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Abstract

We examine incomplete annuity menus and background riskssilge drivers of divergence from full
annuitization. Contrary to what is often suggested in ttediure, we find that full annuitization remains
optimal if saving is possible after retirement. This holdespective of whether real or only nominal an-
nuities are available. Whenever liquidity is desired, vittlials save sizeable amounts out of their annuity
income to smooth consumption shocks. Similarly, addingaisde annuities to the menu does not increase
welfare significantly, since individuals can save in ordegét the desired equity exposure. We calculate
bounds on a possible bequest motive and default risk of theignprovider and find that for realistic pa-
rameters full annuitization remains optimal.
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1 Introduction

In this paper we model optimal decumulation of retiremerdlive Prior research has shown that,
in simple stylized settings, full annuitization of availalwealth upon retirement is optimal for
individuals who only face uncertainty about their time oftle Yaari (1965) shows that risk-
averse agents with intertemporally separable utility wheanly exposed to longevity risk, and
with no desire to leave a bequest, find it optimal to hold tkeatire wealth in annuities if these are
actuarially fair. This argument is extended by Davidoffle{2005) to cases with more risk factors
and more general utility functions. Full annuitization imal in these models since the annuities
generate a mortality credit that cannot be captured otlserwlWe explore the implications of
incomplete annuity markets and background risk on optimauay demand. Furthermore, we
calculate upper bounds for the bequest motive and defalliofithe annuity provider for which
full annuitization remains optimal.

In the literature the policy recommendation that all pensiealth should be annuitized has
been challenged. These papers are partly motivated by senaiion that very few individuals
voluntarily purchase annuity products when they reachdhieement age (Butler and Teppa (2007)
and Mitchell et al. (1999)). This empirical fact is oftenesid to aghe annuity puzze. In this
paper we focus on two of the main factors that have been pwaforto challenge the claim that
full annuitization is optimal. The first factor in our analyss that annuity menus are typically
incomplete. In many cases only nominal annuities are dail@ather than annuities which hedge
inflation risk or which give exposure to equity markets. Sonfy nominal annuities are sold,
agents still incur inflation risk and, on top of that, the noatiincome in real terms is decreasing
with age while agents prefer a flat consumption pattern. Socbmplete annuity menus have
been found to result in large welfare costs (Horneff et 00@a) and Koijen et al. (20113)The
second factor emphasizes that annuities are irreversitddaladverse selection and people face
borrowing constraints. This implies that annuities carb®sold or borrowed against if liquidity
is needed, for instance in case of breakdown of a durableuogptson good or health costs. Such
background risk has also been claimed to reduce demand faitees substantially below full
annuitization (Turra and Mitchell (2008) and Pang and Wangky (2010)). In contrast to these
earlier results, we find that the annuity puzzle might be elesper than previously thought and
incomplete annuity market and background risk reduce andeimand only slightly at most.

We analyze a comprehensive stochastic life cycle model fesmement onwards. An individ-
ual optimally allocates a fraction of wealth to an annuitpagé 65. Every period an agent decides
how much to consume and to save, and how to allocate liquitthveetween stocks and a riskless
bond. The model includes important risks a retiree facemnehalongevity risk, background risk,

IWhich does not necessarily means that optimal annuity$ema reduced, as we will find later.



inflation risk, and capital market risk. Recently developadherical methods are used to solve the
model.

We find that (almost) full annuitization is optimal irrespige of whether real or only nominal
annuities are available. Neither incomplete annuity marker background risk lead to a sizeable
reduction of optimal annuitization levels. Individualéogte approximately their entire wealth
to annuities and save out of their annuity income to insumresg shocks. If background risk
hits them the saved liquid wealth is used as a buffer and copsan is temporarily reduced to
rebuild the buffer. So incomplete annuity markets do redudgy levels, but not the demand for
annuities.

During retirement agents accumulate a sizeable amountoidliwealth. The median sav-
ings account is at its maximum (in real terms) around age &aamounts to approximately 25%
of initial wealth at age 65. Saving during retirement is dnvby four factors: (1) redistribution
of consumption to later periods when the real value of theinahannuity income is low. Fur-
thermore people save to hedge against (2) inflation risk aptgckground risk. Finally, wealth
accumulation allows people to benefit from (4) the equitynpran. We disentangle these four
reasons and find that, the anticipatory motive to save (1)ostmmportant. Furthermore inflation
risk induces a large amount of precautionary savings; reiaees the amount accumulated in the
savings account by 50%. Expenses due to background risk substantial reason for saving,
but less so than inflation risk. The possibility to gain eg@kposure does not increase savings
significantly.

Similar to our paper Davidoff et al. (2005) also examine tfieot of incomplete annuity mar-
kets on annuity demand. They find that the low annuity puretasreality can only be reconciled
by a large mismatch between the desired consumption pathvaildble annuity income paths. In
their paper they determine the optimal demand for a realignmhen the optimal real consump-
tion pattern is not flat. They assume a habit formation wytilihction, which creates the mismatch
between the desired real consumption path (U-shaped orrdpsi@ping) and available income
path (flat). While incomplete annuity markets do explainlgwok of full annuitization, they cannot
explain the low levels of annuitization found in reality. Qpaper examines a similar question but
approaches it from a different angle. We assume a desire $orath consumption path in real
terms and show that, even if only nominal annuities are alolg| full annuitization is still optimal.

Another related paper, Pang and Warshawsky (2010), exartiiaeffect of health cost risk, but
not incomplete annuity markets, on the annuitization dewisin their model additional annuities
can be bought every year and they restrict their analysisabannuities. They find that early in
retirement it is optimal to annuitize nothing of your weadthd that from age seventy onwards
the optimal annuitization fraction increases with age. amtcast to their results, we find that
full annuitization is optimal at retirement, allowing pdepo profit from the full mortality credit.



The difference in results is due to their assumption thaitiehél annuities can be bought every
year. Pang and Warshawsky (2010) consider that annuitmsgent a specific asset class with
its own unique risk and return profile, hence modeling theudimation decision essentially as
a portfolio allocation decision between bonds, equity, anduities. Since the mortality credit
increases with age, an annuity bought at a later age earmgharkieturn than an annuity bought
at age 65, without additional risk. In that case individuald it optimal to first invest in equity
to receive the equity risk premium, but eventually annsiteowd out equity. In contrast to this
study we find that (almost) full annuitization at retiremenoptimal. One of the main difference
between our study and Pang and Warshawsky (2010) is thatsuen@ghat annuitization can only
take place at retirement. Several arguments can be givemtivate this choice. First of all in
several countries the decision whether to annuitize youosipa account or take a lump sum is,
due to the tax legislation, to take place at retirement. Haurhore mandatory annuitization of a
fraction of wealth at younger ages reduces adverse satectists that are generated when the
annuity date can be chosen. Rothschild (2009) uses a lomgskmes to test for adverse selection
in annuity markets and finds significant selection effectseeSE adverse selection costs are ignored
in most papers. A third reason for our assumption of a singteersion opportunity at retirement
is that in reality people make financial decisions very igérently rather than annually. Finally
Agarwal et al. (2009) show that the capability of individsitd make financial decisions declines
dramatically at higher ages, hence it seems optimal to nfesetdecisions at younger ages when
a person is still able to do so.

