of exchangeable observations as in
(9), with p = i/ (X) and po = fio/fio(X). Then

ko4
A, T U i5) £ 7+ >0 % Tl (21)

j=11t=1
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where the two summands on the right-hand-side of (21) are independent. Moreover, i* is a CRM
that has intensity v(ds,dz) = e~Ysp(s)ds c p§(dz), with pfy = i/ i (X) and the jumps J;, are
independent and non—negative random variables whose density equals

Fia(s|X ™ 1M U) oc eVss9 p(s).
Finally, o and U, are conditionally independent, given (X(”)7T(")),

We point out that the CRM f* in Theorem 4 may be thought of as a hierarchical CRM, in
the sense that, conditional on fif, its base measure is random and equals pj, while the posterior
distribution of fi is specified in Theorem 3. Moreover, note that the expressions in Theorem 4 are
somehow reminiscent of the ones provided in James et al. (2009), with the only difference that here
we have an additional level of hierarchy. Though the following illustrative example refers to the
Dirichlet process, the general results can be easily adapted to determine the posterior distribution
of other specific hierarchical processes based on NRMIs.

Example 3. Let p(s) = po(s) = e~*/s. In such a case, we have ¥(u) = to(u) = log(1l + u) and
(1) = 74.0(u) = T(g)/(1 +w)?. This implies that Up/(1+ Up)|(X ™), T(™) ~ Beta(|€], ). Next,
by virtue of Theorem 3, one can specialize the posterior of fig in (20), by noting that

a) ng is a gamma CRM with intensity e~ (1HU0)s =1 ds ¢y Py(da),
0

(b) I; ™ Ga(¢;,1+ Up), namely

. 1+Uo)% , 4 .
fj(s|X( ),T( ),Uo) — (F(E»))mé] 1,—(14+U0) ]1(0’00)(@
J

Since the normalized distributions in (a) and (b) do not depend on the scale Uy, it follows that

k
55 < Dol (X, T) ~ D(caPo + ) €047)

j=1

where 2(«) stands for the Dirichlet process with base measure o on X. Theorem 4, in turn,

implies that the conditional distribution of f, given (X () ) Up,), equals the distribution of the
- k

random measure i* + =1 H jéw; where

(a’) @* is a gamma CRM having intensity e~ +U)ss~1 dscpi(da)

(b’) Hj ~ Ga(nj,U—F 1)

Moreover, note that U, /(1 4 U,)|(X ™), T() ~ Beta(c,n). Hence one has
k
BIX™ T 5) ~ D(cpy + > niba:)
j=1

and it depends on the latent configuration of T only through Do O
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4.2 Hierarchical PY posterior

Results similar to those stated in Theorems 3—4 can also be given for hierarchies of Pitman—Yor
processes and the proofs rely on similar techniques, so we omit them. In this section, we assume
{X; }jzl is a sequence of X—valued exchangeable random elements as in (1), with p being a HPYP
defined as in (15). Moreover, we set py = fig/f0(X) and p = i/a(X) and, despite fip and i are
not CRMs as apparent from (4), we are still able to establish a posterior characterization for p.

Theorem 5. Let Vi be such that V{° ~ Ga(k + 0y/00,1). Then fio|(X ™, T Vy) equals, in
distribution, the random measure fify 1= ng + Z?zl Ijéxj, where ng is a generalized gamma CRM
whose intensity is

O.O erQS

T = og) 51700 dsPy(dx),

{I; - j=1,...,k} and n§ are independent and I; ind Ga(l; — o0, Vo), forj=1,... k.

One can now state a posterior characterization of fi, which is the key for determining the
posterior of a HPYP.

Theorem 6. Let V be such that V7 ~ Ga(|€| 4+ 0/0, 1). Then
. k
A, TV g) £+ Hybx: (22)
j=1

where the two summands in the above expression are independent. Moreover, i* is a generalized
gamma CRM with intensity

o ef\/s

— ———dsps(d
(1 =) ste 5 Po(d7)
- * k . k ind
Po = (06 + 2j=1 1307 )/ (6 (X) + 2251 I;) and Hj ~ Ga(n; —4;0,V).
The posterior distribution of p can be, finally, deduced by normalizing the random measure
(22) and one can further simplify the resulting representation by integrating out Vp and V. This

is effectively illustrated by the following.

