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1. Introduction

The purpose of this set of lectures is to set out from first principles the theory, calibration
and estimation of a dynamic stochastic general equilibrium model (DSGE). To this
end we will follow Ireland’s (2004, 2003 and 1999) treatment of Hansen’s (1985) real
business cycle (RBC) model incorporating an exogenous technology shock. Ireland’s
work illustrates a new method for estimating this class of model. His approach avoids
the problem of singularity associated with the maximum likelihood (ML) estimation
of DSGE models with one random shock. To circumvent this difficulty Ireland follows
Sargent (1989), Altug (1989), McGratten (1994), Hall (1996) and McGratten, et al.
(1997) and first adds scalar AR(1) errors to the observation equations of the state-space
representation of the RBC model. However in contrast to these authors, Ireland allows
for cross equation correlation between these errors. This is achieved via a vector AR(1)
structure for the errors. Hence this hybrid representation allows the estimation not only
of the underlying structural parameters dictated by the theory but also of movements
and co-movements in the errors which the theory and scalar A R processes cannot explain.

Our discussion of model specification will first cover a description of the economic
environment in which the representative agent makes consumption, labour supply and
production decisions as well as the predetermined processes describing technological
progress and the evolution of the capital stock. Second we will examine the optimization
undertaken by the representative consumer/producer to determine its equilibrium con-
sumption and investment allocations. This will require discussion of (i) the equilibrium
conditions of the model; (ii) the transformations required to render the system station-
ary; (iii) the steady-state; and (iv) the log-linearized representation of the equilibrium
conditions. This analysis allows us to succinctly describe the behavior of the model’s
stationary magnitudes as they fluctuate about their steady-state values in response to
technology shocks.

Solution of the system of log-linearized dynamic and static equilibrium conditions
is required to undertake the ML estimation of the model as set out in Ireland. This is
achieved by applying the method developed by Blanchard and Kahn (1980) and yields a
state-space representation where expectations for all the model’s forward looking equa-
tions have been ”solved out”. Accordingly the model’s state and control variables depend
on the underlying structural parameters, the predetermined state variables and exoge-
nous shocks. To facilitate a deeper understanding of the model’s structure and solution

we will calibrate it using parameters from Ireland (1999) prior to estimating the model



from 1948Q1 to 2002Q2.

The estimation exercise will make use of Ireland’s MATLAB code and data to repli-
cate the results in his (2004) JEDC paper. Estimation of the state space representation
will be carried out using the Kalman filter to maximize the unconstrained and con-
strained likelihood functions of the RBC model. In addition, the estimated model will
be empirically evaluated by examining (i) impulse responses; (ii) variance decomposi-
tions; (iii) stability tests; and (iv) measures of forecast accuracy.

Detailed appendices have been added to review the basic tools required to under-
stand and manipulate the economic and econometric models. These include: (i) alter-
native methods of log-linearizing non-linear models; (ii) alternative methods of solving
first-order linear difference equations; (iii) a method to solve systems of linear differ-
ence equations; (v) applying the Kalman filter to maximize the (unconstrained and
constrained) likelihood function of a state-space model; (vi) a short description of the
MATLAB code by Peter Ireland which can be used to estimate, solve, and evaluate his
hybrid version of Hansen’s RBC model.

2. Economic Environment

2.1. Consumption and labour supply

A representative consumer’s expected lifetime utility is given by
E Z BIn(Cy) — vH, (2.1)
t=0

where C; is consumption, H; is hours worked and 0 < # < 1 and v > 0 are the
subjective rate of time preference and the parameter governing the linearity of utility
in hours respectively. The latter is motivated in Hansen (1985) and Rogerson (1988) by
assuming that the economy is populated by many individual consumers each of whom
either work full time or remain unemployed. In other words, considerations pertaining

to part-time and over-time working are ignored.