Even in case gradual annuitization is possible, the mairlasion of this paper will not be
affected: Background risk and incomplete annuity marketgianerally not enough to explain less
than full annuitization. Clearly, restricting annuitiiat to take place at retirement only reduces
total annuitization over the life cycle, as after a certage &ll annuitization will be optimal due
to the increasing mortality credit. As a result, withoutssthssumption the annuity puzzle is even
stronger.

In our model we treat the magnitude of background risk asgaddent of age, which seems
realistic for most European countries. Several other pagleeady explore specifically health costs
as a background risk, while we do not specify to type of baskgd risk. As a robustness test we
assume that background risk follows an autoregressiveepso@ number of papers have analyzed
annuity demand from a US perspective where health expens@sgeneral only partially covered
by insurance policies (Turra and Mitchell (2008) and Sim@ad Smetters (2004)). Ameriks et al.
(2011) find that out of pocket medical expenses reduce thmapannuity demand.

Furthermore we find that adding variable annuities to theurdaes not increase welfare sig-
nificantly. This result contrasts the findings in Koijen et(aD11) and Brown et al. (1999), because
we assume that agents can invest in equity during retireneatorementioned papers, investment



in equity, other than via the variable annuity, is not allovekiring the retirement period. Hence
the only manner to get the equity premium is via the variahleugty, which results in higher wel-
fare gains from variable annuities, compared to our caseanvgents can invest directly in equity
during retirement. As a final test we calculate upper boundsa bequest motive and default risk
of the annuity provider to explore whether this will redube tinnuity demand. However, we find
that for reasonable parameters, again, full annuitizagomains optimal.

In this paper we largely ignore a number of other potentiadedls of annuity demand. These
include the presence of loads in annuity prices (see foamt& Mitchell et al. (1999)), private
information on health status (Turra and Mitchell (2008)3Hhmeans-tested benefits (Butler et al.
(2013)), high pre-annuitized wealth levels (Dushi and WEHID4)), minimum annuity purchase
requirements Pashchenko (2013)), and family composiBsovn and Poterba (2000) and Kot-
likoff and Spivak (1981)). These extensions could be carsdin subsequent work. Furthermore,
several behavioral explanations have been put forwardg¥ample framing of the annuity choice
(Agnew et al. (2008) and Brown et al. (2008)), mental accogn(Hu and Scott (2007)), and
complexity of the annuity product (Brown et al. (2013)).

The remainder of the paper is organized as follows. Sectides2ribes the individual’s pref-
erences, the financial market, the benchmark parametetgshamumerical method to solve the
dynamic programming problem. Section 3 contains deta#sdlts for the benchmark case. Ro-
bustness checks are subsequently performed in sectionid padicular, we calculate bounds on
a possible bequest motive and default risk of the annuityiges for which our results still hold.
Section 5 concludes.

2 The retirement phase life cycle model

2.1 Individual preferences and constraints

We consider a life-cycle investor during retirement witreage 1,...,7, wheret = 1 is the
retirement age and is the maximum age possibielhe individual’s preferences are presented by
a time-separable, constant relative risk aversion utilityction over real consumptiod;;. More
formally, the objective of the retiree is to maximize

T t Cl,,y
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2We assume a fixed retirement age and do not explore optimalt@ation and retirement timing as in Milevsky
and Young (2007).



whereg is the time preference discount factgrdenotes the level of risk aversion, a6gis the
real amount of wealth consumed at the beginning of periddhe probability of surviving to age
conditional on having lived to periad- 1, is indicated byy,. We denote the nominal consumption
asC, = C,I1,, wherell, is the price index at time

The individual invests a fractiom, in equity, which yields a gross nominal retuRy, ; in year
t + 1. The remainder of liquid wealth is invested in a defaulefb®nd and the return on this bond
is denoted b)R{. The intertemporal budget constraint of the individualnspominal terms, thus
equal to

Wir1 = (Wi +Y, = By = Ci)(1+ R] + (Reys — R wy), (2)

wherelV; is the amount of financial wealth at timgY; is the annual nominal annuity income, and
the expenses due to background risk are indicate®byThe timing of decisions is as follows.
At retirement the agent decides which fraction of wealthrieest in annuitied. Subsequently,
the individual receives annuity income and incurs expeisesto background risk. After this
exogenous shock, the agent decides how much to consumelasebsiently invests the remaining
liquid wealth. In case the annuity income plus wealth at thgitining of the period is insufficient
to pay the expenses and consume, the individual receivessasgence consumption level. In our
benchmark specification this happens in 0.02% of the caseghiis subsistence level is so low that
agents prefer to avoid it. The decision frequency for thénogitconsumption and asset allocation
is annually.

The individual faces a number of constraints on the consiam@nd investment decisions.
First, we assume that the retiree faces borrowing and slatet constraints

wy > 0 andd/w; < 1. (3)
Second, we impose that the investor is liquidity constréine
a S Wt7 (4)

which implies that the individual cannot borrow againsufet annuity income to increase con-
sumption today.

3As discussed before, limiting the annuity decision to talee@at retirement in effect tests whether this additional
constraint reduces optimal annuity demand. However, as iNeresent later, even if agents are limited to buy
annuities at retirement, it is still optimal for agents tdyiuannuitize. If we would allow agents to annuitize at a tate
age, this result would not change and agents would annuifi@és of wealth. The reason is that the mortality credit
is higher at more advanced ages, hence it is even more adeanitsto buy annuities then.



2.2 Financial market

The asset menu of an investor consists of a default-freeyeaenominal bond and a risky stock.
The return on the stock is normally distributed with an ahmaaan nominal returnuy and a
standard deviationy. The interest rate at time+ 1 equals

Tey1 = T+ ar (e — fbr) + €441, %)

wherer, is the instantaneous short rate andndicates the mean reversion coefficient.is the
long-run mean of the instantaneous short rate, &nd normally distributed with a zero mean
and standard deviation.. The yield on a default-free bond with maturityis a function of the
instantaneous short rate in the following manner:

R =~ log(A(R)) +  Bhyr., ©)

whereA(h) andB(h) are scalar functions aridis the maturity of the bond. The real yield is equal
to the nominal yield minus expected inflation and an inflatisk premium.

We model inflation, because we are interested in optimal iéimation levels in a world with
inflation, but where only nominal annuities are availabler fhe instantaneouspected inflation
rate we assume

Tp1 = T+ r (T — ) + €141, (7)

wherea, is the mean reversion parametgy, is long run expected inflation, and the error term
€r ~ N(0,02). Subsequently the price indékfollows from

i1 = Il exp(migr + 52_1)7 (8)

whereel! ~ N(0, 03) are the innovations to the price index. We assume there isitiygorelation
between the expected inflation and the instantaneous siterest rate, that is the correlation
coefficient betweer, ande!! is positive. The parameters we use are described in Secion 2

We consider single-premium immediate life-contingentwatis with real or nominal payouts.
Consequently, the annuity income is given by

Y = PRyA™ !, (9)

whereP Ry is the premium andl is the annuity factor. The single premium is equal to thegmes
value of expected benefits paid to the annuitant and we asanraetuarially fair annuit§. The

4We assume implicitly that survival probabilities are knoamd that there is no uncertainty regarding future sur-
vival probabilities. Bayraktar et al. (2009) explore thepmmet of uncertain future survival probabilities on the pric
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annuity factor A, is thus equal to

t
A=Y "exp(—tR{) [ s (10)
s=1

t=1

whereRff) is the time zero yield on a zero coupon bond maturing at tinfTéhe interest rate term
structure that is applied is either nominal or real depemain the type of annuity. We study in
Section 4 the effect of loads on the annuitization decision.