Theorem 7. The posterior distribution of py, conditional on (X(”),T(")), equals the distribution
of the random probability measure

k
> Wjox+ + Wis1 Po,k (23)
j=1
where (W1, ...,Wy) is a k—variate Dirichlet random vector with parameters (€1 — og,...,lp —

00,00 + koo), Wiy =1 — Zle W; and pox ~ PY (09,00 + koo; Po). Moreover, conditional on
(Po, X ™, TM) | the posterior distribution of p* = (i* + Z?Zl Hjog) /(" (X) + Z?Zl H;) equals
the distribution of the random measure

k
STWj o + Wi @
j=1

where (Wi, ..., W}) is a k—variate Dirichlet random vector with parameters (ny — 10, ...,y —

040, 0+ |€]o), Wiy =1— 5 W and pi, | o ~ PY (0,0 + €0 o).
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5 Algorithms

The previous theoretical findings are crucial for establishing computational algorithms which allow
an effective implementation of hierachical processes providing approximations to posterior infer-
ences and to the quantification of uncertainty associated to them. Here we provide two sets of
algorithms. The first one is based on the marginalization of p and is in the spirit of the traditional
Blackwell-MacQueen urn scheme. The second algorithm, on the contrary, simulates the trajec-
tories of p from its posterior distribution and falls within the category of so—called conditional
algorithms.

5.1 Blackwell-MacQueen urn schemes

Here we devise a generalized Blackwell-MacQueen urn scheme that allows to generate elements
from an exchangeable sequence governed by a hierarchical prior as in (8). Such a tool becomes of
great importance if one wants to address prediction problems. Indeed, conditional on observed data
X (™ one may be interested in predicting specific features of additional and unobserved samples

X(mln) — (Xn+17 . ,Xn+m)

such as, e.g., the number of new distinct values or the number of distinct values that have appeared
7 times in the observed sample X (™ that will be recorded in X ™™ . Such an algorithm suits also
density estimation problems based on a mixture model, where the predictives are to be considered
for the case m = 1 and to be combined with a kernel. For the sake of illustration we confine
ourselves to the HPYP prior (15), though the algorithms easily carry over also to the class of
hierarchical NRMIs, with suitable adaptations.

Let T(™) be an X"valued vector of latent tables associated to the observations X (). They
are from an exchangeable sequence {T;};>1 such that T;|g id g and ¢ ~ PY(0,0; Py). In terms
of the multi-room Chinese restaurant process description, T; can be thought of as the label of the
table where the i—th costumer X; is seated. It is further assumed that X (™) features k distinct

values z7,...,z}, with respective frequencies n1,...,nx, and T™) has |€| distinct values
ity with  ge-=8{i: Ti=t;.} r=1....4

for 57 = 1,...,k. From Theorem 2, the marginal probability distribution of (X(”)7T(”)) on
(X2 2°2") is equivalently identified by the joint probability distribution of the partitions in-
duced by (X (), T(")) and of the distinct values associated to such random partitions, which boils
down to

k \e\ 1 k 4
0o +roo) 1,1, (@+ro)
Py( Py( T 1( | I o I I 1-— o 2
jI:Il o H 0(dtji) (6o +1)1g—1 (9+1 o1 ool 11:1( Pt ()

because of non—atomicity of Py. The full conditionals of the Gibbs sampler we are going to propose
can now be determined from (25). If V is a variable that is a function of (71,...,Th+m) and of
(Xpni1,--» Xpim), use V") to denote the generic value of the variable V after removal of T, for
r=1,...,n,and of (X,,T,), forr=n+1,...,n+m.

and T\, ..., T

n+m:

(1) At s =0, start from an initial configuration X,(L?zl, . X,(H_m

(2) At iteration s >1
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(2.2) With X, = X} generate latent variables TT(S), forr=1,...,n,

(0 + 16"]o)

]P[Tr,» = “new’”| - - ] X Wh,r m

P[T, = T,i:’(_r)| ] (q}(L,_II) —0) fork=1,--- ,Eg:r)

K

where wy, » = (f;;r) —0p) if KEL*T) > 1 and wy,, = 1 otherwise.