2.2. Production

The representative consumer /producer produces output according to the following con-
stant returns to scale Cobb-Douglas production function which incorporates both Hick’s

neutral and labour augmenting technological progress

Y = AKY (' Hy)' ™" (2.2)
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where Y; is output, A; is the term representing neutral technological progress, K; is
the capital stock, n > 1 is the gross rate of labor-augmenting technological progress and
0 < 6 < 1 is the elasticity of output with respect to capital.
2.3. Technological progress
Technology shocks are assumed to follow an exponential first-order autoregressive process,
A, = A0=PAP e (2.3)
In(A;) = (1—p)In(A)+ pln(Ai—1) + &

where A > 0 is a constant, —1 < p < 1 is the first-order autoregressive parameter,
and ¢, is the stochastic error term ¢, ~ N(0,0?), cov(e;, g;) = 0,7 # j.
2.4. Aggregate resource constraint

In each period t = 0, 1,2, ... the representative consumer/producer consumes and invests

its output according the following aggregate consistency condition

where I; is investment.

2.5. Law of motion for capital accumulation

According to (2.1) current consumption yields instantaneous utility whereas current

investment provides future utility via its affect on capital accumulation, e.g.
Kt+1 — (1 - 6)Kt + [t (25)

and hence future output and consumption via (2.2) and 2.4), where 0 < ¢ < 1 is the

depreciation rate of capital.

2.6. Variables and parameters

The model set out above has six endogenous variables (two predetermined state vari-
ables, i.e. K; and A; plus four non-predetermined control variables, i.e. Y;, Cy, I}, Hy),
one exogenous variable, i.e. £, and eight parameters. All the parameters except p and o
are known as deep or structural parameter since they have a precise economic interpre-

tation. The parameters p and o2 in contrast are specific to the predetermined exogenous
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statistical process assumed to drive technology. We will see below (Section 3.4) that p

and o2 have no impact on the model’s steady-state.

Variables
Y, output
C; consumption
I investment
H, hour worked
K, capital stock
Ay Hick’s neutral technological progress
€t innovation to technology
Parameters
0<pg<1 subjective rate of time preference
v>0 parameter governing linearity of utility in hours
n>1 gross rate of labour augmenting technological progress
0<d<1 elasticity of Y; with respect to the K;
A>0 constant term in the process describing A,
0<o<1 depreciation rate of K,
—1<p<l1 1st-order autoregressive parameter in the A; process
% >0 error variance in the A; process

3. Characterization of Equilibrium Allocations

3.1. Optimization

In this setup, the representative consumer chooses {Y;, C, I;, Hy, Kyy1}3°, to maximize
utility subject to the production function (2.2), the law of motion for capital (2.5) and
the aggregate resource constraint (2.4), for all ¢ = 0, 1, 2, ....  We can simplify this
problem by substituting constraints (2.2) and (2.4) into (2.5) to obtain

Kt+1 = (1 — 5)Kt + Atho(T]th)lig — Ct. (31)

Given these substitutions the household can now choose {Cy, Hy, Ki11}5°, to max-
imize utility (2.1) subject to the consolidated constraint (3.1). Accordingly the La-

grangian can be written as follows,

A=EY {B'W(C) —vH] + N1 — 6K, + A K] (nH)'"™ — C, — Ky}

t=0



To appreciate the nature of the optimization in which the representative consumer
chooses the optimal time paths for {C}, H;, Ki41}52, we can unpack the infinite sums

in above Lagrangian so that time periods ¢ and t 4+ 1 appear explicitly, e.g.
t—1
A = EY {FMW(C)) = vHj] + FN[(1 = 8)K; + A K (7 Hy)' ™0 = C; — K]}

5=0

+EBIn(Cy) — vH] + EB'N[(1 — 8) K, + A K (" Hy) 0 — Cy — K1)

+EBH In(Coy) — vHya] + BT A [(1 — 6) Kot + A K7 (0T Hyy)'°

~Ci1 — Kio] + i {F(Cy) = vHy) + BN [(1 = ) K + A; K (1 Hy)' ™

j=t+2
—Cj = K}

The first-order conditions are derived by setting the partial derivatives of A with

respect to Cy, Hy, K;.1 to zero, i.e.