The annuity factor for a variable annuity payout is simiaeguation (10), buR((f) is equal to
the assumed interest rate (AIR), which is fixed. The annualiiynincome depends on the return
of the portfolio backing the annuity3, and is equal to

T

1+ R

Y, =PRA]] (4) . (11)
LI\ +AIR

The AIR determines whether, in expectation, the annuityopagtream increases or decreases
over time. The annuity income is constant over time in caseMIR is equal to the return of the
underlying portfolio, R:. If the AIR is below R}, then the nominal income stream is upwards
sloping over time.

In Figure 1 we display the mean annuity income in real terms&oious types of annuities.
Naturally the real income stream from the real annuity ¢slihie) is flat, and throughout this paper
we normalize this to unity. This way of normalization allofes a simple comparison of various
strategies. Furthermore, we see that the real income sfreamthe nominal annuity is decreasing
over time, which is the dashed-dotted line. Early in reteemthe real income generated from
the nominal annuity is higher than from the real annuity. Treme from the nominal annuity
in real terms decreases over time from about 1.4 to 0.5. Iitiaddve see that payout pattern of
the variable annuity is largely influenced by the AIR. Whea &iR equals the expected return on
the portfolio backing the annuity minus the expected irdlatthe expected annuity income in real
terms is flat. If we look at the dashed line which is the incomtégun from a variable annuity with
an AIR of 2%, we see in expectation an increasing income irteeas.

We assume that the expenses due to background risk are hogitypdistributed with an annual
meanuz and a standard deviatiar;. Furthermore we assume that these expenses do not exhibit
autocorrelation.

of annuity products.



Figure 1: The annuity income levels in real terms for varityges of annuities

The figure displays the (expected) annuity income over fhelicle in real terms generated by four types of annuities.
We display the real income from a nominal, real and variableuéty. In case of the variable annuity we show the
results for an assumed interest rate of 2% and 4.52%. Ther latR equals the expected nominal return on the
portfolio backing the annuity minus expected inflation.
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2.3 Benchmark parameters

The previous sections present the specification of theclitde preferences and the financial mar-
ket. In this section, we set the parameter values for thelbeark case. In accordance with Pang
and Warshawsky (2010) and Yogo (2012) we Sethe time-preference discount factor, equal to
0.96. The risk aversion coefficientis assumed equal to 5 for ease of comparison, since this is
equivalent to Pang and Warshawsky (2010) and close to tlaensder choice of Yogo (2012) and
Ameriks et al. (2011). Initial wealth is such that, if the midual would annuitize fully in real
annuities, the (real) income for the rest of the lifespanaégjunity. We call this real annuity in-
come (i.e., when all wealth is invested in a real annuity) Eh# Real Annuity Income (FRAI).
The mean expenses due to background risk are 10% of the FRAlawtandard deviation of 7%.
Furthermore we choose a subsistence consumption levebat 86% of the FRAP.

The equity return is normally distributed with a mean anmuahinal return of 8% and an
annual standard deviation of 20%. The mean instantaneaurs iglte is set equal to 4%, the
standard deviation to 1%, and the mean reversion paraneet@rlts5. The inflation risk premium

5The dollar equivalents of these numbers are as follows. Mediealth at age 65 is $335,000, which is the total
of non-annuitized and annuitized wealth for a single, estéd in Pang and Warshawsky (2010). We also perform
the analysis for other wealth levels. The annuity incomééf éntire wealth is invested in a real annuity is $22,645
(which is then normalized to unity). The subsistence comgion level is $6000, which is close to the consumption
floor estimated in Ameriks et al. (2011). The mean expensesalbackground risk are about $2250 and the standard
deviation is $1600.



to determine the real yield is 0.5%. The correlation betwbennstantaneous short rate with the
expected inflation is 0.40. The parameters on the inflatioradyics are taken from Koijen et al.
(2010). They find a mean inflation 8f48%, a standard deviation of the instantaneous inflation rate
of 1.38%, a standard deviation of the price indexlo3%, and a mean reversion coefficient equals
-0.165. The assumed interest rate is equal to 4%, which idasito Horneff et al. (2009) and
Koijen et al. (2011. The portfolio linked to variable annuity consists 100% afiiég Furthermore
we will perform robustness checks to assess whether thégdmid for different values for the
individual preference parameters and financial marketpatars. Time ranges from= 1 to time

T, which corresponds to age 65 and 100 respectively. Thevalprtobabilities are the current
male survival probabilities in the US and are obtained fromktuman Mortality DatabadeWe
assume a certain death at age 100.

2.4 Numerical method for solving the life cycle problem

Due to the richness and complexity of the model it cannot Iheegaanalytically and, hence, we
employ numerical techniques instead. We use the methodpeopby Brandt et al. (2005) and
Carroll (2006) with several extensions added by Koijen e{2010). Brandt et al. (2005) adopt
a simulation-based method which can deal with many exogestaie variables(;, with, in our
case(R!, ;). Wealth acts as an endogenous state variable. For thisretimwing Carroll
(2006), we specify a grid for wealthfter (annuity) income, expenses due to background risk, and
consumption. As aresult, it is not required to do numerigatfinding for the optimal consumption
decision.

The optimization problem is solved via dynamic programmang we proceed backwards to
find the optimal investment and consumption strategy. Indakeperiod the individual consumes
all wealth available. The value function at tifieequals:

Wy
JT(WT, R;,WT) = 1 r . (12)
-7
At all other points in time, the value function satisfies tredlBian equation
o
Vi(Ws, R{; m) = g:aé <1 — + B 1 Bt (Vigr Wiga, R{+17 7Tt+1))) . (13)

For each period we find the optimal asset weights by settiaditst-order condition equal to

5The US National Association of Insurance Commissionaieggiires that the AIR may not be higher than 5%.
Furthermore Horneff et al. (2009) remark that 4% is commaiskyd in the US insurance industry.
"We refer for further information to the website, www.moittabrg.



zero
E/(Cr(Reyr — R /Tiy) = 0, (14)

whereCy, ; denotes the optimal real consumption level. Because we shé/optimization prob-
lem via backwards recursion we knd, ; at timet + 1. Furthermore we simulate the exogenous
state variables for N=1000 trajectories and T time pericasch we can calculate the realizations
of the Euler conditions(;, ' (Ry+1 — RI)/II, ;. We regress these realizations on a polynomial
expansion in the state variables to obtain an approximatitime Euler condition

E (C:;J(Rm — R /Hm) ~ X0 (15)

In addition we employ a further extension introduced in Knijet al. (2010). They found that
the regression coefficients, are smooth functions of the asset weights and, consequevdly
approximate the regression coefficief{y projecting them further on polynomial expansion in
the asset weights:

0, ~ g(w). (16)

The Euler condition must be set to zero to find the optimaltassgghts
Xlig(w) =0, (17)

For each period we find the optimal consumption by solvingofiewing first-order condition:

1T,

Cr = E, [ —
t 5pt+1 t (m+1

OzifRi”:l) : (18)

3 Results for the benchmark case

In Section 3.1-3.5, we focus on the optimal allocation to m@hand real annuities and in Sec-
tion 3.6 we determine the welfare gains of adding variablesdres to the annuity menu.