(2.b) Forr=mn-+1,...,n+ m, generate (XT(S)7 TT(S)) from the following predictive distributions

(B0 + (k+5)o0) (0+]€"]o)
O+ 167 (@+n+m—1)

P[X, = “new”, T, = “new”|---] =

while, forany h=1,--- ,k+ ;" andk =1, - ,EEI_T),

(" —o0) (0+1[6]0)
(O + £ (0 +n+m —1)

(=r) _

*,(—7r *,(—r qh,m g
PXpir = X Dy = T 7] = e

PX, = X7, T, = “new”|...] =

where T;”,i_T) stands for the distinct values in the sample after the removal of T,.. When n > 1, this
algorithm yields approximate samples (X 7(;21, e ,X,(L‘:Zm), for s =1,...,8, from the exchangeable
sequence {X;};>1 that can be used, e.g., for addressing prediction problems on specific features of

the additional sample X,, 41, ..., X;1+m as detailed in Section 6.

5.2 Simulation of p from its posterior distribution

The posterior representations determined in Section 4 are the main ingredient for simulating the
trajectories of p from its posterior distribution. Here we address this issue, focusing on the Pitman—
Yor process and the obvious adaptations may be easily deduced to sample posterior hierarchical
NRMIs. The merit of this sampling scheme, compared to the one discussed in Section 5.1, relies
on the possibility to estimate non—linear functionals of p such as, for example, credible intervals
that quantify the uncertainty associated to proposed point estimators.

For the sake of clarity, assume that X = R*. The Ferguson—Klass representation of a CRM
provided in Ferguson & Klass (1972), combined with Theorems 5-6, entails

m((0.4]) = > SO < Ry((0,4))} (26)
h=1

iid

with M1(0)7 MQ(O), ...~ U(0,1), the jumps’ heights J,(LO) are decreasing and may be recovered from

the identity

S(O) _ 00 —Vos —1-00g 27
5 71_‘(1 = o0) o e s s (27)
where S%O),Séo), ... are the points of a standard Poisson process on R, i.e. S}(lo) — S,@l are

exponential random variables with unit mean. Similarly one obtains that

A ((0,8]) = D Jnl{My < Po((0,1])}. (28)

h=1
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As in (27), the J’s are ordered and solve the equation

o oo
Sh = 7/ e VigTlo0gs 29
F(l — 0') Ih ( )

with Sp, S, ... denoting, again, the points of a standard Poisson process on R with unit mean.
The terms defining the series representations (26) and (28) can be sampled and, hence, an approx-
imate sampled trajectory of p from its posterior distribution can be determined according to the
following procedure:

(1) Fix ¢ > 0 and generate an approximate trajectory of Py from the posterior distribution
derived in Theorem 5:

(1.a) generate a random variable Vj », ~ Ga(k + 6p/0¢, 1) and put Vp = (%,00)1/"0;

(1.b) generate the weights I; ~ Ga({; — 0¢, Vo), for j = 1,...,k, independently;

(1.c) for any h > 1 generate S}(10) from the Poisson process {S,(lo)}} with unit rate on RT;
h>1

(1.d) determine J}(LO) from (27);
(1.e) if J}(LO) < ¢ stop and set h = Hy, otherwise h = h + 1 and go to (1.¢);

(1.f) generate the random variables Ml(o), . ’M[('?O) id U(0,1).

An approximate draw of py would, then, be

S IO MY < Po((0,4)} + 35 L6, ((0,1])

Hence, conditional on this approximate realization of pf;, one can proceed to the second step of the
algorithm

Po((0,1]) =

(2) Fix € > 0 and sample an approximate trajectory of p from its posterior distribution derived
in Theorem 6:

(2.a) generate a random variable V, ~ Ga(|€| +6/0,1) and put V = (V,,)'/;

(2.b) generate the weights H; ~ Ga(n; — {;0,V), for j = 1,...,k, independently;
(2.c) for any h > 1 sample S, from the Poisson process {Sp};~, with unit rate on RT;
(2.4) determine Jy, from (29);

(2.e) if J, < e stop and set h = Hy, otherwise h — h 4+ 1 and go to (1.c);

(1.£) generate the random variables M, ..., Mgy, i U(0,1).

