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In this work, we propose a definition of comonotonicity for elements of B(H)sa, i.e.
bounded self-adjoint operators defined over a complex Hilbert space H. We show
that this notion of comonotonicity coincides with a form of commutativity. Intuitively,
comonotonicity is to commutativity as monotonicity is to bounded variation. We also
define a notion of Choquet expectation for elements of B(H )sq that generalizes quantum
expectations. We characterize Choquet expectations as the real-valued functionals over
B(H)sq which are comonotonic additive, c-monotone, and normalized.
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1. Introduction

In this work, we bridge the ideas of Choquet integration and quantum expectation.
In particular, we show how the notion of Choquet expectation can be naturally
defined also in the space B(H)s,. This notion naturally generalizes the one of
quantum expectation/mixed state.

Since readers may know only one of these two concepts, we start the Introduction
by briefly describing both. We then proceed to highlight our main contributions
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and offer a physical point of view for some of them. We conclude the Introduction
by discussing the related literature and the organization of the paper.

Choquet Integral and Mathematical Economics. Comonotonicity and
comonotonic additivity are at the base of the theory of Choquet integration and
they both had a huge impact in Mathematical Economics and Decision Theory.*
In a decision theoretic setting, the primitives are a measurable space (2, F) and
a functional V' : B(F) — R, where B(F) is the space of real-valued, bounded, and
F-measurable functions. The functional V' is supposed to represent the preferences
of an agent over uncertain prospects, modeled as random variables.
Two functions f,g € B(F) are said to be comonotonic if and only if

[f (@) = f@)]lg(w) —g(w)] >0 Vw, v €Q. (1)
In turn, the functional V is said to be comonotonic additive if and only if
f and g are comonotonic = V(f + g) = V(f) + V(g).

The celebrated theorem of Schmeidler [23] shows that normalized,” monotone, and
comonotonic additive functionals are tightly connected to normalized capacities. A
set function v: F — [0,1] is a (normalized) capacity if and only if

(1) v(0) =0 and v(Q) = 1;°
(2) f E,FeFand FDE, then v(F) > v(E).

Clearly, a finitely additive probability is a capacity, while the converse typically
does not hold.

Theorem 1 (Schmeidler). Let V' be a functional from B(F) to R. The following
statements are equivalent:

(i) V is normalized, monotone, and comonotonic additive;
(ii) There exists a capacity v:F — [0,1] such that

0

V() = /Ooou<fzt>dt+ [ wrzo-v@na viesE. @

— 00

Moreover, v is unique.

The right-hand side of () is also known as the Choquet integral of f with
respect to v and we will denote it by [ fdv.4

aFor applications in Economics, see [20], for applications in Mathematical Finance, see [12], for
applications in Statistics see [21] as well as [18].

bThat is, V(1q) = 1.

°In general, a capacity need not be normalized, that is, ¥(€2) # 1. As one might suspect, the
normalization property is rather innocuous in developing the theory of Choquet integration. For
an introduction to the subject, we refer readers to [20].

dAs it is customary, we set for each f € B(F) and for each t € R, (f > t) = {w € Q: f(w) > t}.
The two integrals, [ and fi)oo, are Riemann integrals.
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The Choquet integral is a generalization of the usual notion of integral. For
example, if v is a countably additive probability measure, then it is a standard
measure theory result — see, e.g., [6, p. 275 and p. 280] — to show that the right-
hand side of (&) becomes the usual Lebesgue’s integral. One can also show that for
each f € B(F) there exists a (possibly finitely additive) probability Py such that

/ fdv = / fdp;.

In other words, Choquet expectation can be viewed as a standard expectation
where the probability used depends on the integrand. We highlight three features
of comonotonicity and Choquet expectations:

(1) If f and g are comonotonic, then their Choquet expectations coincide with
a standard expectation computed using a common probability. More formally
(see [20, Proof of Theorem 4.3]), we have that

f and g are comonotonic = Py and P, can be chosen to be the same.
3)

(2) The notion of comonotonicity has a useful characterization.® Two functions f
and ¢ in B(F) are comonotonic if and only if their covariance is positive for
each (finitely additive) probability, that is,

Covp(f,g) >0 forall P e A. (4)

B) Iff= 2?21 a;1p, is a simple function where {«; }?Ll are distinct real numbers,
already ordered from the greatest to the smallest, and {Ej}?il are pairwise
disjoint non-empty events whose union is €2, then

/fdl/ = Z(O&l — Oéi+1)V U Ej (5)

where we set oy, 11 = 0 (see, e.g., [23, p. 257]).

Quantum Expectations and Quantum Mechanics. In the usual formulation
of Quantum Mechanics, the primitives are, loosely speaking, not a measurable state
space and bounded random variables defined on it, but mathematical objects that
carry some similarities as well as striking differences to the measurable setting (see,
e.g., [24, [15]). Pure states are identified with unit vectors of a separable complex
Hilbert space H that, for the sake of simplicity, in the introduction we assume
to be finite dimensional. Random variables, which in this context are also called
observables, are replaced by bounded self-adjoint operators on H, i.e. elements of

¢An early version is often attributed to Chebyshev (see, e.g., [13} 3] as well as [8] p. 304]). Moreover,
in Mathematics often two functions/vectors that are comonotonic are also said to be “similarly
ordered” (see, e.g., [17} p. 43]).
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B(H)sq. Finally, expectations, which are also termed mized states, are normalized,f
positive, and linear maps ¢:B(H)s,, — R. The celebrated theorem of Gleason
[14] shows that if dim H > 3, then mixed states are characterized as expectations
with respect to a quantum probability (see Sec.[32).8 Intuitively, one reason why
bounded self-adjoint operators can be interpreted as random variables is the spectral
theorem that guarantees that if A € B(H)sq, then A =304 a;E; where {E;}04,
are pairwise orthogonal non-zero projections which sum up to the identity I and
{a; }?ﬁl are distinct real numbers. If ¢ is a mixed state, by linearity

p(A) = a;0(E)) (6)
j=1

where (p(E1),...,9(Ep,)) is a probability vector, that is, all the components are
positive and sum up to 1. In other words, the value p(A) can be interpreted as
the average of the spectrum of A. The key property here is that the weights ¢(E;)
depend on A via its spectral form. We call r4 a vector of probability weights that
satisfies (). A remarkable feature is the following one":

A and B commute = r4 and rp can be chosen to be the same. (7)

In other words, if A and B commute, then their quantum expectations coincide
with a standard average of the spectrum, computed using a common probability.

Our Contributions. Starting from the similarities between ([B) and (@) and the
stylized fact that in the double-slit experiment probabilities are non-additive, this
paper tries to bridge the two theories of Choquet integration and quantum expec-
tation. We offer a notion of comonotonicity for bounded self-adjoint operators and
we provide a definition of quantum Choquet expectation.

Since the notion of comonotonicity in () is intrinsically based on random vari-
ables, we need to resort to a characterization to extend this notion to bounded
self-adjoint operators. In light of (@), we say that A and B in B(H)s, are comono-
tonic if and only if

w(AoB)—p(A)p(B) >0 for all mixed states ¢

where A o B is the Jordan product. Conceptually, we are declaring A and B
comonotonic if and only if their covariance is positive for each possible quantum
expectation.

fThat is, ¢(I) = 1 where I is the identity operator.

&Gleason’s theorem could be interpreted as a counterpart in this setting of the Riesz’s represen-
tation theorem for integrals over bounded and measurable functions (see, e.g., [25, p. 125]).

h1f A and B commute, then there exists a set {H; }:;-':1 of pairwise orthogonal non-zero projections
which sum up to the identity I such that A = Z?:l ajHj and B = Z?:l B;Hj where {oaj}?:l
and {5j}§:1 are two collections of real numbers. Compared to the spectral form, the aj;s and
Bjs might not be distinct. In light of this, in (@) we can define the common vector to be r =

(p(H1), -5 p(Hp))-
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In Theorem [, we prove that comonotonicity implies commutativity. In The-
orem B} we then characterize comonotonicity as a strong form of commutativity.
Indeed, for A, B € B(H)s, the following statements are equivalent:

(i) The operators A and B are comonotonic;
(ii) There exist C' € B(H)s, and two increasing functions f,¢g:R — R such that

A= f(C) and B = g(C).

Since it is well known that A and B commute if and only if (ii) holds without the
requirement that f and g are increasing, we can say that, intuitively, commutativity
is to comonotonicity as bounded variation functions are to increasing functions.
This statement is made formal in Corollary [

Given this notion of comonotonicity, we can define comonotonic additivity and
characterize it. To do so, we define the notion of quantum capacity. We denote
by P(H) the set of projections of H. A function v: P(H) — [0,1] is a quantum
capacity if and only if

(1) v(0) =0 and v(I) = 1;
(2) f E,F € P(H) and F > E, then v(F) > v(E).