3.1 Optimal annuitization strategies at retirement

As shown by Davidoff et al. (2005) full annuitization is aptl if the annuity market is complete.
However, this might not be the case if no annuity is availatech offers equity exposure or
provides inflation protection and/or the agent is exposeldaickground risk. Figure 2 presents
the certainty equivalent consumption for various levelgohuitization, conditional on optimal
consumption and asset allocation strategies. In all cadesét) full annuitization is optimal.
Hence, optimal annuity demand is not lowered, even thouglignmarkets are incomplete and

10



Figure 2: Optimal annuitization levels

The figure displays the certainty equivalent consumptiartte life-cycle model with and without background risk
and nominal or real annuity income. Post-retirement edoitgstment of liquid wealth is included in the model. The
optimal annuitization strategy is the level that gener#teshighest certainty equivalent consumption. All numbers
are relative to the FRAI, which is the real annuity incomedf% is invested in a real annuity.
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agents face background risk.

The welfare gains over no annuitization are substantial. ifigtance, in case real annuities
are available, but there is no background risk, full anmatton leads to an increase in annual
certainty equivalent consumption from 57% of the FRAI to %06f the FRAI® If no annuities are
available, welfare is thus reduced by about 43%. The mad@itd these welfare gains are in line
with the findings in Davidoff et al. (2005) and Mitchell et £.999). For many individuals part of
their wealth will be annuitized for institutional reasoifg; example in the form of social benefit
payments or Defined Benefit pensions. The results show tlsatjrathat case, an increase in the
level of annuitization from say 50% to 100% brings about a/#eibstantial welfare gain.

Markets may be considered to be even more incomplete whgmontinal annuities are avail-
able. Individuals might be induced to decrease annuity delt@protect against inflation risk and
to shiftincome in early retirement to later years when tla value of the annuity income is lower.
The dotted line displays the certainty equivalent consiwonprhen an agent can only buy a nom-
inal annuity and does not face background risk. Again we fivad full annuitization is optimal.
This implies that the fact that the annuity market is incostgldoes not have a material impact on

8As described in Section 2.3 we set, for ease of compariseninttial wealth such that, if the individual would
allocate his wealth fully to real annuities, the (real) immfor the rest of the lifespan equals unity. We call this atynu
income, the Full Real Annuity Income (FRAI).
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the optimal annuitization level, given that we allow savirgm annuity income.

The optimal annuity demand is also hardly affected by thegmee of background risk. The
solid line in Figure 2 shows that (almost) full annuitizatiis remains optimal. Obviously, back-
ground risk reduces the attainable utility levels, but theves are still essentially increasing: more
annuitization leads to more utility. Later we will see thHag tmain difference with the case without
background risk is that the agent accumulates wealth otecéhnuity income to cover shocks in
background risk and plans consumption to rebuild theseelmiffhen needed.

Pang and Warshawsky (2010) find that in a life-cycle modehWwealth costs as background
risk, annuity demand actually increases. The reason fercitmtrasting result is that they do not
model annuitization as a one-time decision that needs todmerat retirement age, but optimize
annually over the equity-bond-annuity portfolio. In effethe annuitization decision is modeled
as a repeated portfolio allocation decision. Health costsaa additional risk factor which drives
households to shift demand from risky to riskless assetaghafrom equity to bonds and annu-
ities. Then, as a consequence of the superiority of answtier bonds, annuity demand increases
due to health costs. For the reasons outlined in the inttazlycwe model annuitization as an
irreversible decision at retirement and find that, in sucletéirgy, it is optimal to annuitize fully
so that people can save adequately out of the annuity incdine.benefits of insurance against
longevity risk and the mortality credit outweigh the redantin both liquidity and the ability to
get equity exposure at short horizons.

Note that we examine the fraction taftal wealth that optimally should be annuitized, which
consists of both pre-annuitized and non-annuitized wedhile pre-annuitized wealth level mostly
consists of social security income and private pensionserGihat (almost) full annuitization in
real annuities is optimal, this can consist of for instan@®&re-annuitized wealth and 20% liquid
financial wealth but also of 50% pre-annuitized wealth arfb fiQuid. But in any case (almost) all
liquid wealth should be annuitized. In Section 3.5 we explibre optimal annuitization levels for
varying pre-annuitized and liquid wealth levels where wsuase that the pre-annuitized wealth
level consists of inflation-indexed income. If in that cagea annuity is available, the results do
not change, but just have to be interpreted differentlyh# pre-annuitized fraction is 80% and
the optimal total annuity level is 95%, then 75%lmfuid wealth should be annuitized. If 50% is
pre-annuitized this fraction is 90% of liquid wealth. Howevthis reasoning does not hold if on
top of this pre-annuitized income only nominal annuities lsa bought. Furthermore, the height of
the total wealth level can have an effect on optimal annustydnd, because then the background
risk and minimum consumption level are relatively higheloover compared to total wealth.
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3.2 Consumption, wealth, and asset allocation paths over ¢hlife cycle

The optimal consumption and wealth trajectories includiregasset allocation rules are presented
in Figure 3. This figure shows the median consumption, wealtld asset allocation for three
cases: (1) no annuitization, (2) 100% investment in nomanabities, and (3) 100% investment in
real annuities. Expenses due to background risk are indlundinis analysis.

Figure 3a shows that, in case (1) and (2), the optimal consampath is decreasing over time.
This reflects the fact that if the longevity risk in the reahsamption level is not hedged, agents
do not plan much consumption at ages where the probabilitygls that one will have passed
away. If real annuities are used, inflation risk can be hedgetithe planned consumption path
is approximately flat (in real terms) because of the fact thattime-preference parameter and
interest rates coincide approximately. Early in retiretnennsumption is reduced to build up a
buffer against expenses due to background risk.

Figure 3b displays that only a relatively small amount otilcdywealth is accumulated if real
annuities are available. That level of liquid wealth is suéfint to cover for unexpected shocks (in
background risk), but there are no anticipatory savingstduflation needed. The median liquid
wealth trajectory is very different if nominal annuitiegarsed. In that case the individual saves
substantially out of the nominal annuity income and a medeah wealth of 3.2 times the FRAI
is attained at the age of 80. This liquid capital is neededt@sufficienteal consumption if the
agent lives to an advanced age. This is in accordance with &od Perozek (2007), who find that
background risk increases the optimal amount of liquidtasse

Panel C of Figure 3 shows that the optimal fraction of liquiglalth invested in the risky asset,
if a person has annuitized nothing, is about 26% and is fixedtime. Instead the optimal fraction
is 100% if an individual has invested optimally in a real aityiuf a person invests all wealth in
a nominal annuity at age 65, we find that the optimal fractiepehds negatively on the fraction
of liquid wealth compared to total wealth (liquid wealth pldiscounted value of annuity income).
This result is in line with Cocco et al. (2005).