Ao, = ﬁ—t — BN =0 (3.2)
t Ot
1— tH 1-6
A, = =B+ BN [Ath( 9)2 ) } =0 (3.3)
t
Ak = —B'N + EB N [(1 —6)+ At+19Kt0;11 (77t+1Ht+1)170} =0. (3.4)

Equation (3.2) implies A\; = C% Substituting \; into (3.3) gives

(1 - 9)(77th)1‘9]
H,

1
0=—3"+ ﬁta [Ath

and then making use of (2.2): Y; = A,K?(n'H;)'~? in the previous expression yields

(L-0)[%
Cy | Hy

VO H, = (1-6)Y, (3.5)

0 = —v+

Equation (3.4) and the production function in ¢ + 1 imply

At = BEA i1 {(1 — 6 +6 (3.6)

From (3.2) we know \; = C% which implies Ay 1 = ﬁ Substituting for \; and A;q
in (3.6) gives
1/Cy = BEA(1/Cr11)[0 (Vi1 /Kiya) +1 = 6]} (3.7)

Therefore our two first-order conditions are given by (3.5) and (3.7).
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3.2. Equilibrium conditions

The equilibrium behavior in the model is determined by the production function (2.2),
the process describing the evolution of technology (2.3), the aggregate consistency con-
dition (2.4), the capital accumulation relation (2.5) and the two first-order conditions,

(3.5) and (3.7), i.e.
Yy = A K] (n Hy) ' ° (2.2)
In(A:) = (1 —p)In(A) + pln(Ai—1) + & (2.3")
Y, =Ci+ I, (2.4°)
Kiyn=(1-0)K:+ I (2.5”)
vCiHy = (1 - 0)Y; (3.5%)

and

1/Cy = BEL(1/Ce1) [0 (Yerr /K1) +1 = 6]} (3.7)
for all t = 0,1.2,... Since this model is nonlinear and hence does not have a closed-
form solution, an approximate one can be obtained by (i) calculating the stationary
representation of the model; (ii) defining the steady-state as one where the stationary
variables in the model are constant; (iii) log-linearizing the stationary equilibrium con-

ditions around the steady-state and (iv) applying the methods developed by Blanchard

and Kahn (op cit.) to solve the log-linearized system of stochastic difference equations.

3.3. Transformed (stationary system)

The equilibrium conditions in Section 3.2 can be transformed so that the system is

re-expressed in term of six stationary variables, e.g.
ye = ack{hy' ™’ (2.27)
In(a;) = (1 — p)In(A) + pln(a,_1) + & (2.37)
Y = ¢+ Uy (2.47)
ki = (1= 0)k + iy (2.57)
vethe = (1= 0)y, (3.57)

and

n/ce = BEA(1/ci11)[0 (Yr1/kerr) + 1 — 0]} (3.77)
where y, = Y,/nt, ¢, = Cy/nt, iy = L/, ky = Ky/nt, hy = Hy, ay = A; and

_ o Kip1n  Kiepa
nktJrl _nnt+1 =T



3.4. Steady-state

In the absence of technology shocks, i.e. ¢, = 0 for allt = 0, 1, 2..., the economy converges
to a steady-state in which each of the six stationary variables is constant, i.e. y; = v,
¢ =c iy =1, hy =h, k, =k, and a; = a.

To solve for a, we can first take the exponential of equation (2.3”): In(a;) = (1 —
p)In(A) + pln(a;—1) + & at the steady-state

en@)  —  ,(1=p)In(A)+pIn(a)
a = A7Pq?

al™? = AP (3.8)
a = A

Assuming that the steady-state value for y is known we can use (3.77): n/¢; =
BEA(1/ct:1)[0 (Yrs1/kes1) + 1 — 6]} to solve for steady-state k,

we = 8[2%+1a-9)

n/B = b 1 s (3.9)