In this context, the Choquet expectation, denoted by E, (A), is then defined as
follows

pA i
E,,(A) = Z(Ozz - Oéi+1)V ZEJ
i=1 j=1

where > 0, o, E; is the spectral form of A and, by convention, we set oy, 1 = 0.!
Clearly, this definition is based on the Choquet integral for simple random variables
in ([B). It is also immediate to show that when v is a quantum probability, E, (A)
is a standard quantum expectation. Finally, given a functional ¢: B(H)s, — R we
say that ¢ is:

(a) c-monotone if and only if
A>B and A and B commute = ¢(A) > ¢(B);
(b) comonotonic additive if and only if
A and B are comonotonic = ¢(A + B) = ¢(A4) + ¢(B).

In Theorem Ml we provide a quantum counterpart to Theorem [1l Indeed, we show
that, given ¢: B(H)s, — R, the following statements are equivalent:

(i) ¢ is comonotonic additive, c-monotone, and such that ¢(I) = 1;

Actually, the collection {a; }?21 is the set of distinct eigenvalues of A, ordered from the greatest

to the smallest.
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(ii) There exists a quantum capacity v: P(H) — [0, 1] such that
¢(A)=E,(A) VA€ B(H)sq.

Moreover, v is unique.

A Physical Point of View. Following Bell [4], Varadarajan [25, pp. 124-125]
observes that the requirement of linearity for a mixed state ¢ might be too stringent
from a physical point of view. The idea is that the mathematical conditions on
¢:B(H)sq — R that have a physical interpretation should be the ones that only
involve commuting observables. For example, the following additivity condition

¢(A+ B) = ¢(A) + ¢(B) provided AB = BA (8)

abides by this requirement. Similarly, comonotonic additivity is another property
in line with this view (see Theorem Bland the previous discussion). Yet, linearity
and monotonicity are not properties which only involve commuting observables.
Varadarajan calls physical states the real-valued functionals on B(H)s, that satisfy
(8) and are also positive and normalized. Physical states correspond exactly to the
functionals generated by a quantum probability) On the same vein, in our work
we call physical Choquet states the functionals that are comonotonic additive, c-
monotone, and such that ¢(I) = 1. Given Gleason’s and von Neumann’s theorem,
if dimH > 3 one can then conclude that there are no dispersion-free physical
states. In contrast, there are plenty of dispersion-free physical Choquet states (see
Remark [3]).

Related Literature. To the best of our knowledge, only Vourdas [26] tried to
extend the notion of comonotonicity and Choquet integration to the Quantum
Mechanics framework. Despite having a similar goal, the final result seems to be
very different. Most strikingly, the Choquet integral studied there is an operator-
valued map from B(H)s, to B(H)s, and, in our language, an integral with respect
to a specific projection-valued capacity. Consequently, the corresponding notion of
comonotonicity is different.

Organization of the Paper. In Sec. 2] we introduce the main mathematical
preliminaries. In Sec.[3, the core of our paper, we study comonotonicity and Choquet
integration for the space of bounded self-adjoint operators, namely, B(H )s,.X Since
proofs are often long, we place them in Appendix A along with some ancillary
results.

JRecall that Gleason’s theorem proves that, if dim H > 3, then the notion of physical state
coincides with that of mixed state. Nowadays, most of the theory is discussed for functionals
defined over the entire space B(H), since the extension from B(H)sq is seamless. In contrast,
we operate over B(H)sq since, already in a commutative framework, it is not obvious how to
characterize Choquet integration when integrands are allowed to be complex-valued.

KA similar mathematical analysis can be carried out for commutative and associative Banach
algebras which admit a concrete representation as a space C(K) where K is an Hausdorff and
compact space.

1850016-6
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2. Preliminaries

Let H be a non-trivial complex Hilbert space with inner product ( , ).! We denote
by B(H) the space of bounded linear operators A : H — H, endowed with the
operator norm. This space is a Banach algebra once we consider as multiplication
the composition. We denote the product of two elements simply by juxtaposition,
so A times B is written AB. By B(H),, we denote the subspace of self-adjoint
operators endowed with the operator norm. Recall that B(H), is a real Jordan
algebra under the Jordan product Ao B = £(AB + BA) (see, e.g., [2, Chap. 1]).™
An element A in B(H) is positive, written A > 0, if and only if

(A(z),z) >0 VzeH.
In particular, this implies that A € B(H)s,. The binary relation > defined by
A>B& A—-B>0

makes B(H),, a real ordered vector space. A linear functional ¢: B(H)s, — R is
positive (respectively, normalized) if and only if ¢(A) > 0 for all A > 0 (respectively,
©(I) = 1). In the literature of operator algebras, a normalized, positive, and linear
functional ¢: B(H)s, — R is also called (mized) state.™

As common in this literature, we define the state space and its extreme points
(see, e.g., [1] pp. 10-11]):

S={peBH),:¢>0and p(I) =1} and K =extS.

Elements of K are called pure states. If H is finite dimensional, then self-adjoint
operators can be identified with Hermitian matrices and it is well known (see, e.g.,
[22]) that ¢ is an extreme point of S if and only if it can be written as

p(A) = (A(w),w) VA€ B(H)gq,

where w is a unit vector in H.

We conclude by recalling the spectral theorem when H is finite dimensional
(see, e.g., [16, p. 156]). Given A € B(H)s,, we have that there exist py € N,
{a;}02, CR, and {E;}%2, C B(H)s, such that:

I'We refer the reader to [5] for most of the definitions and facts regarding complex Hilbert spaces.
MWe remind readers that Jordan algebras are typically mot associative. Moreover, if A, B €
B(H)sa, then AB € B(H)sq if and only if A and B commute and that is a reason why we resort
to the symmetrized product o. Indeed, Ao B € B(H)sq for all A, B € B(H)sa.

"Note that a mixed state, by being normalized, positive, and linear, is also automatically Lipschitz

continuous.
°An element E € B(H) is a projection if and only if E € B(H)sq and E? = E.
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Given A € B(H)s, with H possibly not finite dimensional, we will refer to
either the triple (pa, {a;}22,, {E;}72)) or 302, o E; as the (finite) spectral form
of A if and only if properties 1-4 are satisfied and, without loss of generality, the
scalars as (and the corresponding projections) have already been ordered from the
greatest to the smallest, so that a1 > ap > --- > «,,.P Finally, given f:R — R and
A € B(H)s, with finite spectral form (pa, {a;}52,,{E;}%2,), as usual we denote
by f(A) the element of B(H)s, such that

pPA

FA) =) flay)Ej.

Jj=1

Since in what follows we are interested in the values that f takes on the finite set
{ai,...,ap,}, we can assume that f is a polynomial, unless f needs to satisfy some
extra property (e.g., monotonicity).

3. Main Results
3.1. Comonotonicity and commutativity

We start by defining a notion of comonotonicity for a pair of elements in B(H )s,
that builds on some of the ideas presented in the introduction.

Definition 1. Let A, B € B(H)s,. We say that A and B are comonotonic if and
only if

p(AoB) —p(A)p(B) 20 VoS (9)
where Ao B = 1(AB + BA) is the Jordan product.

It is well known that in Quantum Mechanics (see, e.g., [24]) the elements of S can
be interpreted as expectations, while the elements of B(H )s, are observables. Note
that (@) has a simple interpretation: A and B are comonotonic if and only if their
covariance is positive for all possible mixed states.? In light of this interpretation,
for each mixed state ¢ € S we define Covy,( , ): B(H)sq X B(H)sa = R by

Cov,(A,B) = ¢(AoB) — p(A)p(B) VA B B(H)s,.

PNote that under these requirements the finite spectral form is unique, that is, if
/ /

Py, {a) }?21, {E] }?21) is another finite spectral decomposition, then p4 = p/; as well as a;; = o
and E; = E; forall j € {1,...,pa}

9With the caveat that here the product of A and B is taken with respect to the symmetrized
product o and not with the respect to the operation of composition. This interpretation is very
much in line with the characterization of comonotonicity reported in the Introduction for a pair
of bounded and measurable functions f,g: Q2 — R (cf. {@))). Finally, observe that o is commutative
but not associative (except in trivial cases).

1850016-8
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It is immediate to verify that:

Lemma 1. Let A, B,C € B(H)sq and A, p,v,0 € R. The following statements are
true:

(1) For each ¢ € S,
Covy(A, B) = Covy, (B, A). (10)
(2) For each ¢ € S,
Covy,(AA +~vC, B) = ACov, (A, B) +vCouv,(C, B).
(3) For each ¢ € S,
Covy(MNA +~I, pB + 6I) = AMuCov, (A, B). (11)

(4) If A and B are comonotonic and A, pn > 0, then AA + ~vI and pB + 01 are
comonotonic.
(5) A and B are comonotonic if and only if —A and —B are comonotonic.

Our main results show that comonotonicity implies commutativity.

Theorem 2. Let A,B € B(H)s, be such that they both admit a finite spectral
form. If A and B are comonotonic, then they commute.

In the finite dimensional case, we fully characterize comonotonicity and the
extent to which commutativity and comonotonicity are tied together.