An approximate trajectory of p from the corresponding posterior distribution can be obtained as
follows

Sory I LMy, < B5((0,6)} + 325y H;da: ((0,1])
Ethl Jn + Z§:1 H; .

p((0,2]) =
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6 Application to a species sampling problem

A natural application area of hierarchical processes is represented by species sampling problems.
Consider a population of individuals consisting of species, possibly infinite, labeled Z = {Z;};>1,
with unknown proportions p = {p;};>1. If {X,}, -, is the sequence of observed species labels, it
is then natural to take N

iid

i>1
Given a basic sample of size n, namely X () = (X1, ,X,), containing k < n distinct species
with respective labels «7,...,z} and frequencies Niy, ..., Ny n, possible inferential problems of

interest are

(i) The estimation of the sample coverage, namely the proportion of the population species that
have been observed in X ().

(ii) The prediction of K,(qf) = Kn+m — Ky, namely the number of the new species that will be
seen in further additional sample of size m.

(iii) The estimation of the (m,r)—discovery probability, which coincides with the probability of
discovering a species at the (n 4 m + 1)-th draw that has been observed  times in X ("+m™),
given the initial sample of size n and without observing the outcomes of the additional sample
XN of size m. If Appim = {50 ity Liz,3(X;) = r} is the number of species with
frequency r in X (™+™) then the discovery probability equals

ieAO,n+7n
for m > 0. For r = 0 this is also known as the m—discovery probability.

These issues were first addressed in Good (1953); Good & Toulmin (1956), where the authors
derived frequentist estimators also known in the literature as Good—Turing and Good—Toulmin
estimators. More recently Lijoi et al. (2007) have introduced a Bayesian nonparametric approach
to this problem, with further developments in Favaro et al. (2012, 2013). The key idea is to
randomize the proportions p;’s and consider them as generated by a Gibbs—type prior. This leads
to closed form expressions for the estimator of the (m, r)-discover probability and for K. See De
Blasi et al. (2015) for a review of these methods. Besides these investigations, very little has been
explored in a non—Gibbs context. The only exceptions we are aware of are Lijoi et al. (2005) and
Favaro et al. (2011). Here we want to employ hierarchical processes to face this type of problem.
Though we are not able to identify closed form expressions of the estimators for addressing (i)—(ii)
as for Gibbs-type priors, we can still determine approximations based on the algorithm developed
in Section 5.1.

As an illustrative example, we focus on a genomic application even if one can easily think
of similar problems arising in ecological applications, where one has populations of animals or
plants, or in economics, linguistics, topic modeling, and so forth. The specific application we are
interested in involves Expressed Sequence Tags (EST) data. Such data are generated by partially
sequencing randomly isolated gene transcripts that have been converted into cDNA. EST have
been playing an important role in the identification, discovery and characterization of organisms
as they are a cost—effective tool in genomic technologies. The resulting transcript sequences and
their corresponding abundances are the main focus of interest as they identify the distinct genes
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and their expression levels. Indeed, an EST sample of size n, consists of K, distinct genes with
frequencies, or expression levels, Ny ,, ..., Nk, n where ZJK:’H N;n = n. Based on these data, one
is interested in assessing some features of the whole library. For the sake of comparison, we use
the same dataset as in Lijoi et al. (2007), which is obtained from a ¢cDNA library made from the 0
mm to 3 mm buds of tomato flowers (see also Mao (2004)). It consists of n = 2586 EST showing
K,, = 1825 distinct values or genes.

We assume the data are exchangeable and that p is a hierarchical Pitman—Yor random proba-
bility measure as in (15). We assign a non—informative prior to (o, 09, 8,6) of the form

(0,00,0,00) ~ U(0,1) x U(0,1) x Gam(20,50~") x Gam(20,5071).

For the tomato flower dataset, considering an additional sample of size m, the quantities of
interest are the (m, 0)—discovery probability and the expected number of new distinct genes, K, T(Lm),
recorded in the additional sample. To this end trajectories of the additional unobserved sample
X (mIn) - are generated conditional on X (™ = (Xy,...,X,,). This is done by resorting to the
algorithm devised in Section 5.1 with the addition of a Metropolis—Hastings step to update the
model parameters.

I xmn = (Xfls_gl, e ,Xff_zm) denotes a realization of X (™™ one the can evaluate the
discovery probability as

s
~ 1
D?n ~ g ZIP [Xn+m+1 = “new” X("), X§m|n)}7
s=1
which is easy to calculate, since P[X, i1 = “new” | X, Xs(mln)} is a one-step prediction. As

for the estimation of the new distinct genes recorded in an additional sample of size m one has:

®|

S m
o1 .
K7(L )~ ZZ]l{X17-~',Xn+r71}C(Xr(L-i)-r)'
s=1r=1

The numerical outputs are based on S = 15,000 iterations of the Gibbs sampler after 5,000 burn—
in sweeps. We choose m € {517,1034, 1552, 2069, 2586}, which correspond to 20%, 40%, 60%, 80%
and 100% of the size of the basic sample in order to make direct comparison with the results
contained in Lijoi et al. (2007). There the prior distribution of p is a Poisson—Dirichlet process,
which is of Gibbs—type and the two parameters are selected on the basis of a maximum likelihood
procedure.