3.3 Saving out of real annuity income

We find that full annuitization remains optimal if agents esaand invest, optimally out of their
annuity income. In this section we examine this savings raeism further. Figure 4 displays the
optimal real savings out of the real annuity income for vagyieal wealth levels, at the ages 70, 80,
and 90. If an agent has a wealth level of 1 times the FRAI an@ ig@rs old (crosses), savings are
about 0.08 times the FRAI. Put differently, the individuaves 8% out of his real annuity income
to increase his buffer. So even if an agent is 90 years oltieibuffer is insufficient, savings are
positive to increase it. Furthermore we see that the amdus@wngs decreases with age, for a
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Figure 3: Optimal real consumption, optimal real wealttd aptimal asset allocation

Panel (a) displays the optimal real consumption for thenogtreal annuitization level, optimal nominal annuitipati
level, and without annuities. Panel (b) displays the optitimaid real wealth for the optimal real annuitization level,
optimal nominal optimization level, and without annuiti®anel (c) presents the optimal fraction invested in tHeyris
asset for the optimal real annuitization level, optimal mmahoptimization level, and without annuities. Expenses d
to background risk are included in the model. All numbersiaterms of the FRAI, which is the real annuity income
if 100% is invested in a real annuity.
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given wealth level. For a wealth level of one FRAI, the reaisgs are 17% for a 70 year old, 11%
for a 80-year old, and 8% for a 90-year old.

From Figure 4 we can also derive the effect of backgroundmmsthe amount of savings, which
is illustrated by the arrows. Consider a 90-year old agettt iquid wealth equal to one FRAI.
If this agent is hit by background risk and needs to pay exgergual to 0.2 times the FRAI, his
wealth drops from 1 to 0.8 (left horizontal arrow). As a réactto this, the individual increases
savings from 8% of his annuity income to 20%. This increassawings is substantial, because
the buffer that the retiree started with was not that higlthéfagent has more wealth, the reaction
is less if the retiree is hit by the same background risk egpgnbecause the buffer is already
high. This can be seen from the arrows on the right, the spaadwliich the buffer is rebuild falls
with the wealth level. As a side effect, the figures illustrtite saving behavior of those with low
wealth. A 90-year old with a real annuity income and wealtislhan 1.2 times the FRAI should
still save to hedge against background and inflation risk.

Figure 4: Optimal savings for varying wealth levels when %08 allocated to a real annuity

This figure shows the optimal real savings for varying lee¢léquid real wealth if an agent invested his entire wealth
in areal annuity. We show the real savings for the ages 70, 80, and B@ufbers are in terms of the FRAI, which
is the real annuity income if 100% is invested in a real annuit
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3.4 Saving out of nominal annuity income

Figure 5 analyzes in more detail the most striking resultigbife 3: the capital accumulation in
case of nominal annuitization. Individuals save out of nmathannuity income for four different
reasons. A first reason is real consumption smoothing, Isecaren deterministic inflation erodes
the real consumption that can be obtained from nominal &gymocome. A second reason relates
to inflationrisk. Inflation risk generates precautionary savings as infiaigk can be seen in this
setting as a (partly) unhedgeable background risk. The ti@ason is precautionary saving to
hedge for background risk. The final motivation is to acclataitapital to capture the equity risk
premium.

Figure 5: Optimal real wealth trajectories when 100% iscalted to a nominal annuity

This figure shows the optimal liquid real wealth trajecteriier five variations of the parameter values. These are the
wealth paths for an agent who invested his entire wealth &b @8%s nominal annuity. The liquid wealth trajectories
are for the case where 100% is invested in a nominal annuityrd model setup where inflation risk is excluded, the
inflation level is fixed at 3.48%. All numbers are in terms af #RAI, which is the real annuity income if 100% is
invested in a real annuity. We set this Full Real Annuity iImeoequal to unity.
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Figure 5 presents the optimal median wealth path for fiveerbfiit specifications of the model
to disentangle the different reasons for capital accunariatentioned above. The solid line
is the median wealth path for the full model, which is the sameve displayed in Figure 3b.
Its maximum value is about 3.2 FRAI at age 82. To disentartygsd four effects, we remove
each motive for savings separately. We examine the effeent€ipating an average inflation
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of 3.48%, by setting the mean inflation equal to zero whilepkag the standard deviation of the
instantaneous inflation rate equal to 1.38% and by redubmgd®minal interest rate and the equity
return by 3.48%. If no deterministic inflation is incorpadt(dashed line) the maximum amount
of wealth accumulated drops to 1.2 times the FRAlence the largest part of the saving is due to
the first motive: agents want to shift income from early inreghent to later. Furthermore we see
that the shape of the path of wealth differs substantiallye fleason is that if the mean inflation
is zero, agents do not need to accumulate large amounts tthweahe beginning of retirement
and dissave at later ages, to be able to have a smooth consnmpattern over the life. They only
need a buffer (against background and inflation risk), ahthesame time, use it to get equity
exposure. This buffer is accumulated gradually over timstooth consumption. Hence, tiesel

of inflation explains a substantial part of the results, hetdther three factors also induce savings.

In order to examine the effect of inflatiorsk, we set the standard deviation of the instantaneous
inflation rate and the standard deviation of the price indezero. The optimal maximum savings
amount decreases with some 25% if inflation risk is taken fvatn( 3.2 times the FRAI to 2.4
times the FRAI). The level of precautionary savings is ewlkdy the persistence in inflation.

The median savings is reduced from approximately 3.2 titned-RAl, if all risk factors are
included, to 2.7 times the full real annuity income if agerdanot invest in equity. We calculate
this effect by assuming that agents can only invest in a T4geminal bond. Hence savings are
increased substantially to be able to profit from the equsty premium.

If we assume that agents do not face background risk, the mnedsavings is slightly lower
than 2.9 times the FRAI. Similarly, Palumbo (1999) and DedNat al. (2010) find that uncertain
medical expenses increases the amount of precautionangsain sum, an individual could also
simply annuitize less to keep wealth liquid and extract wWeftbm the savings account to insure
against inflation shocks. However, we find that instead iptsneal to annuitize fully (and receive
the mortality credit) and, subsequently, save out of thaigpimcome.

The previous paragraph shows different median wealth gathan agent who invests ev-
erything in a nominal annuity. However, it is also interegtto consider consumption/savings
strategies for wealth levels above or below the median.reiguisplays the optimal consumption
for various wealth levels at age 70, 80, and 90 and for themfft risk factors that the agent faces.
Note that in Figure 4, we display the real savings on the g;axhile in Figure 6 we display real
consumption. The dots are for the benchmark specificatiencd agents save due to determin-
istic inflation, inflation risk, background risk, and to gefugty exposure. The real wealth level
displayed on the horizontal axes is the remaining wediliér the agent payed his expenses due

®Note that this optimal wealth path is equal to the optimal lthepath when an agent receives an annuity in-
come which is increasing with the expected mean annualimfflain several countries these increasing annuities are
available, but not sold that often.
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Figure 6: Optimal consumption for varying wealth levels wi0% is allocated to a nominal
annuity

The above panel displays the optimal real consumption fd¥ gear old for several liquid real wealth levels. These
consumption/wealth strategies for an agent who investeghise wealth at 65 in @ominal annuity. The liquid
real wealth levels are after annuity income and expensesadoackground risk. Hence the real wealth level is the
disposable wealth level. The middle panel shows the optigallconsumption levels per real wealth level for a 80
year old and the lower panel for 90 year old. The parametershat of the benchmark set up. All numbers are in
terms of the FRAI, which is the real annuity income if 100%nigdsted in a real annuity. We set this Full Real Annuity
Income equal to unity.