Theorem 3. Let H be finite dimensional and A, B € B(H)s,. The following state-
ments are equivalent:

(i) The operators A and B are comonotonic;
(ii) There exist C € B(H)s, and two increasing functions f,g:R — R such that

A=f(C) and B=g(C). (12)

In a finite dimensional Hilbert space, it is well known that A and B commute if
and only if there exist C' € B(H)s, and two (not necessarily increasing) functions
f,9:R — R such that ([I2) holds (see, e.g., [16] p. 171]). In light of this result,
comonotonicity is a strong form of commutativity in that f and g are required to
be increasing as well. The next result fully characterizes commutativity in terms of
comonotonicity.

Corollary 1. Let H be finite dimensional and A, B € B(H)4,. The following state-
ments are equivalent:

(i) The operators A and B commute;
(ii) There exist A1, As, B1, By € B(H)sq which are pairwise comonotonic and such
that

A:A]_—A2 and B:B]_—BQ. (13)

1850016-9
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Loosely speaking, we could say that commutativity is to comonotonicity as
bounded variation functions are to increasing functions.

One could also explore the following notion of comonotonicity:

Definition 2. Let A, B € B(H)s,. We say that A and B are dually comonotonic
if and only if

[p(A) = ¢ (A)][e(B) = ¢'(B)] 20 Vo, ¢ € K.

Conceptually, we replaced the role of the states in ([{l) with the pure states in K.
This is also in line with the notion of dual comonotonicity studied in [7, p. 8524].
The next result shows that dual comonotonicity is an extremely strong condition
which yields a very strong form of commutativity.

Proposition 1. Let H be finite dimensional and A, B € B(H)s,. The following
statements are equivalent:

(i) The operators A and B are dually comonotonic;
(ii) There exist A > 0 and p € R such that either A= AB + ul or B = A+ ul.

The next corollary is an easy consequence of the previous proposition and
it shows that dual comonotonicity and comonotonicity are equivalent only when
dim H < 2. In the opposite case, dual comonotonicity only implies comonotonicity.

Corollary 2. Let H be finite dimensional and A,B € B(H)sq. If A and B are
dually comonotonic, then A and B are comonotonic. Dual comonotonicity and
comonotonicity are equivalent only when dim H < 2.

Remark 1. Another possible way to generalize comonotonicity to bounded self-
adjoint operators is through the following condition which mimics the condition in
), where states are replaced by unit vectors and the product by the inner product,
that is,

(A(w) — A(w"), B(w) — B(w")) >0 Yw,w' € H s.t. |w| = ||| =1.

This notion does not seem to lead to any fruitful conclusion. It is indeed equivalent
to A and B being such that AB = BA > 0, that is, commuting and having a
positive product. We omit the standard proof.

3.2. Quantum Choquet states

In this section, we assume that H is finite dimensional. We denote by S the unit
sphere {w € H: ||w|| = 1}. Recall that a state is a linear, positive, and normalized
(that is, ¢(I) = 1) functional ¢: B(H)s, — R. It is immediate to observe that a
state ¢ is monotone, that is, A > B implies ¢(A) > ¢(B). We call a functional
¢: B(H)sqa — R a Choguet state if and only if ¢ is comonotonic additive, monotone,
and normalized. The only property we need to discuss is comonotonic additivity.

1850016-10
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Definition 3. A functional ¢: B(H)s, — R is comonotonic additive if and only if
¢(A+ B) = ¢(A) + ¢(B) whenever A and B are comonotonic.

Example 1. Define ¢: B(H)s, — R to be such that

H(4) = min(A(w),w) YA € B(H). (14)
Clearly, ¢ is monotone and normalized. Consider now A and B comonotonic. It
follows that there exist C' € B(H)s, and two increasing functions f,¢g:R — R
such that A = f(C) and B = ¢(C). If we assume that the spectral form of
Cis {pc, {5, {H;}5S,} where 41 > -+ > 4, then A = 3709 a;H; and
B= ngl B;H; where a; = f(v;) and §; = g(v;) for all j € {1,...,pc}. Since f
and g are increasing, we have that a,, < a; and 8,, < j; for all j € {1,...,pc}.
It follows that

Iur)léISl«A + B)(w)7 w> = Qpo + ch = I£éISI<A(w)7 w> + IuI)léISl<B(w)7 w>7

proving that ¢ is comonotonic additive and therefore a Choquet state. In Quantum
Mechanics, the value ¢(A) is the value of A computed at its ground state.

Example 2. Define ¢: B(H)s, — R to be such that

¢(4) = max(A(w),w) VA€ B(H)sa (15)

By the same arguments contained in Example Il we can conclude that ¢ is a Cho-
quet state.

As it is rather customary, we denote the set of all projections of H by P(H).
Recall that p: P(H) — [0, 1] is a (finitely additive) quantum probability if and only if

(1) p(0) =0and p(I) = 1;
(2) p(E+ F) = p(E) + p(F), provided EF = 0.

We say that v: P(H) — [0,1] is a quantum capacity if and only if

=0and v(I) =1,
(2) v(F) > v(E), provided F > E.

Clearly, a quantum probability is a quantum capacity.
We can define the expectation of an observable A with respect to a quantum
probability p by

E,(A) = Z%‘P(Ei) (16)
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where Zp 1 a;F; is the spectral form of A." At the same time, if dimH > 3,
Gleason’s theorem yields that ¢ € S if and only if there exists a unique quantum
probability p: P(H) — [0, 1] such that p(A) =E,(A) for all A € B(H ).

Note that the expression in (IG) admits the following rewriting:

praA

ZOW = (i —aip1)p ZEJ ; (17)

=1

where, by convention, we set ap,+1 = 0. Given a quantum capacity v, we can use
(@@ to define the notion of quantum Choquet expectation. More specifically,

pa
B, (4) = (a5 — i)y ZE , (18)
i=1
where > 74 o E; is the spectral form of A and oy, 1 = 0. Since the spectral form

of a bounded self-adjoint operator is unique, (I8) is well defined.

Remark 2. (i) If A is not positive, then the last addendum, (o, — op,+1)v(I) =

ap,v(I) = ap,, in [8) is negative.

(i) It is easy to check that the definition in (I8) is valid also for the decomposition
of an element A of the kind A = >"1", & .E;. Indeed, assume that {az} n,is
a collection of real numbers such that &; > &g > -+ > @&, and {E }121 is
a collection of non-zero and pairwise orthogonal projections whose sum is I.
Assume also that A = >, & E;. In other words, compared to the spectral
form, we do not necessarily require that ¢&; # ¢&; whenever ¢ # j. By setting
Qm+t1 = 0, it follows that

m pPA

Z(d — Qj1)V ZE =E,( )=Z(a Qiy1)V ZE

i=1 i=1

(iii) We also have that

3
3
T

where we set V(Zl L E)=0ifi=1.

We next list some of the mathematical properties that quantum Choquet expec-
tations satisfy.

"Recall the assumption a1 > -+ > ap , .
SSee [14] and [11} Theorem 3.2.16]. In this section of the paper, recall that we assume that H is

finite dimensional. In general, Gleason proved his theorem for the case dim H > 3 where H is a
complex separable Hilbert space and p is countably additive.
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Proposition 2. Let H be finite dimensional, v: P(H) — [0,1] a quantum capacity,
and A, B € B(H)sq. The following statements are true:

(1) (positive homogeneity): E,(AA) = AE,(A) for all A > 0.

(2) (translation invariance): E,(A+ M) =E,(A) + X for all A € R.

(3) (comonotonic additivity): E,(A + B) = E,(A) + E,(B) provided A and B are
comonotonic.

(4) (c-monotonicity): A > B implies E,(A) > E,(B) provided A and B commute.

(5) (positivity /negativity): A >0 (respectively, < 0) implies E, (A) > 0 (respectively,
<0).

We proceed by characterizing quantum Choquet expectations as physical
Choquet states.

Definition 4. Let H be finite dimensional and ¢: B(H)s, — R. We say that ¢ is
a physical Choquet state if and only if ¢ is comonotonic additive, c-monotone, and
such that ¢(I) = 1.

Theorem 4. Let H be finite dimensional and ¢:B(H)s, — R. The following
statements are equivalent:

(i) The functional ¢ is a physical Choquet state;
(ii) There exists a quantum capacity v: P(H) — [0,1] such that

d)(A) = EV(A) VAe B(H)sa- (19)
Moreover, v is unique and such that v(E) = ¢(E) for all E € P(H).

In light of the previous result we characterize the representing quantum capac-
ities for the Choquet states presented in Examples [ and 21

Example 3. On the one hand, if ¢ is the functional in ([I4]), the associated quantum
capacity is v(F) = 0 for every E # I and v(I) = 1. On the other hand, to the
quantum capacity v(F) = 1 for E # 0 and v(0) = 0 there corresponds the functional

6 in (T3).