Table 1 displays the expected number of new species, the discovery probabilities and the cor-
responding 95% highest posterior density (HPD) intervals. Figure 3(a) shows the decay of the
discovery probability as m increases, and Figure 3(b) the number of new genes detected for dif-
ferent sizes of the additional sample. The point estimates we obtain are very similar to those
contained in Lijoi et al. (2007) thus showing that HPYPs are effective competitors w.r.t. to the
standard Pitman—Yor process. In contrast, the HPD intervals are significantly wider for the HPYP
model. This is due in part to the different prior specification for the parameters but also hints to
the fact that the HPYP yields a more flexible prediction scheme. In a future applied paper the
performances of the two models will be compared in detail in both species sampling and mixture
setups.

Finally the posterior means of parameters are E[(6, 09, 0, ) | X ] = (520.8,0.9128, 1179.7,0.6155).
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Figure 3: Tomato flower: (a) decay of the discovery probability as a function of m; (b) number of
new genes detected in additional samples, for different values of m.

m || K™ HPD (95%) DO HPD (95%)
517 || 277.00 | (229.38,326.13) | 0.5217 | (0.5020 , 0.5426)
1034 || 540.62 | (474.05, 611.90) | 0.4949 | (0.4743 , 0.5179)
1552 || 791.24 | (701.10, 880.85) | 0.4721 | (0.4506 , 0.4960)
2069 || 1030.26 | (926.00, 1142.00) | 0.4525 | (0.4304 , 0.4773)
2586 || 1259.82 | (1139.10, 1389.15) | 0.4353 | ( 0.4128 , 0.4609)

NN N N

Table 1: Tomato flower: posterior expected number of new species, discovery probabilities and
95% highest posterior density intervals, for different values of m

7 Concluding remarks

In this paper we have introduced and investigated a broad class of nonparametric priors with a more
general and flexible predictive structure than the one implied by Gibbs—type priors. Although the
higher degree of flexibility is not for free, we have shown that hierarchical NRMIs and HPYPs are
still analytical tractable. Indeed, we obtained closed form expressions for the probability function
of the exchangeable random partition induced by the data and posterior characterizations that
make them viable alternatives to Gibbs—type priors in several applied settings, even beyond the
species sampling setting considered in Section 6.

The most natural development of our work is the extension to a multiple-sample framework,
where data are recorded under different experimental conditions. These arise in several applied
settings that involve, for example, multicenter studies, change—point analysis, clinical trials, topic
modeling and so on. In all these cases, a source of heterogeneity affects data arising from different
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samples: the exchangeability assumption is, thus, not realistic and is replaced by the weaker
condition of partial exchangeability. In other words, instead of a single exchangeable sequence
{Xi}i>1, one considers a collection of d sequences X; = {X, ;};>1, for j =1,...,d, corresponding
to d different, though related, experiments. They are such that each X is itself exchangeable while
exchangeability does not hold true across any two samples X; and X, for any j # k. Any two
distinct samples are conditionally independent but are not identically distributed. This would be
along the lines of Teh et al. (2006) and would lead to a generalization of the popular HDP to the
case of normalized random measures. A first study in this direction can be found in Camerlenghi
et al. (2016).

A  Appendix
A.1 Proof of Theorem 1

Recall that the n—th order derivative of e=”¥()  with Y(u fo [1—e "] p(v) dv, is given by
d” dl=l d/8l
o) = (emm® -
qun® 2 3@y y L) (30)
where m € R, and the sum is extended over all partitions 7 of [n] = {1,...,n}. See, e.g., (10) in

Hardy (2006). Clearly (30) can be rewritten as
"m0 Z §(C i@ da
Qunt = Z( Z H ulB\
i=1 7:|m|=1 BET