1.2+ B
o
~
S 1r |
IS
©
c
S 0.8~ -
o
13
3
S 061 & * Benchmark B
o o No inflation risk
§ * No equity
041 % No background risk 7
o No anticipatory motive (mean inflation zero)
0.2 i i i i i i i i i i i
0 0.5 1 15 2 25 3 35 4 4.5 5 55 6
Real wealth at age 70
T T
B9 )
1.2+ 5008”0 B 800 6@ o O
@%@@@@m%@@% 50 %
o
[es]
[
[=2}
IS
©
c
]
IS
£
>
[%2}
5
° Benchmark
é No inflation risk
No equity -
No background risk
No ant|<:|pat0ry motlve (mean |nflat|on zero)
0.2 i i i i i 1
0 0.5 1 15 2 25 35 4 4 5 5 5 5 6
Real wealth at age 80
T T
120 * Benchmark @ |
) o No inflation risk
° *  No equity ) o N
& % No background risk ges i~
o 1 - } N g Foc ¥
2 © No anticipatory motive (mean inflation zero) o &»2% »&,
= 2 0 f..@iﬁ % 2
2 0.8 s
o ¥ . Hpekick
go K Sy
£
>
2
s 0.6 i
o
T
Q
o
0.4 i
0.2 i i i i
0 0.5 1 15 2 25 3 35 4 45 5 5.5 6

Real wealth at age 90

18



to background risk and received the annuity income. If we labthe upper panel for a 70-year
old, we see that, for the benchmark case, if an agent has dhweeatl of 1.5 times the FRAI,
consumption is equal to 0.82 times the FRAI. Furthermoreseeethat the consumption increases
in the wealth level. If an agent cannot invest in equity, conption is similar for wealth levels
below twice the FRAI, but less for higher wealth levels. Tkagon for the lower consumption
level is that the agent wants to have a larger amount of ligugdlth to invest in equity. When
we compare the real consumption levels when an agent dodagebackground risk (crosses)
with the benchmark case, we see that the consumption lel@bves due to the background risk.
Furthermore we see that the real consumption level is rebless due to inflation risk. If there
is no inflation risk (squares), agents with a wealth level &8fdonsume about 0.87, compared to
0.82 when individuals do face inflation risk. However, if ateedo not have an anticipatory motive
to save (circles), they increase consumption levels sotialiy. Moreover these patterns of differ-
ences in real consumption, for different specificationshefnodel is similar for a 70, 80, or 90
year-old. This can be seen by comparing the three panelgofd-b.

The middle panel of Figure 6 shows the optimal real conswngior 80-year olds and the
lower panel for a 90-year old. There are several things appdrom these graphs. First of all,
we see that, if the real wealth level is low, agents consurai #ntire wealth. For instance, if
the wealth level of a 80-year old is about 0.5 times the FRiAg,ihdividual consumes this entire
amount. Second, when comparing the three panels, we sdertladtquid real wealth level of 1.5
FRAI, the real consumption depends negatively on age. Tdsoreis that the nominal income in
real terms decreases over time and the desired real consuartgMel falls because agents discount
the future more heavily due to the probability of dying.

3.5 Optimal annuity levels for varying pre-annuitized weath and liquid
wealth levels

In the previous sections, we showed the optimal annuitimattonsumption, and savings levels
for the benchmark total wealth level at age 65 which is 15 sitte FRAI (this is equivalent to
$335,000). We displayed the optimal annuity demand as &draof thetotal wealth level, be-
cause most papers present the empirical annuity levelssmigy (Dushi and Webb (2004) and
Pang and Warshawsky (2010)). We find that (almost) full atmration of total wealth is optimal,
where total wealth consists of pre-annuitized pension thigabcial security and defined benefit
pension wealth) and liquid financial wealth. However, we wlod show optimal annuitization as
a fraction of liquid wealth, which off course is lower tharattof total wealth if some wealth is
already pre-annuitized. In Table 1 we present the optimaligization fractions of total and liquid
wealth for varying liquid wealth and pre-annuitized wedtkels. The pre-annuitized wealth is
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assumed to be an inflation-indexed (pension) income andgiet @ptimally chooses which part
of his financial wealth to invest in a real annuity. As a resthie optimal annuity levels are pre-
sented in two different formats: the numbers without brégkisplay the (1) optimal percentage
in annuities as a fraction dbtal wealth and the numbers between brackets show the (2) optimal
percentage in annuities as a fractiorlighid wealth. First of all, we see that the optimal annuiti-
zation level as a fraction of total wealth is almost 100%.uUxalty, when displayed as a percentage
of liquid financial wealth it is lower, but still the annuitgvels are much higher than found in
reality. The empirical distribution of wealth for the 2nccome decile is a bit more than twice
the FRAI ($50,000) of financial wealth and 6.6 ($150,000)ii@-annuitized wealth? As we can
see in Table 1, these retirees optimally invest 72% of tipidl wealth in annuities, on top of the
75% of wealth that is already annuitized. Hence the optimaléization level as a percentage of
total wealth is 93%. The liquid wealth level and pre-anmaiti wealth level for an agent with a
median income is 6.6 ($150,000) and 8.8 ($200,000) resdetiThis agent optimally annuitizes
88% of his liquid wealth. In Table 2 we show the optimal anylgvels when agents can invest
their liquid financial wealth only in nominal annuities. athat now the optimal annuitization
level of total wealth consists of both a real annuity (prexatized wealth) and a nominal annuity
(liquid wealth). In this case we find similar results: theiogl annuity levels are very high and
incomplete annuity markets and background risk do not eéxpttee annuity puzzle.

Table 1: Optimaleal annuitization levels (%) for varying pre-annuitized arglid wealth levels
This table reports the optimal annuity levels (in %) ineal annuity. The pre-annuitized wealth level is an inflation-
indexed pension income. The number without brackets is pitienal annuity demand as a fraction of total wealth
and the number between brackets is the optimal annuity déreaa fraction of liquid financial wealth. For instance,
if the pre-annuitized wealth is 6.6 and liquid wealth is 2t&en 75% of total wealth is pre-annuitized. If then the
optimal annuity level is 93%, this means that the optimalatyrdemand as a percentage of liquid wealth is 72%. All
numbers are relative to the FRAI, which is the real annuitpime if 100% is invested in a real annuity. The rest of
the parameters are as in the benchmark case.

Financial wealth
Pre-annuitized wealth 2.2 ($50k) 4.4 ($100k) 6.6 ($150k) 8.8 ($200k) 11 ($250k) 21$300k)

6.6 ($150Kk) 93 94 94 95 96 97
(72) (85) (88) (91) (94) (96)

8.8 ($200Kk) 94 94 95 96 97 97

(70) (82) (88) (92) (95) (95)

11 ($250Kk) 94 95 96 97 97 97

(65) (83) (89) (93) (94) (95)

13.2 ($300Kk) 95 96 97 97 97 97

(64) (84) (92) (93) (93) (94)

0we use the numbers from Pang and Warshawsky (2010), wholat@dhese levels on a household basis which
we divide by the average household size.
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Table 2: Optimalnominal annuitization levels (%) for varying pre-annuitized anguid wealth
levels

This table reports the optimal annuity levels (in %) im@minal annuity. The pre-annuitized wealth level is an
inflation-indexed pension income. The number without beésks the optimal annuity demand as a fraction of total
wealth and the number between brackets is the optimal andeihand as a fraction of liquid financial wealth. For
instance, if the pre-annuitized wealth is 6.6 and liquid ltteia 2.2, then 75% of total wealth is pre-annuitized. Ifrihe
the optimal annuity level is 97%, this means that the optiamaluity demand as a percentage of liquid wealth is 88%.
Note that the optimal annuity percentage as a fraction af teealth is for the combination of both the real annuity
(pre-annuitized wealth) and the nominal annuity (liquidadtie). All numbers are relative to the FRAI, which is the
real annuity income if 100% is invested in a real annuity. féet of the parameters are as in the benchmark case.