Clearly, Choquet states are physical Choquet states. Therefore, Choquet states
admit a representation as quantum Choquet expectations (see, e.g., Example [3)).
The converse is not true as Example flshows. Namely, there are functionals induced
by Choquet expectations that are not Choquet states, that is, they fail to be fully
monotone. Indeed, the only difference between physical Choquet states and Choquet
states is that the former ones are monotone only when the observables considered
commute too, while the latter are always monotone.

Example 4. Consider E € P(H)\{0}. Define

F, = {E e P(H):E > E}.
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On the side, note that Fz has the following properties:

(1)
(2) IEIFE7

(3) If E€Fp and P(H)> F > E, thenFeFE;
(4) f E€Fyzand F € Fj, then EAF € Fp.t

Define v: P(H) — [0,1] by

1 Fe IFE

v(E) = VE € P(H). (20)
0 E¢Fp

In light of properties 1-3, we have that v is a quantum capacity. Note that":

E,(4) = max o; VA€ B(H)s
{ie{1,....pa}: 225, E;>E}

Assume now that dim H = 3 as well as that {ej, ez, e3} is an orthonormal basis.

Define an orthonormal basis {f1, f2, f3} where fo = ez, fi = \/7e1 + /(1 —7)es

with v = (%)2 and f3 is a unit vector orthogonal to fi; and fo. Let E; be the

projections associated to the spaces span{e;} for all i € {1,...,3}. Similarly, let F;
be the projections associated to the spaces span{f;} for all i € {1,...,3}. Consider
now the scalars a; = 4,02 = 3,a3 = 2 and 1 = 3, 82 = 2, 53 = 1. Define

3 3
AZZOlej and B:Z/BJFJ
7j=1 7j=1

Some tedious computations yield that A > B. Now let E = F;. We have that
E,(A) = (o1 — ag)v(Er) + (a2 — as)v(Eq + E2) + as. (21)
By contradiction, assume that £y + E5 > Fy. This would imply that
span{ f1} C span{e; } @ span{ez} = span{ey, ez}

and, in particular, f; € span{ey, ez}. But, by construction we have that f; = \/yei1+
/1 — e, yielding that e3 € span{ey, e2}, a contradiction. We conclude that Fy +
E; ¢ Fg and v(E1) = v(E1+ E2) = 0. Thus, given (ZI)) we obtain that E, (A4) = as,
while

E,(B) = (61 — B2)v(F1) + (B2 — B3)v(F1 + Fa) + B3 = P
This proves that

E,(A) = a3 < B1 =E,(B),

thus violating monotonicity.

®Recall that E A F is the projection associated to the closed vector subspace Range E N Range F.
YRecall that a1 > - > ap,.
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Remark 3. Let co> dim H > 3. In Quantum Mechanics, a state ¢ € S is
dispersion-free (see, e.g., [19]) if and only if

a(p) = sup [p(E)—p(E)*] =0. (22)

EeP(H)

It is well known that, under the current assumptions, there are no dispersion-
free states. In other words, physical states cannot be dispersion-free. Conversely, if
we consider physical Choquet states, then there are several which are dispersion-
free: for example, all the ones generated by the quantum capacities defined as in
20). Another interesting example of dispersion-free physical Choquet state is the
quantum median as defined in Example [@.

We close with some examples of physical Choquet states, quantum capacities,
and comonotonicity.

Example 5 (Courant—Fisher). Examples [[l and [ can be generalized by con-
sidering Courant-Fisher’s minimax functionals. Let dim H = n. For each k €
{1,...,n} define ¢ : B(H)so — R by

¢k(A) = )\k VAEe€ B(H)Sa

where A\; > --- > A, are the not necessarily distinct eigenvalues of A.Y It can be
shown that (see [16] p. 181])

Pr(4) = V:dim \l/n:fn—k+1 wlg§r$V<A(w)’w> VA€ B(H)sa

Given Theorem[3] it is routine to check that ¢y, is a Choquet state and, in particular,
a physical Choquet state. By Theorem H] the associated quantum capacities are

1 if dimRangeE >k —1
vi(E) = ¢u(E) = o Y E ¢ P(H). (23)
0 if dimRangeFE <k —1

Example 6 (Quantum Median and Quantum Quantiles). Let p: P(H) —
[0,1] be a quantum probability. Define ¢: B(H)s, — R by

$p(A) =0a, VA€ B(H)sq

where given the spectral form of >4 «;E; of A the value r € {1,...,pa} is the
minimum value such that"

r—1 T

1 1
SooB) <5 and 30 p(E) = .
=1 j=1

In words, «,. is the maximum value of A such that the (quantum) probability of
observing a value greater than or equal to «a, is at least 0.5, i.e. the (quantum)

VThus, accounting for multiplicity.
WWith the convention that Z;;ll p(E;)=0ifr =1.
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median. It is not difficult to show that ¢ is a physical Choquet state with repre-
senting quantum capacity

VE € P(H).

N = N =

Note that the quantum median is another dispersion-free physical Choquet state.
Generalizing the previous discussion to any quantile is rather straightforward.
Indeed, all is needed to do is to replace everywhere 1/2 with 1 — ¢ with ¢ € (0, 1).

Example 7. Building on some examples coming from Economics, one could think
of a quantum capacity defined as v = f o p where p is a quantum probability and
f:]0,1] — [0,1] is a strictly increasing and continuous function such that f(0) =0
and f(1) = 1. These quantum capacities are very different from the ones described
above since they are typically not {0, 1}-valued.*

Example 8. Assume that E, F € P(H) commute. It is well known that F + F —
EF,EF € P(H). Moreover, we have that

E+F—EF=(E—F)?+EF>EF.

What is less obvious to see is that £ + F' — EF and EF are comonotonic. Indeed,
since E+ F — EF € P(H), we have that, for each ¢ € S, p(E+ F — EF) € [0,1]
and

Cov,(E+F — EF,EF) = ¢(EF) —o(E+ F — EF)p(EF)
= p(EF)(1 - ¢(E+ F - EF)) >0,

yielding comonotonicity. By Theorem [4, if v is a quantum capacity, then

E,(E+ F) =E,(E+F — EF + EF) =E,(E + F — EF) + E,(EF)
= uv(E+F — EF) + v(EF).
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Appendix A
A.1. Comonotonicity and commutativity

The main goal of this appendix is to show that comonotonicity implies commuta-
tivity. The rest will be rather standard. We begin by showing that comonotonicity
implies a form of comonotonicity which is similar to dual comonotonicity, yet less
stringent. We term such a property DP comonotonicity. Then, we prove that, given
A,B € B(H)s, with finite spectral forms >-"2, a;F; and Y°72, §;F}, if they are
DP comonotonic, then the projections F; and F; commute.Y We will then proceed
by induction (Lemmas[G and [ as well as Theorem B]) and show that each projection
E; commutes with each projection Fj. This in turn yields that A and B commute.

In order to do so, we need the next two simple, yet crucial, results and a well
known fact. We start by the well known fact.”

Lemma 2. Let E, F, and G be three projections such that G < F. The following
statements are equivalent:

(i) EF = FE;
(ii) F(Range E) C Range E;
(iii) F(RangeF) C Range F'.

In particular, if E and F commute, then the following statements are equivalent:

(a) EG = GE;
(b) G(Range E'N Range F') C Range E N Range F'.

Lemma 3. Let A,B € B(H)sq. If ¢, ¢’ € S are such that ¢(A o B) = ¢(A)p(B)
and @' (Ao B) = ¢'(A)¢'(B), then
1

Covg (A, B) = 71p(A) = ¢'(A)][#(B) - ¢'(B)]

where ¢ = %Lp + %g&’.
Proof. Consider the state ¢ = 2o + 2¢' € S. Since p(A o B) = ¢(A)p(B) and
¢ (Ao B) =¢'(A)¢'(B), it follows that

Covg(A, B) = p(Ao B) = p(A)p(B)

YThroughout the appendix, the notation Z?ﬁl a;E; and Z;’gl B; F; will indicate the spectral
forms of A and B respectively, where a1 > -+ > ap, as well as 81 > -+ > Bpp.

2The reader can find a version of this result in [10, Lemma 9.2]. As the reader can verify, the
result and its proof hold also when H is a complex Hilbert space. Alternatively, one could apply
[5] Theorem 4, p. 158].
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= ~p(A)p(B) + %@’(A)w’(B)
— 20(A)6(B) — 1o(A) (B) — 14/ (A)p(B) — 1¢(A)¢/(B)
= 1¢(A)e(B) + 19/ (A)¢ (B) - iga(A)sD/(B) - %@l(A)W(B)
= ToA)e(B) ~ ¢ (B)] + 3¢ (A (B) ~ #(B)
= 116(4) ~ ¢ (A)][e(B) - ¢ (B)],
proving the statement. =

Given a unit vector w € H, we denote by ¢, : B(H)s, — R the state such that
ow(A) = (A(w),w) VA€ B(H)sqa-

Vice versa, by ¢, we will always mean a state induced by a unit vector w, as
above.