Since to each unordered partition 7 of size i there correspond ¢! ordered partitions of the set [n]
into ¢ components, which are obtained by permuting the elements of 7 in all the possible ways,
one has

dn —m - ’L —m u 1 J d‘Bl
e =Yyl ST T )

i=1 7:|w|=i BeEm

1 n da d4:
_ z 7mw (u) = .
Z 2! Z <q17 cee QZ> du?r w(u) dui w(u)

()

where )% is the sum over the ordered partitions of the set [n] while the sum () runs over all vectors
(g1, ,qi) of positive integers such that 22:1 g; = n. The second equality follows upon noting
that the derivative of ¢ depends only on the number of elements within each component of the
partition 7 and that the number of partitions 7 of the set [n] containing ¢ elements (By, - - , B;),
with (|Bil, -+ ,|Bi|) = (¢1, - , i), equals the multinomial coefficient above. It is now easy to see
that

n dn —m u —m u
(-1 du" P(u) = g=mi(u) E mie ni(w) (31)
i=1

where we have set

1
én [ (%) Z' (q1a 7qi> Tq1 (U) C Ty, (U) (32)
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with 74(u) = [ v7e™ p(v) dv. In view of this, for any x1 # --- # 2 one can now evaluate

Mnh...,nk(dxla" dxk d.’IIj

||E?r‘

then the EPPF H;C”) will be recovered integrating this quantity over X* with respect to 1, ..., z.
Indeed, if one sets Aj. = B(x;;¢) a ball of radius € around z;, with ¢ > 0 small enough so that
A NAj. =@ for any i # j, then

k
Mn1 ..... ng (Al e X X Ak,e - |:H / ﬁ0:|
_ L E /00 n— 1E[ —up (X7 )| ﬁE —ufi(Aje) 7 n,( )l ]
T(n) ) Po i Po
_ L E / uh 1 7c¢v (u)po (X ﬁ ( n 7cw(u)ﬁo(Aj,5)) du
I'(n) 0 e duns

where X7 = X'\ (UleAj,E). If €= (01,...,0;) € xE_{1,...,n;}, by virtue of (31) one obtains

Mnh---,nk(Al,e X oo X Ak,a)

1 —C u
:m/o 1 w()zcwl EH A50) &, () | du

£

k
1 > n— —C u
= 2 Mha e e & [Tt [Le 0,0 ) au
j=1

where Mé Lo (dz, . dayg) = EH§:1 ﬁgj (dz;). Since Py in (9) is non-atomic, Proposition 3 in
James et al. (2009) yields

MP . (day,. .. day) = HPO daj) | @08 (0, 00)

for any (z1,...,2;) € X* such that z; # --- # x;, where <I>,(7'()) is the EPPF of a NRMI with
parameter (cg, pg) recalled in (7). Hence, by letting ¢ — 0, one has

[T}, Po(dz;)
My, ..., (day, ..., day) = W STl e, )
£

. k
« / w1 et (w) H Eoym; (u) | du.
0 ,
j=1

The result follows by taking into account the definition of &, , in (32). O
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A.2 Proof of Theorem 2

The proof works along similar lines as the proof of Theorem 1, the key difference being that one
has to take into account the appropriate change of measure in (4). Indeed, in this case one has

E ﬁ p™i (da ) [
j=1

i (dx;)

::w

J:1

oT'(0) 1 e i
— 0+n—1 —ufi(X) ~nj N s
T'(0/0) F(6+n)/0 u"EE|e Jl;[l“ (dz;) | )

where, conditional on py, fi is a o—stable CRM with E[p | po] = po. Hence, the proof easily follows
upon recalling that in this case 7,(u) = 0 (1 — 0)4—1, for any ¢ > 1, and

k
(6o + io
‘I)z(gl,eol)(él,u-,fk):—nz 170 0 H 1—00)e-1-

(o + Vg1 5

A.3 Proof of Corollary 2

We first recall that

1 n (n)
P(K, = k] = — I
[ k] k! Z <n1, e ,nk> ke (m )

(n1,...,nk)EAR

with H,(;L) asin (10). If Aps(n) = {€= (b1,...,0x) € x¥_{1,...,n;} s.t. |€] =t}, one can rewrite