Financial wealth
Pre-annuitized wealth 2.2 ($50k) 4.4 ($100k) 6.6 ($150k) 8.8 ($200k) 11 ($250k) 21 $300k)

6.6 ($150Kk) 97 97 100 100 100 100

(88) (91) (100) (100) (1200) (1200)

8.8 ($200Kk) 97 99 100 100 100 100

(85) 97) (100) (100) (1200) (1200)

11 ($250Kk) 97 99 100 100 100 100

(82) 97) (1200) (100) (100) (1200)

13.2 ($300Kk) 97 99 100 100 100 100

(75) (93) (100) (100) (100) (1200)

Furthermore, we see that when the total wealth level is lptheroptimal annuity demand is
a bit lower as well. The reason is that an agent with a loweiltivéavel needs to keep a larger
fraction liquid at the beginning of retirement to have themeabsolute buffer against background
risk. In addition, the optimal annuity demand differs degieg on whether the agent can invest in
a nominal or a real annuity, on top of his inflation-indexedgen income. The optimal annuity
level as a fraction of total wealth when an agent has 6.6 pnetitized and 2.2 liquid wealth is
93% if he has a real annuity available and 97% if he can onlggtin a nominal annuity. The
nominal annuity is more attractive, because it generatégreehreal income early in retirement so
that the agent can save quicker to have a sufficient buffensigaackground risk shocks. Hence
the agent needs to reduce the optimal annuity demand legsacethto the real annuity.

3.6 Welfare gains of variable annuities

The literature has examined welfare gains due to variabieitias (see, e.g., Koijen et al. (2011),
and Horneff et al. (2008b)). This section examines whettdiray variable annuities to the menu
increases welfare sizeably in our setup with post-retirdraavings. Table 3 displays the welfare
gains from allocating the optimal amount to a variable aneleh annuity, compared to only a real
annuity. We see that the welfare gains are at most 1.5%. Heddéng a variable annuity to the
menu does not lead to a large increase of welfare if agents @atvof their annuity income to

invest in equity. The combined optimal annuity portfolio &m individual who faces background
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risk is only 10% in a variable annuity, with the remaining Vtiean a real annuity. The reason
is that individuals can save out of their annuity income toeggiity exposure and real annuities
provide a much better hedge against inflation risk than gdimked annuities.

Table 3: Welfare gains (in %) of investing the optimal amoum& combination of variable and
real annuities compared to only real annuities
The assumed interest rate (AIR) is either 4% or 2%. The retsteoparameters are as in the benchmark case.

AIR 4% AIR 2%

background risk included
welfare gain 1.2% 1.1%
optimal real/variable annuity 90/10 90/10
background risk excluded
welfare gain 1.5% 1.3%
optimal real/variable annuity 85/15 85/15

Koijen et al. (2011) find an optimal allocation of 40% to vét@mannuities. However, they
do not include equity in the post-retirement asset menu. celethe only way in which agents
can get equity exposure, is via a variable annuity. For #ason the welfare gains that they find
are much higher than ours. Similar reasoning holds for timrasting results with Brown et al.
(1999). Horneff et al. (2009) find a welfare gain of 6% at ageaB 30% at age 40 of investing
in variable annuities instead of nominal annuities. Theyyéver, assume that the asset allocation
of the portfolio linked to the variable annuity can vary otene and additional annuities can be
bought every year. This strand of literature includes atgsiin the asset allocation menu, and
agents decide how much to invest in equity/bonds/annuamesially (Horneff et al. (2008b)). In
that case agents do not fully annuitize at age 65, to invesginty. As agents get older they
gradually invest all their wealth in annuities, as they beeanore attractive than equity due to the
mortality credit.

4 Robustness tests on individual characteristics and finanel
market parameters

The evidence in the previous section suggests that backdrosk and an incomplete annuity
menu have at most only a small effect on optimal annuitirelévels. However, there are other
factors that might influence optimal annuitization behatlmat we did not consider until now.
Namely, retirees might want to leave a bequest for theishélowever, if all wealth is annuitized
it can be more difficult to leave a substantial bequest viengaout of the annuity income. Another
reason to decrease annuity demand can potentially be tdetubf the insurer. Especially due to
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the credit crisis, more consumers are aware of the riskseoftimuity provider defaulting. In this

section, we calculate bounds on a possible bequest motivdefault risk of the insurer, such that
our results still hold. Furthermore, we test whether ouultssare robust to alternative individual

characteristics and financial market parameters. We pressults for two benchmark cases: An
individual who can freely invest in a real annuity and soneeatho can freely invest in a nominal

annuity. In all cases the other assumptions, includingethas background risk, are as before,
unless explicitly stated otherwise.

4.1 Model specification: bounds on the bequest motive

We investigate the robustness of the results when agenes déequest motive. The desire to
leave a bequest might induce agents to decrease annuityndeimdave wealth liquid to leave
as a bequest. However, the evidence on whether agents ihdgedh bequest motive is mixed
(Ameriks et al. (2011), Brown (2001), Lockwood (2012), anové et al. (2009)). Following
Ameriks et al. (2011) and De Nardi et al. (2010), we model teguest motive as follows. An
agent derives utility from leaving a bequédst

o(By) = 2 (qb + @) B (19)

wherew is the strength of the bequest motive apds the prevalence in the population of an
bequest motivey determines the curvature of the bequest motive and henaextbet to which
bequests are a luxury godt A bequest motive can give individuals incentives to anmaitess,
because in case of early death, the retiree may not have fffsdesu time to build up enough
wealth to bequeath. If an agent dies at more advanced agdasdiliidual saves out of the annuity
income to leave a bequest as before.

Figure 7 shows for which values of the two bequest paraméiteend ¢) full annuitization
remains optimal. The effect of both parameters on the opt@mauity demand is in opposite di-
rections. A higher strength of the bequest motivgives an incentive to annuitize less, while a
higher luxury good parameterincreases the incentives to fully annuitize. Panel (a)gntssthe

The optimal bequest in a simplified version of the model pesia better understanding of the meaning of the
bequest parameters. In a riskless world the optimal solutim be obtained analytically: Assume an agent starts with
an amount of wealti, does not face longevity risk, and the time preference disteate is zero. Each year the
individual consumeg’ for T" years and derives utility equal '~ /(1 — v). At death, the retiree leaves a bequest
B equal to(W — CT') and derives utility from bequest equal t@/(1 — 7)) (¢ + B 71;)1_7. The agent choos&s
optimally, to maximize total utility from consumption arftetbequest. When differentiating total utility with respiec
consumption, the resulting optimal consumptio@is= (W +w¢)/(w+1") and the optimal bequests = w(C —¢).
Hence, the agent leaves a bequest to cavgears of spending for the heir at an annual expenditure ([&Vel ¢), the
amount by which his own optimal annual consumption exceeel$ttreshold). If 1 is too low to ensure an income
stream for the heir higher thanfor w years, no bequest is left.
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Figure 7: Optimal annuitization for different parametefshe bequest motive

Panel (a) displays the bounds on the bequest motive paremfetevhich full annuitization holds, when an agent can
investin a nominal annuity. Panel (b) displays the boundbebequest motive parameters for which full annuitization
holds, when an agent can invest in a real annuity. A highength of the bequest motive gives incentives to
annuitize less, while a higher luxury paramegegives incentives to annuitize more. The other parameterthase

of the benchmark. All numbers are relative to the FRAI, whgthe real annuity income if 100% is invested in a real
annuity.
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results in case that nominal annuities are available. Wedhsa in almost all cases full annuitiza-
tion remains optimal. Only when the luxury parametéas 0.09 times the FRAI ($2000) or lower
and the strength of the bequest motives above 16, the optimal annuity demand falls. De Nardi
et al. (2010) find av (strength of the bequest motive) equal to 2.5 and Ameriks €2@11) esti-
mate aw of 16 and a luxury parametegsof 0.22 times the FRAI ($5000). For these parameters,
full annuitization in a nominal annuity is optimal. It is aptal to annuitize your entire wealth and,
subsequently, save to build up a buffer to leave as a bequest.