Lemma 4. Let A, B € B(H)s, be such that they both admit a finite spectral form.
If A and B are comonotonic, then for each i € {1,...,pa}t andl € {1,...,pp} and
for each pair of unit vectors w € Range E; and w' € Range F)

[Pw(A) = puw (A)][pw(B) — pu (B)] > 0.

Proof. Let i € {1,...,pa} and ! € {1,...,pg}. Define ¢ = ¢,, with w € Range E;.
It follows that

(AB(w),w) = (B(w), A" (w)) = (B(w), A(w)) = a;(B(w), w)
and
(BA(w),w) = (A(w), B*(w)) = (A(w), B(w)) = ai{w, B(w)) = a;(B(w), w).

We can conclude that ¢(A o B) = «;(B(w),w) = p(A)p(B). Define ¢’ = @y
with w’ € Range F;. Similar computations yield that ¢'(A o B) = 5i{A(w'),w') =
¢'(A)¢'(B). By Lemma Bland since A and B are comonotonic, we have that

[e(A) = " (A)][(B) — ¢'(B)] = 4Covg(4, B) > 0,

proving the statement. O

In light of Definition Pl and Lemma [ we make the following definition.

Definition 5. Let A,B € B(H)s, be such that they both admit a finite spec-
tral form. We say that A and B are DP comonotonic if and only if for each
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i€{l,...,pa} and l € {1,...,pp} and for each pair of unit vectors w € Range E;
and w’ € Range F)

[Pw(A) = puw (A)][pw(B) — pu (B)] > 0. (24)

We term this type of comonotonicity DP comonotonicity, since it is very close
to dual comonotonicity (see Definition B, but it is also tightly connected to the
projections representing A and B. We are ready to prove that if A and B are DP
comonotonic, then F; and F; commute.

Lemma 5. Let A, B € B(H)s, be such that they both admit a finite spectral form.
If A and B are DP comonotonic, then Fy and Fy commute, that is, E1Fy = F1E;.

Proof. Clearly, we can assume that both p4 and pp are strictly greater than
1. Otherwise, either £y = I or F} = I and the statement trivially follows. Let

w € Range F; and w’ € Range Fy. Since E1, Fy # 0, we can choose them to be such
that ||w||? =1 = ||w’||%. Note that

pA
pu(A) =ar and @, (A) = ajfuwfl?,
j=1
where w; = E;(w') for all j € {1,...,pa} as well as

PB
ew(B) = Billw;|* and @u(B)=pi,
j=1

where w; = F;(w) for all j € {1,...,pp}. Since A and B are DP comonotonic, we
have that
pPA PB
ar =Y agllwil® | { D Billwsl* = 61 ] > 0. (25)
j=1 j=1

Since w and w’ are unit vectors and the elements { £;}22, (respectively, {F;}/Z,) are
pairwise orthogonal, it follows that 3302, a||lw}[|* and Y22, B;|w;[|* are weighted
averages.

By contradiction, assume now that E; and F; do not commute. By Lemma 2]
there exist w € Range E; and w’ € Range Fy such that Fj(w) ¢ Range E; and
Ei(w') € Range Fy. Clearly, we have that w # 0 # w’. Without loss of generality,

we can assume that w and w’ are unit vectors. Since Y2, [w;||* = [lw[* = 1, it
follows that 1 > |lwq]|? > 0.2* In particular, this implies that 1 > [Jw;]|? > 0 for
some j € {2,...,pp}. Similarly, since Y72, |wj||* = [[w'[|* = 1, it follows that

1> [lwi]|* > 0 and 1 > [Jw}||* > 0 for some j € {2,...,pa}. Since f1 > f; for all

32QOtherwise, we would have that ||wi|2 = 1. This would imply that [|w;||> = 0 for all j €
{2,...,pB}, that is, w; = 0 for all j € {2,...,ppr}. In turn, this would yield that Range 1 > w =
w1 = F1(w) ¢ Range E1, a contradiction.
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Jj€42,...,pp}and oy > o  for all j € {2,...,pa}, this implies that

pA PB
a1 =Y ajflwil>>0 and > Bjllw;|* - B <0,

i=1 i=1
a contradiction with (2H]). O

We now extend the previous statement by showing that if A and B are DP
comonotonic, then Ey commutes with all the elements of {F;}7Z, and Fy commutes
with all the elements of {E£;}74,.

Lemma 6. Let A, B € B(H)s, be such that they both admit a finite spectral form.
If A and B are DP comonotonic, then Ev and F; commute for all j € {1,...,pB}.
Similarly, F1 and E; commute for all j € {1,...,pa}.

Proof. Asin the proof of Lemma[] we can assume that both p 4 and pp are strictly
greater than 1. Otherwise, either £y = I or F} = I and the statement trivially
follows. We prove by induction that £ commutes with all the elements of {F;}*_,
for all k € {1,...,pB}.

Initial Step. k = 1. It follows from Lemma [5l
Inductive Step. Assume the statement is true for 1 < k < pp. We next show it holds
for k£ + 1. We only need to show that EyFy11 = Fgy1E1. Define FF =1 — Zle Fj.

Since E; commutes with each F; with j € {1,...,k}, we have that E; and F
commute

k k
E\F=E (I=-) F | =E—-) EF
j=1 j=1

k k
=E -y FjE = (I-Y F | Bl =FE,. (26)
j=1 j=1

We now have two cases:

(1) k+1=pgp. It follows that Fyyy =1 — Y22 F; =T1—-Y" | F; = F. By (25),
this implies that E; and Fj1; commute.

(2) k+1 < pp. Since Z?ikﬂ F; = F, observe that Fj41 < F. By contradiction,
assume that F; and Fji1 do not commute. By Lemma [2, this implies that
there exists w € Range F1 NRange F such that Fiy1(w) ¢ Range E1 NRange F'.
Without loss of generality, we can assume that w is a unit vector. Given w,
define w; = Fj(w) for all j € {1,...,pp}. Since w € Range F, it follows that

wj =0 for all j € {1,...,k}. At the same time, since ||w||* = 1, we have that
2
PB PB
L=llwl>=| > wi| = > llwl®
j=k+1 j=k+1
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and 1 > |lwg41]|? > 0.2P In particular, we have that 1 > ||w;||> > 0 for some
j€{k+2,...,pp}. By Lemma ] and since F; and Fjy; do not commute,
there exists w’ € Range Fj41 such that F(w’) € Range Fy.;. Without loss of
generality, we can assume that w’ is a unit vector. Given w’, define w} = Ej(w")
for all j € {1,...,pa}. Since ||w'||* = 1, we have that

PA 2 PA
L= | = Y wi| =D Il
j=1 j=1

and 1 > [lw]|* > 0. In particular, we have that 1 > [lw}|[* > 0 for some
j€{2,...,pa}. It follows that

pPA PB pB
a1 = Y allwf|* >0 and Y Blwjll? — Beri= D Billwil® — Brea <O,

j=1 j=1 j=k+1

We can conclude that there exist two unit vectors w € Range F; and w' €
Range Fj4+1 such that

pA PB
0> (a1 =Y asllw? | [ D Billwll? — Brss

J=1 Jj=1

= [pw(A4) = eu (A)][pw(B) = puw (B)] = 0,

a contradiction with A and B being DP comonotonic, proving the inductive
step.

The first part of the statement follows by induction. The rest of the
statement follows given the symmetric role of A and B in the definition of DP
comonotonicity. 0

Next, we extend the previous result.

Lemma 7. Let A, B € B(H)sq be such that they both admit a finite spectral form
where pa > 1. If A and B are DP comonotonic and if all the elements of {Ej}é?:l

abQtherwise, if ||wkt1]|2 = 1, we would have that ||w;||2 =0 for all j € {k +2,...,pg}, yielding
that w; = 0 for all j € {1,...,pp}\{k + 1}. This would imply that

Range E1 NRange F' 5 w = w41 = Fiy1(w) € Range E1 N Range F,

a contradiction.
aQOtherwise, if ||w}]|? = 1, we would have that Hw;HQ =0forall j €{2,...,pa}, that is, wg. =0
for all j € {2,...,pa}. This would imply that

Range Fy, 11 2w’ = w] = E1(w’) € Range Fy1,

a contradiction.
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pairwise commute with all the elements of {F; ?il for some 1 < k < pa, then By
commutes with Fy for alll € {1,...,pB}.

Proof. Assume that A and B are DP comonotonic. Assume also that all the ele-
ments of {E;}¥_, pairwise commute with all the elements of {F;}"2, for some
1 <k < pa. We want to show that Exy1F] = FiEpyq for alll € {1,...,pp}. If
pp = 1, then the statement is trivial since F; = I. Otherwise, pgp > 1 and we
proceed by induction on [.