Hi") as follows
TR Sl S (RN 0 3
t=k LEA} +(n) j=1 7" q; A ity

X q)i(tn)(QI,h g1yt QR aqk,fk)-
In view of this one has

R o 20 > A

t=k NnEAL n LEA +(

1 n;
J (n)
2 ' E o R (IR TEEE AWIREEEN 'S SRR )
j=1 Hj:l L 0,00, dj,1, 2 45,05

1 — t
Si-D0ID DRED DR (RN L SRS
) ) )

t=k n€EAL n LEAL (N

1 n
;Z (q 1 >(I)§n)(Q1,17"' s 41,645 54k, ;Qk,ék)~
11,0

;41,04 y k.1, s Ak 0y,

k
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At this point, if A} (£) ={n = (n1,...,nx) € x¥_ {li,...,n} st. |n| =n} one has

n
Z Z ( >(b§n)(Q1,1a"' 7(]1,615"' 7Qk,17"' 7qk,€1€)

'ﬂGA};,L QI,l»"‘;QI,EU"'»Qk,l;"'ﬂ]k,[k,

n n

VEA:

(33)

now the result easily follows by interchanging the sum over n with the sum over £ and taking into
account (33).
O

A.4 Proof of Corollary 3

The proof for the hierarchical Pitman—Yor process (15) follows along the same lines of Corollary 2
and relies on the following identity for generalized factorial coefficients

> (17..., >ﬁ @(nj,¢550) (51,'|-£~,fk) < (n, [£];0).

n .
neAy | (£) =1

Therefore, we have

1 n (n)
PIK, =k = — i
K==t Y (nn) O, )

(n1,enE)€EAR

_1 1£]
Il ;(fl,

where the second equality follows by the above mentioned identity and ® stands for the EPPF of
a PY process (6). Then the result follows. O

14710 + s0) €(n,|4];0)
(9 —|— l)n—l 0\l|

, ) ol (0, ... )
k

)

A.5 Proof of Theorem 3

The posterior characterization may be established through the posterior Laplace functional of fig

. E e #o(f) A,
E{ewo(f) ‘ X(n)] = lim © H ST (34)
A0 BT 5 (Ase)

for any measurable f : X — R™T, where 4; . is the same set used in the Proofs of Theorems 1- 2.
The denominator is My, .. n (A1 X -+ X Age), defined in the proof of Theorem 1 and, as ¢ | 0,
equals

i
M
=[]

*eL

§
i.‘
(’\

1 n;
X H< T ) ‘I>|(g|)(ql Leees@yseees Qlse oo s Qi) T Ake
J
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where A\, . = o( Hle PO(Aj75)>. The numerator in (34) may be evaluated in a similar way, in fact

Ee#o(f) H*ny . #o(f)E[*"J(AJE)‘[LO}
clél /OO L
_ n—1 g—cy(u) 5 w) du(Be~ o (f) i)
Setting X} = X'\ ( Aj.), as € | 0 one can see that

kol

1 o0 )
—fo(f) I | _ le-1R, —fio((f+u)lxz) | I *#0 (f+u)la, ) ~L; A d
Ee JE F(MD /0 u © ( L /’LO( LE)) U

B H?:l co Po(A;e)

/ u|l\ 1 —cod)o f+u)H7—f u—|—f( ))du+)\k5
0

(/) u
and as a consequence we obtain
k k
E e fo(f) Hﬁm (Aj.) = H Po(A;2)
j=1 j=1
b 1 n;
X Hg( o )(I)|£|(Q1,la-~-aQ1,€17~-~7Qk,1a-~-an,€k)
£,q j=1 q],la 7qj,€j
€|
<o / W1 g=co Yo(f+u)
X 7o, (u+ f(X7)) du + A,
r(le)) Jo H -

Jj=1
Conditioning on the tables T(™ | the posterior Laplace functional coincides with

ool Ty (u + f(X})) du
k'ﬂ)(el,...,ek)

£]-1 o
[ —uo(f)‘X(n) T(n)} Jo~

and the result follows, observing that the normalizing constant of the density fo(-|X ™), T() in
(19) amounts to be ® |l‘)(ﬁl, o lE). O

A.6 Proof of Theorem 4

The proof follows the similar arguments as that of Theorem 3. The posterior Laplace functional
of fi, conditional on the observations X (™) and the tables T(™, may be expressed as

E{efw) ‘X(m’T(n)} — E{E{QW') ‘X("),T("),ﬁo] ‘X<n>7T<n>}

for any measurable function f : X — RT. Then, we try to calculate

E{e—ﬂm koosni(AL
E[efﬂ(f) ’X(n)7T(”)7gO} = lim knjlp (4s)
R [ [I=: P79 (4)