Panel (b) in Figure 7 displays the bounds on the parametethdédequest motive, when an
agent can buy real annuities. In this case we see that for vatires of the bequest parameters, full
annuitization is sub-optimal. The reason is that the agnadome in the first years of retirement
is higher for the nominal annuity than for the real annuitgehominal annuity is front-loaded in
real terms. For this reason the agent can build up a suffioidfer faster when receiving a nominal
annuity income, to leave as a bequest in case of death alesalyyin retirement. When comparing
the bounds to the estimated parameters of Ameriks et al1{20& find that full annuitization is
no longer optimal. In a riskless world with these parametdrs optimal consumption is about
0.51 FRAI ($11,500) and the optimal bequest is almost 4.@gifRRAI ($105,000). The agent
reduces his annual consumption from 0.74 FRAI ($16,750)%&@ GRAI ($11,500) to leave this
bequest.

4.2 Financial market parameter: bounds on default risk

In our benchmark case, we implicitly assumed that the pntibatf default of the annuity provider

is zero. However, a positive default probability can be hapteason why agents might not want
to annuitize fully. We assume that in case the annuity penvitbfaults, the agent recovers part of
the present value of the annuity. First of all, after a defaqudrt of the liabilities of the company
can be covered. Second, if the amount recovered from theansuless than the guarantee of the
state, then this amount is supplemented up to the guaraateednt. In most states in the U.S. at
least $100,000 is guaranteed and the maximum is $500,0@bh&and Merril (2006)). So even
if the insurer goes bankrupt and the recovery value is log/atnuitant gets at least $100,000 of
the present value of the annuity back. We assume that the ggena guarantee (free of default
risk) from the state of $100,000, which is 4.4 times the FRAI.

In Figure 8 we display the bounds on the default risk pararadte which full annuitization
holds. The vertical axes in Figure 8 specify which fractismacovered in case of default. If this
recovery rate times the present value of the annuity is less4.4 times the FRAI ($100,000) (and
the present value of the annuity is more than $100,000), sinas the state guarantee supplements
this amount up to 4.4 ($100,000). The horizontal axes dygplkadefault probability. First of all we
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Figure 8: Optimal annuitization with default risk

Panel (a) displays the bounds on the default risk paramiterghich full annuitization holds, when an agent can
invest in a nominal annuity. Panel (b) displays the boundtherdefault risk parameters for which full annuitization
holds, when an agent can invest in a real annuity. A highexudeprobability gives incentives to annuitize less, while
a higher guarantee gives incentives to annuitize more. Ttrex parameters are those of the benchmark.
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see that the bounds differ substantially depending on the ¢§ annuity the agent has; nominal or
real. If an agent has a real annuity income, almost alwayaffuuitization remains optimal while,
if the individual can only invest in a nominal annuity, thetiopal annuitization level potentially
falls if the default probability gets high. The reason istttitee nominal annuity is less welfare
enhancing than the real annuity, hence there are more imesrib decrease the annuity level
when default risk is high. Second, we see that the fractiowedlth recovered is important for
the optimal annuity demand, which is similar to the finding8abbel and Merril (2006). In this
paper we normalized all numbers in terms of the Full Real Algnacome, but the wealth that
was used as a basis is $335,000, which is the median totahweagl at 65. Hence 33.5% of the
value of the annuity at 65 is guaranteed by the state. Fumibrer Moody'’s reports that the default
probabilities, for corporates up to a rating of Baa, are aébp.

4.3 Other robustness tests

As a first robustness check, we increase the equity premiwesn &xpected stock return of 10%
rather than 8%. Not surprisingly, this implies a reductiorannuity demand, but the numerical
effect is small. The optimal demand for real annuities reduifcom 96% to 93%. For the nominal
annuity case, full optimization remains optimal. As a sujst test, we double the subsistence
consumption level to examine whether this alters the optienal, Table 4 shows that this is hardly
the case.

The background risk in our benchmark case consists of §hdcks, while, as a robustness test,
we assume the risk follows an autoregressive process wiRdfh) coefficient of 0.9. The mean
and standard deviation of the expenses due to backgroundrasghe same as in the benchmark
case. We find that, even if the process of the background siskghly persistent, high annuity
levels are still optimal

Table 4: Robustness tests
The table reports the optimal annuitization levels (in %)sfeveral alternative parameter choices. For every robastn
check one parameter is changed and the rest remains aténeintnark value.

Parameter setup Optimal level Optimal level
real annuities nominal annuities
Benchmark parameters 96 100
Mean gross equity return 10% instead of 8% 93 100
Background risk persistent 95 100
Subsistence consumption level 0.5 instead of 0.25 FRAI 94 100
Mean expenses due to background risk 0.2 instead of 0.1 FRAI 91 100
Expense factor 7.3% instead of 0% 94 100
Risk aversion coefficient 2 instead of 5 92 100

27



As another check for robustness the mean (real) expensds thaekground risk are doubled
from 10% to 20% of the full real annuity income. Moreover th@nslard deviation is doubled as
well. The optimal level allocated to a real annuity decredsmm 96% to 91%. Again the direction
of the effect is as expected, but the numerical differencesmall.

In addition we consider the effect on optimal annuitizatadnncluding a load factor on the
annuity income. The load factor is set at 7.3% in line withdWigll et al. (1999). The optimal
annuitization level falls by only 2%. Naturally the welfdoss of the load is large, 8.5%.Finally
a less risk averse individual (= 2) invests 92% of his initial wealth in real annuities. Thue th
change in the optimal annuitization level is quantitagv&nall and the previous results are also
robust for an alternative risk preference.

5 Conclusion

This paper analyzes whether optimal annuity demand isteffelasy incomplete annuity markets
and/or background risk. If no variable annuities are abelaand borrowing constraints are im-
posed, it can potentially be optimal to annuitize only a pastour wealth. However, we find that
(almost) full annuitization remains optimal, irrespeetiof whether nominal or real annuities are
available if agents can save adequately out of their animityme. In case of nominal annuities,
the agent will save considerably out of the annuity incomenduretirement to gain equity ex-
posure and hedge against background and inflation risk. ifdimidual receives a real annuity
income, the agent saves a smaller amount as a buffer agaaagti§ackground risk. In all cases
(close to) full annuitization at age 65 remains optimal. Asige result, we find that access to
variable annuities is less welfare enhancing than prelgdosnd in the literature. The argument
is similar: the buffer saved can be used to get sufficienttggxiposure. These results are robust
for realistic parameters of a bequest motive and defalltaiishe annuity seller.
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