Initial Step. I = 1. It follows from Lemma

Inductive Step. Consider | € {1,...,pp — 1} such that Ej41Fy = Fy Epqq for all
I € {1,...,1}. We only need to show that Eyi11Fy1 = Fi41Ek1. We have two
cases:

(1) I+ 1 =pp. In this case, we have that | = pp — 1. It follows that

pp—1 pp—1
Epi1 = Exi1Fypy = Exi(I = Fpp) = B (Z Fl> = > BunFy
'=1 =1

pe—1 p—1
=Y FiEp = (Z Fl> B = (I = Fpp) B

I'=1 I'=1

=Ep1 — Fpp B,

yielding that Fj,, Fry1 = Eri1Fpy.

(2) 1+ 1 < pp. By hypothesis, Fiy1 and E; commute for allj E {1,...,k}. This
implies that F;.; commutes with F = I — Z?:l E; = E We have
two subcases:

J k+1

(a) k+ 1 = pa. In this case, we have that Ey41 = F, yielding that Fry; and
Fi41 commute.

(b) k+ 1 < pa. By contradiction, assume that Fj;; does not commute with
FEyi1. By Lemma [@ and since Eyy1 < E, it follows that there exists
w’ € Range Fj41 N Range E such that Ejy4q1(w’) € Range F1 N Range E.
Without loss of generality, we can assume that w’ is a unit vector. Given w’,
define w; = E;(w’) for all j € {1,...,pa}. Since w’ € Range F, it follows

that w) = 0 for all j € {1,...,k}. At the same time, since [|u'|* = 1, we
have that
2
pa pa
L=/ 2= > wi| = > [lwjl?
j=k+1 j=k+1
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and 1 > [wp,[|* > 0.4 In particular, we have that 1 > [lw}|* > 0 for
some j € {k+2,...,pa}. It follows that

pra pPA
pur(B) = B and  ur(A) =Y ajllwilP = Y ajllwill* < e
j=1 j=k+1

(27)

By inductive hypothesis all the elements in {Fl/}f,:l pairwise commute with
Eyy1. Define F = 3772 | Fy. It follows that

l l
Ex1F = Eppy | 1= > Fi | = Exyr — Expr » Fr
I'=1 I'=1

l l
=Egp1— Y Bx1Fy = Epp1 — Y FiErp
=1 r=1
l l
=B — | D Fr | Ben= (1= ) Fv | Exa
U'=1 U'=1
= FEj.

This proves that Fy4; and F' commute. By Lemma 2] and since Fj1; < F
and Fj;q1 does not commute with Fjy1, it follows that there exists w €
Range Fj+1NRange F such that Fjq(w) € Range Fy1NRange F'. Without
loss of generality, we can assume that w is a unit vector. Given w, define
w; = Fj(w) for all j € {1,...,pp}. Since w € Range F, it follows that

wj =0forall j € {1,...,1}. At the same time, since ||w||?> = 1, we have that
2
PB B
L= Jwl> =] D wil| = > llwl?
j=l+1 j=l+1

and 1 > [Jw;11]|?> > 0.2 In particular, we have that 1 > |w;||> > 0 for
some j € {I+2,...,pg}. It follows that

pPB pPB
euw(B) =Y Billwil*= > Bjllwjl* < Bryr and  @u(A) = akyr.
i=1 =it

(28)

adQtherwise, if H’UJ;€+1”2 = 1, we would have that ||w;||2 =0forall j € {k+2,...,pa}. Moreover,
we would have that w;- =0 for all j € {1,...,pa}\{k + 1}. This would imply that

Range ;11 NRange E > w’ = w;H_l = Eyy1(w’) ¢ Range F;1 N Range E,

a contradiction.
a¢QOtherwise, if ||w;41]|?> = 1, we would have that ||w;||2 =0 for all j € {I+2,...,pp}. Moreover,
we would have that w; =0 for all j € {1,...,pp}\{l + 1}. This would imply that

Range Ej, 11 N Range F > w = wi41 = Fi41(w) & Range Ey41 N Range F,

a contradiction.
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Equations (27) and (28) yield that there exist w € Range Fx+1 and
w’ € Range Fj1 such that

0 < [pw(A) = ew (A]lpw(B) — puw (B)] <0,
a contradiction with A and B being DP comonotonic, proving the inductive

step.

The statement follows by induction. O

We are ready to prove that DP comonotonicity implies commutativity.

Theorem 5. Let A,B € B(H)s, be such that they both admit a finite spectral
form. If A and B are DP comonotonic, then they commute.

Proof. Asin the proof of Lemmalbl we can assume that both p4 and pp are strictly
greater than 1. Otherwise, either £y = I or F} = I and the statement trivially
follows. We next prove by induction that for each k € {1,...,pa} all the elements
of {E;}¥_, pairwise commute with all the elements of {F;}72,.

Initial Step. k = 1. It follows from Lemma, [6]

Inductive Step. Assume the statement is true for 1 < k < py. We next show it
holds for k+ 1. Let i € {1,...,k+ 1} and [ € {1,...,pp} and consider E; and Fj.
We have two cases:

(1) 4 < k. By inductive hypothesis, if i < k, then F; and F; commute.
(2) i=k+1. By Lemmall E; = Ex1; and F; commute.

Points 1 and 2 prove the inductive step.

The statement follows by induction. In particular, by setting k = p4, we have
that all the elements of {E;}2, and {F;}/Z, pairwise commute. This yields that
A and B commute. |

Proof of Theorem [2l. By Lemma (] and since A and B are comonotonic, A and
B are DP comonotonic. By Theorem Bl this implies that A and B commute. O

Before discussing the finite dimensional case, we need a useful fact about
comonotonic vectors.
Example 9. Let p > 1 and consider RP. Consider also the set
P
Ap_lz ’/‘ER{LZZTJ'ZI

j=1
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By [9, Proposition 4.5], one can prove that the following three conditions are
equivalent:

(1)  and y in R? are such that

p
j=

P P
(xjy;)r; — Zacjrj Zyjrj >0 VrelAp_q;
j=1

1 j=1

2) x and y in R? are such that
( Yy
(xi—xj)(yi—yj) 20 Vi,j c {17...7])}; (29)

(3) There exist a vector z € RP such that z; # z; whenever ¢ # j and two increasing
functions f,g:R — R such that

z; = f(z) and y; =g(z) Vie{l,...,p}

Theorem 6. Let H be finite dimensional and A, B € B(H)s,. The following state-
ments are equivalent:

(i) The operators A and B are comonotonic;
(i)
(iii) The operators A and B are DP comonotonic and commute;

) There exist C € B(H)sq and two increasing functions f,g:R — R such that

The operators A and B are DP comonotonic;

(iv
A= f(C) and B=g(C).

Proof. Before starting, recall that given C' € B(H)sq, the notation f(C) means
that
pbc

FO) =) f(1)H;

=1

where Z?ﬁl vjH; is the spectral form of C'. Consider now a matrix A = Z?:l o H;
where {H; }57:1 is a collection of non-zero pairwise orthogonal projections such that

"_, Hj = I.*" Observe that trivially

PlA) = D ap(Hy) Voes, (30)

where (¢p(H1),...,¢(Hp)) is a vector that belongs to A,_1, that is, ¢(H;) > 0 for
all j € {1,...,p} and X°0_, o(H;) = ¢(3-%_, Hj) = ¢(I) = 1. Finally, since H is
finite dimensional, we have that A and B both admit a finite spectral form.

(i) implies (ii). By Lemmal[ and since A and B are comonotonic and both admit

a finite spectral form, A and B are DP comonotonic.

afNote that this might not be the spectral form of A, since we did not require the elements of
{ej}¥_, to be distinct.
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(ii) implies (iii). By Theorem [l and since A and B both admit a finite spectral
form and are DP comonotonic, it follows that A and B commute too.

(iii) implies (iv). Since A and B commute (see, e.g., [16, p. 171]), there exist
C € B(H)4q and f,g:R — R such that A = f(C) and B = g(C). Assume that the
spectral form of C is C = Zfﬁl v;iH;. If pc = 1, the statement trivially follows,
since f and g can be taken to be constant. If po > 1, then define «, 3 € RP¢
as the vectors such that o; = f(v;) and B8 = g(v;) for all j € {1,...,pc}. Let
(pa {ag 02 {Ep}i2,) (respectively, (pp, {8,172, {Fr}%2,)) be the spectral form
of A (respectively, B). It follows that pa,pp < pc and for each i,j5 € {1,...,pc}
we have that H; < Ey and H; < Fyy forsome k € {1,...,pa}and k' € {1,...,pB}.
Let w and w’ be unit vectors such that w € Range H; C Range E, and w' €
Range H; C Range Fj. Since A and B are DP comonotonic, we have that

(i — O‘J)(ﬂz BJ) = [@w(A) - @w’(A)][QDw(B) - ‘pw’(B)] > 0.

By Example @ we can conclude that « and 8 are comonotonic vectors as in (29)),
therefore, there exist a vector ¥ € RP¢ and f, §:R — R increasing such that 4; # 4;
for all ¢ # j and o; = f(9;) and B; = §(7;) for all j € {1,...,pc}. Define

. pc
C=> 4H
j=1

It is immediate to see that A = f(C) and B = §(C), proving the implication.