) fio

o

(35)
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The denominator equals

k el

e’} k4
( ﬁgﬂ (Aj,g)) m /0 it e_cw(u) H H Tgjn (u) du,

j=1 j=1t=1

whereas, for the numerator we note that

k k
E [e*ﬂ(f) Hﬁn]‘ (A;.) ‘ T("), ﬂo} — E[e*ﬂ(f) H P (A )| T n)’ ﬂo}
j=1 j=1
k . d CW 0o ~ E 4
= ( By (Aj’5)> H @ / un—le—cv(f+u) H HT‘?J J(u+ fi(X7)) du,
j=1 i=1 0 j=1t=1

where we have put

n=J. / e=*1®), p(s) ds fo(dz).

The right-hand—side of (35) boils down to

0 u™— 7c~ u £; *
Jo u! V(f ) Hf 1V ILLy 7o, (u 4 f(XF))du
JoF un—temevt TI5 TTiy 7., (w)du

which entails

k ej *
E[e*ﬂ(f) ’ X("),T("), U, ﬂo} _ H Tq; (Un + f(XJ )
j=1t=1 TQj,t (Un)
X exp {—c/ (1 —e37@)e=3Un p(s5)ds ﬁo(dx)}
XxRt
and the assertion follows. O

A.7 Proof of Theorem 7

Let i, denote a o—stable CRM and ji,,¢ is a random measure whose normalization yields a Pitman—
Yor process with parameters (o,6). From Theorem 5, we have

E{e—ﬁé(f)} __ 90 /OO pPotkoo—1 o=v70 (— [y [(v+f(2)70—v70] Po(dz) g,
0
r(;g + k)

o] > Oo+koo—1 —Vjig (X)—fi
_ pPo+koo (Ee Viiog (X) u%(f)) dv
(2 +k) Jo
a0

oo I'(0o + koy)
- F(ﬁ—g + k)

d -
Hence, one can conclude that 15 = fis,,00+ko, and

(B o0 g, (X)) 00470 ) = B ftassaalh

k

~ n n d ~

Po [ (XM, T Vo) = Y Wiy, Ox: + Wit1,V, Poo,80+kao
=1
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where Poy go+keo ~ PY (00,00 + koo; Py). Moreover Wy, = I;/(n5(X) + ZZ 1 1), for any j =
Sk, and Wiy vy = n3(X)/(nd (X) + Zf:l I;). Let us denote by f, the density of the vector
(Wi vy,---, W) on the k-dimensional simplex Ay, then we want to determine

00

flwy,...,w / folwi, ... )F(90+k)

Denoted by h, the density function of n§(X) and by independence, the vector (I3, ..., I, nj (X))
has density given by

— %0
00+k}0‘0 1e v dU.

f*( ) n ( ) @m*ka ’Uzk - ]ﬁ l;—oo—1
w(@, e t) = hy(t) e Vi T .
Hj:l L'(l; — 00) j=1

The density function of (W1 v, ..., Wk v,, Wy,) follows by the simple transformation Wy, =
k *
Zi:l I +ng (X):
Ull‘ koo H J —oo—1

fv(wla"'7wk’w>: H?ZIF(EJ'*O'O)

\Z\—kao e—vwlwl hv(w(l _ ‘wl))

where |w| = Zle w;. From this, an expression for the density of (W1 v, ..., Wy v,) easily follows
and it turns out to be

pltl=koo H J —op—1 1 e el o)
el ) = S e (B (0) e R 0),
J:

Since 1§ is a generalized gamma CRM with parameters (o¢, Vp) and base measure Py, its probability
distributions IP* is absolutely continuous with respect to the probability distribution P, of a go—

stable CRM and
dP*

apP,,

(m) = exp{—vm(X) + v},

then
(i (X))o o~ 25 109 o070 g (i, (X)) I~k o =t e ()

In view of this, one can now marginalize f, with respect to v and and obtain a density of
(W1, ..., Wg). Indeed, a straightforward calculation leads to

(6o + |£ .
f(wh...,wk): ( 0 ‘ I) ( ‘wl 90+kao 1 H Lj—oo—1

T(60 + koo) TT-_, T(£; — o0)

and this completes the proof of the posterior characterization of py. The representation (24) may
be proved in a similar fashion. O
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