(iv) implies (i). Consider C' and its spectral form Zp ¢, 7jH;. By assumption,
it follows that A = Z ¢, f(v)Hj and B = Z 1g('yJ)H Define a, 8 € RPC as
the vectors such that a; = f(v;) and §; = g(%) forall j € {1,...,pc} Let p € S.
Define by r € RP¢ the probability vector r; = ¢(H;) for all j € {1,...,pc}. By
(30), we can conclude that

pc pc
Zaﬁp Zajrj and  ( ):Z/Bﬂp(Hj):Z/Bjrj'
j=1 j=1

j=1
Since A and B commute, we have that Ao B = AB = "¢, (a;8;)H;. It follows
that
pC pC
p(AoB) = (a;B)p(H;) = (a;8))r;
j=1 j=1

By construction and Example[d], we have that @ and S are comonotonic as in (29).
This implies that

w(AoB)—w(AW(B):Z%ﬁJ Zam Zﬂm >0. (31)

Since ¢ was arbitrarily chosen, it follows that (1) holds for all ¢ € S, proving that
A and B are comonotonic. O
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Proof of Theorem 3] It follows from the equivalence of (i) and (iv) of Theorem
O

Proof of Corollary 0l (i) implies (ii). Since A and B commute, there exist C' €
B(H)sq and f,g:R — R such that A = f(C) and B = g(C). Assume that the
spectral form of C' is C = Z?ﬁl v;H;. Since we are only interested in the values
that f and g take on the finite set {~; ?21 C R, we can consider f and g being of
bounded variation and write them as difference of two increasing functions: namely,
f=/f1— f2and g = g1 — g2 where fi, f2, g1, g2 are increasing functions from R to
R. Define A1 = f1(C), Ay = f2(C), B1 = ¢1(C), and Bs = g2(C). Clearly, we have
that A = A; — As and B = By — Bs. By construction and Theorem B we have that
Ay, As, By, and By are pairwise comonotonic.

(ii) implies (i). By Theorem Bland since Ay, As, By, and Bs are pairwise comono-
tonic, we have that they pairwise commute. By (I3]), this implies that

AB = (Al — Ag)(Bl — Bg) =A1By — A1By — A3B1 + A3 Bo
= B1A; — BoAy — B1As + By A
= (B1 — B2)(41 — A2) = BA,

proving that A and B commute. O

Proof of Proposition[. (i) implies (ii). Clearly, dual comonotonicity implies DP
comonotonicity. By Theorem [6] DP comonotonicity implies that A and B commute.
Since A and B commute, there exist C € B(H)s, and f,g:R — R such that
A= f(C) and B = ¢(C). Assume that the spectral form of C is C = Z?ﬁl v Hj.
Define «, 5 € RP¢ to be the vectors such that a; = f(v;) and 5; = g(v;) for all j €
{1,...,pc}. Hence, A =375 a;Hj and B = 377, B;H;. For each j € {1,...,pc}
fix a unit vector w; € Range H;. Next, consider the space of affine functions over the
set Ap,—1, that is, Aff(A,._1). Define also for each r € A, _; the vector w, € H
by w, = >0, \/Tjw;. Since the elements of {H;}<, are pairwise orthogonal, we
have that the vectors in {w; }2<, are pairwise orthogonal. This implies that |lw,||? =
12202 rwsl|? = 2202 lly/mwsl|? = Y282, ry = 1, that is, w, is a unit vector.
Define A € Aff(A,._1) to be such that A(r) = e agry = 30 agrlwgl|? for
all 7 € Ap.—1. Note also that for each r € Ap_1

A(r) = agrjllwgl® =Y ajllymwsl? = (A(w,), wp) = ¢u, (A),  (32)
j=1

Jj=1

where ¢, is the pure state induced by the unit vector w,. Define also B e
Aff(A,._1) to be such that B(r) = ?;1 Bjry = 2202, Byrjllw;||? for all r €
Apo—1. It follows that (BZ) holds also for B by replacing A with B and «; with 3;.
Since A and B are dually comonotonic, this implies that for each r,r" € A, _1

[A(r) = A(B(r) = B()] = [pw, (4) = ¢u,, (A)]lpw, (B) = ¢u,, (B)] >0,
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proving that A and B are comonotonic. By [9, Proposition 4.5], it follows that
A = ¢(A+ B) and B = ¢(A + B) where ¢,9:R — R are increasing functions.
Since A, B, and A+ B are affine and ( is increasing, it follows that ¢ can be chosen
to be also affine,®® that is, p(t) = M + i where A > 0 and fi € R. This implies that
A=MXA+AB+ i, that is, (1 — \)A = AB + fi. We have three cases:

(1) XA > 1. In this case, we have that A = AB + ji where A\ = % and i = t£5.
Note that A < 0. This implies that

0 < [A(r) = A()[B(r) — B(")]
AB(r) + i = AB(r') = ][B(r) = B(r')]
[

This implies that B = k for some k € R. Consider 7 € A, _; such that r; = 1
and r; = 0 for ¢ # j. It follows that

>
o

(r)—=B()?<0 VYrr' e Ape 1.

ﬁj = B(T‘) =k.

Since j € {1,...,pc} was arbitrarily chosen, we can conclude that B = kI. If
we define A =0 and p = k, we have that B = A + ul.

(2) A = 1. In this case, we have that B = —fi. Consider 7 € A, _; such that r; = 1
and r; = 0 for i # j. It follows that

Bj = B(r) = —.

Since j € {1,...,pc} was arbitrarily chosen, we can conclude that B = AA+ul
where A =0 and py = —[i. )

(3) A < 1. In this case, we have that A = AB + u where X\ = % and p = L—
Since A > 0, note that A > 0. Consider r € Apo—1 such that r; =1 and r; = 0
for ¢ # j. It follows that

= A(r) = AB(r) + = A\3; + p.

Since j € {1,...,pc} was arbitrarily chosen, we can conclude that A = AB+ul.
(ii) implies (i). It is trivial. m|

A.2. Choquet integration

Proof of Proposition[2l Properties 1 and 2 follow from the definition of quantum
Choquet expectation and the properties of the spectral form.

28Indeed, given the assumptions, ¢ turns out to be affine on the range of A+ B.
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(3) Let A and B be comonotonic. By Theorem [3, A = f(C) and B = ¢(C)
where C € B(H)s, and f and g are increasing functions from R to R. Let C
have the following spectral form Y ?¢, ~; H;. Since f and g are increasing, we have
that

A+B= Z (7) + 9(3;)) H;

where f(v1) > -+ = f(9pe)9(m) = - > g(pe), and f(n1) +g(n) > -+ >
T (¥pe) + 9(vpe)- By (iii) of Remark 2] we conclude that

pc A 1—1
E,(A+B) =Y (fn) + () |v | D_H; | —v | D_H;
i=1 j=1 j=1
pc i i—1
:Zf(%) v ZHJ -V ZHJ
=1 j=1 Jj=1
pc i i—1
+ZQ(%) v ZHJ' -V ZHJ
=1 Jj=1 j=1

as desired.

(4) Assume that A and B commute with A > B > 0. It is well known that
A= f(C) and B = ¢g(C) where C € B(H)s, and f and g are two functions from
R to R. Let C have the following spectral form ) *<, ~;H,. Define o; = f(7;) and
B = g(;) for all j € {1,...,pc}. Consider A. Note that there exists a bijection
m:{l,...,pc} = {1,...,pc} such that i < j implies ay(;) > ag(j). Define &; =
Qn) and B; = Hyg for all i € {1,...,pc}. Let also ap.41 = 0. Clearly, we have
that A = Y7 o H; = Y0 anyHesy = D02, & E;. Define the following two
mathematical objects:

(a) Taz={je{l,....pc}:a; >t} for all t € [0, 00);
(b) v4:[0,00) = [0,1] to be such that va(t) = v(3 ¢, , Hj) for all t € [0, 00)
Wlth the convention that if 4, =0, then > .,  H; =0 and va(t) = 0.

On the one hand, by (ii) of Remark 2] we have that

pc

E,(A) = (d& — Git1)v ZE

i=1
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On the other hand, since A > 0 we have that for each ¢ € [0, 00),*"

0 t>ay
v ~
ZEj di2t>di+1 and iE{17...,pc}.

1 t=0

Note that v4 is a decreasing function which eventually vanishes. So, it is Riemann
integrable and

/OVA(t)dtZ/O VA(t)dtziz:;( i Gigy1)v ZE

We can conclude that
E,(A) = / va(t)dt. (33)
0

If we define I, for all ¢ € [0, 00) and vp similarly, then the same arguments yield
that

E,(B) = /0 syt (34)

Since A > B, we have that Ig; C I, for all ¢ > 0, proving that vg(t) < va(t)
for all £ > 0. By (B3) and (34), we conclude that E,(A4) > E,(B). Finally, assume
that A and B commute and A > B. It follows that there exists A > 0 such that
A > B >0 where A=A+ M and B = B + Al Clearly, A and B commute. By
the previous part of the proof and point 2, we have that

E,(A)+A=E,(A+ ) =E,(A) >E,(B) =E,(B+\) =E,(B) +
proving point 4.

(5) If we define B = 0, then clearly A and B commute. By point 4 and since
E,(B) =0, it follows that E, (A) > E,(B) = 0 (respectively, 0 = E,(B) > E,(A)).
O

Lemma 8. Let H be finite dimensional and ¢: B(H)sq — R. The following state-
ments are true:

(1) If ¢ is a Choquet state, then ¢ is a physical Choquet state.

ah Qbserve that if 6; = Qiy1, then there does not exist any ¢t > 0 such that &; >t > &;41. Hence,

the equality v4(t) = (Z] 1 E;) is vacuously true.
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(2) If ¢ is a physical Choquet state, then
P(AA) = Ap(A) VA>0, VA€ B(H)sq s.t. A>0 (35)
and
P(A+~I)=¢p(A)+y VA€ B(H)sa, YyeR (36)

(3) If ¢ is a Choquet state, then ¢ is Lipschitz continuous.

Proof. (1) It is trivial. (2) Clearly, 0 is comonotonic with itself. This implies that
#(0) = ¢(0 +0) = #(0) + ¢(0), proving that ¢(0) = 0. Consider A € B(H)yq.
By Lemma [I and since Cov, (A, A) > 0 for all ¢ € S, observe that kA is always
comonotonic with k’A, provided k, k" € [0,00). In light of this, we are going to
prove that a physical Choquet state is positively homogeneous when the argument
is a positive element. Indeed, if k¥ € N, we have that kA = (k — 1)A + A. Since
(k—1)A and A are comonotonic and ¢ is comonotonic additive, it follows that

d(EA) = o((k—1)A)+ ¢(A) VEkeN
By induction and since A was arbitrarily chosen, it follows that
d(kA) = kp(A) VA€ B(H)sa, VEkeN (37)

Next, consider B € B(H )y, and n € N. Define A = 1B. It follows that B = nA.
By (BT), we can conclude that ¢(B) = ¢(nA) = ng(A) = né(+B). Since B and n
were arbitrarily chosen, it follows that

é <%B) . %QS(B) VB e B(H)w, Vnel. (38)

Consider now C' € B(H)4, and ¢ € QN (0,00). It follows that ¢ = % for some
k,n € N. By combining (B7) and (B8), we have that ¢(qC) = ¢(£C) = ke(20) =
%d)(C) = q¢(C). Since C and ¢ were arbitrarily chosen, it follows that

#(qC) = qp(C) VO € B(H)sa, Yq€QnN(0,00). (39)
Next, consider A > 0 and C € B(H)s, such that C' > 0. We have two cases:

(1) XA =0. Since ¢(0) = 0, we have that ¢(AC) = ¢(0) =0 = A¢(C).
(2) A > 0. It follows that ¢C < AC < rC for all r,q € QN (0,00) such that
g < X <r.By [B9) and since ¢ is c-monotone, this implies that

19(C) = ¢(¢C) < ¢(AC) < ¢(rC) = ré(C).

By taking two sequences {gn }nen, {rn}tneny € QN (0, 00) such that g, < A < r,
for all n € N, g, — A, and r, — A, we can conclude that ¢(AC) = Ap(C).

Since C' and A were arbitrarily chosen, points 1 and 2 show that
d(AC) = Ap(C) VAe[0,00), VC€B(H)s, s.t.C>0, (40)
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proving (35). We next prove (36). By definition of comonotonicity, we have that A
and AI are comonotonic for all A € B(H)s, and for all A > 0. By ([@0) and since ¢
is comonotonic additive and normalized, this implies that

B(A + M) = d(A) + d(A) = p(A) + Ap(I) = p(A) + X VA€ B(H)sa, ¥A>0.
(41)

Given (I), we only need to prove that (@Il ) also holds for A < 0. Consider A < 0,
hence —A > 0 and A+ M\ € B(H)4,. By (I)), this implies that

P(A) = o((A+ M) + (=AD)) = ¢(A + AT) = A,
proving (34).

(3) Let ¢ be a Choquet state. By point 1, also the results in point 2 hold. We next
prove Lipschitz continuity. Let A, B € B(H )s,. Recall that for each C' € B(H)sq
we have that |C||I > C > —||C||I. This implies that A + ||B — A||I > B. By (36)
and since ¢ is monotone, this yields that

$(A) + 1B — Al = ¢(A+ B = A|ll) = ¢(B),

that is, ||B — Al > ¢(B) — ¢(A). Given the symmetric role of A and B, we can
conclude that |B—A| = ||A— B|| > ¢(A)—¢(B), that is, | B—A| > |¢(A) —&(B)],
proving Lipschitz continuity. O

Proof of Theorem Ml (i) implies (ii). Define v: P(H) — R by v(E) = ¢(E) for
all E € P(H). By point 2 of Lemma[8, we have that ¢(0) = 0. Since ¢(I) = 1, this
implies that v(0) = ¢(0) = 0 = ¢(I) — 1 = v(I) — 1. Note that if E,F € P(H)
and F > E, then F and F commute. Thus, v(F) = ¢(F) > ¢(E) = v(E). Since
¢ is c-monotone, this implies that v maps the elements of P(H) in [0,1] and is a
quantum capacity. By point 2 of Lemma [§] and since ¢ is a physical Choquet state,
observe also that

Gd(AI) = Ap(I) VAER.

Consider now A € B(H)s, with spectral form A = > «;E;. We show by induc-
tion on p4 that (IU]) holds.

Initial Step. pa = 1. In this case, we have that A = a1 Fy with E; = I. It follows
that

praA

#(A) = plar Er) = and(Er) = arv(Er) = Z( ;— Qg1 )V ZE

i=1

Inductive Step. We assume that (I3) holds for each A € B(H)s, such that p4 €
{1,...,k}. We next show that ([Q) holds for all A € B(H)s, such that ps €
{1,...,k+1}. Since pa < dim H for all A € B(H)sq, if dim H < k, then there is
nothing to prove. Otherwise, we have that k¥ < dim H — 1. Let A € B(H)s, with
spectral form Y ** «;E; such that py < k + 1. By the inductive hypothesis, if
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pa <k, then ([[9) holds. Otherwise, since p4 = k+1 > 1, we have that a; —ag > 0.
Consider two increasing functions f, g:R — R such that

f(ai):{ai 1:6{2,...,/4:4—1}
ay 1=1

and

o) = {o e {2 k1),

a1 — Q9 =1

Define B = f(A) and C = g(A). By Theorem Bl we have that B and C are
comonotonic as well as A = C' + B. We have two cases:

(1) £ = 1. In this case, we have that pa = 2 and B = ol as well as C =
(o1 —a2)E1 +0(I — Eq). By the initial step as well as point 2 of Lemma[8land
since ¢ is comonotonic additive, we have that

$(A) = ¢(C + B) = ¢(C) + ¢(B) = ¢((a1 — a2) Er) + ¢(azl)
= (1 — a2)¢(F1) + aed(Er + Ea) = E,(A).
(2) k> 1. In this case, we have that
k+1 k+1
—ongl—I—Zozz ; = ao(Eq + E2) Z%‘E
C = (a1 —a)E1 +0(I — Ey).
We can conclude that:

(a) The spectral form of B is > ©7, B;F; where pp =pa — 1 <k, ; = a;11 for all
1€ {1, . ,pB}, Fl = E1 + EQ, and Fl = Ei+1 for all i € {2, . ,pB}. Thus, by
inductive hypothesis, we have that

PB pa—1 i+1

¢(B) = Z( — Bit1)v ZF = Z Qip1 — Qip2)V ZE

i=1

aifor example, define f and g from R to R to be such that
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(b) The spectral form of C' is > ', v;H; where pc = 2, 71 = a1 — ag, 72 = 0,
Hy = F4, and Hy = I — E;. Thus, by inductive hypothesis, we have that

pc

$(C) =Y (v = vit1)v ZH (71 = 72)V(Er) = (a1 — az)v(EL).

=1

Since ¢ is comonotonic additive, this implies that

¢(A) = ¢(C + B) = ¢(C) + ¢(B)

pa—1 i+1
= (a1 —oa)v(Er) + Y (aip1 —aip2)v | Y Ej
i=1 j=1
Z(Oq—ozg E1 +Z '—OzH_l ZEj
j=1

— Z( - az+l ZE = l/ )
i=1

Case 1 and 2 prove the inductive step.
The implication follows by induction.
(ii) implies (i). It follows from Proposition [

As for uniqueness, by the previous part of the statement, if either (i) or (ii)
holds, then (I9) holds. If v; and vy are two quantum capacities that satisfy (9, it
follows that

vo(E) =K, (E) = ¢(E) =E,, (E) = (E) VE e P(H),

proving that 11 = 5 and that they both coincide with ¢ restricted to P(H). |
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