Equation (2.5”): nkiyq = (1 —06)k:+1; and (3.9) can be used to solve for steady-state

nk = (1—=080k+i
6 0

| = ———y—(1-96) | ———— 3.10
l n(Wﬁ—1+5>y ( )(Wﬁ—1+5)y (310
. <9(77 -1+ 5))
i = |—————= )y
n/B—1+6
Equation (2.4”): y+ = ¢ +4; and (3.10) can be used to solve for steady-state c,
y = c+1 (3.11)
O(n—1+ 5)} }
= l1—-|— .
i { ln/ﬁ SE
Equation (3.5”): ycihy = (1 —0)y;: and (3.11) can be used to solve for steady-state h,
yeh = (1—=0)y (3.12)
(1—9){ [mn—1+5w}1
h = [—)1—|————= :
g n/B—1+6
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Finally we can substitute (3.9) and (3.12) into (2.2”): y = ak’h'~? which gives
[t (5903 ] ow
nB-1+5)" ol n/B—1+6 ‘
R G =

n/p—1+6 gl n/B—1+6

- arte) (5 ()

The above system of equations shows how the steady-state value of our six variables

<
|

Y, ¢, 1, h, k and a depend on the structural or ”deep” parameters (3, v, 6, n, 6, and A.
As pointed out in Section 2.6 the parameters governing the statistical process driving

technology shocks p and 02 have no effect on the steady-state.

3.5. Linearized system

The non-linear stationary equilibrium conditions in Section 3.3 can next be log-linearized
to describe the behavior of the stationary variables as the fluctuate about their constant
steady-state values in response to random shocks to technology. A review of alternative
methods of taking log-linear approximations is provided in the Appendices (see Review
1). Here we will first take natural logs of all the equations in Section 3.3 and then
evaluate the total differential of the resulting equations at the steady-state values defined

in Section 3.4.

Y = akih'™?
In(y:) = In(a)+60In(k)+ (1 —6)In(h)
1 1 0 1-06
;dyt = Edat —+ Edkt -+ ( A >dht (2.2”7)
Do = G+ 0k +(1—0)h
a; = APl et
In(a;) = (1—p)In(A)+ pln(ai—1) + &
1 1
—da; = p—da;_1 + dey (2.37)
a a
a; = pa;_1+ &, where

dey ~ In(e/e®) =g —ec=2¢



Yt
In (?Jt)

Yy
YU

(n/B—1+0)y;

Nk

Cr + 1
In (Ct + Zt)

1 .
m (dCt + d2t>
1

(dct dlt )
- | —c+ —1
c+1 C 1

C_. i/,\
—C¢ + —

C/C\t + Z’lt

On—14+06)\ ~ On—14+06)\ ~
(1_ n/ﬁ—1+5>yq+<n/ﬁ—1+5>yzt

[(n/B—=1+6)—0(n—1+6)|c+0(n—1+6)i,

(1 —0)ks +

In(n) + (k1) = In[(1— 06k + iy

1
—dktﬂ =

~ ~ ’Z/ ~
ktJr]_ = (1 — (S)kt + 77_/{3%

ki = (1—6)k; +

m (1 - 6)dk, + di]

1 dk; diy .

ko = —[(1—6)—k+—,z]

nk
k

k 7

~

nk

0(n—1+46)
(77/5—1+6 ) Y

0 Zt
<n/571+5> Yy

nkin = (1—8k+m—1+6)i

vethy = (1—9)yt

In(vy) + In(e;) + In(hy)

1 1
E dCt + %dht

at‘i‘?lt

In[(1 = 60)] + In(y.)
1dyt
Y

~

Yt

(2.47)

(2.57)

(3.5")
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Sw

Sw

>
o~

@>

BEA(1/ce11)[0 (yes1/ker1) +1 = 6]}
In 3 +In E{(1/ce1) 0 (Y41 /i) + 1 — 6]}

1 Oy 1 01 y
(%)[% 1 (5] E, { l? +1- 6] l—gdct+11 + z l%dyt+1 - Edkt+1] }
by
2+1-90 1
k
lﬁ{@ﬂ%+1—ﬂ[_§“”4}+

0 1 1 Y
E{ - ~dyyy — = dk
t{c(% )[%+1_6] {k: Yt+1 12 t+1]}

0 1 0 Y
—Ei(c +E{ ————d — B ———=dk
+(Cre1) t{[gy+1_6]k yt—l—l} t{[9y+1_6] 12 t+1}

&

C 9 1 299
—Ei(Ci1) + By T 175 Edyt_H — (3.777)
05— +1— 0]
-1
Ly ﬂ_1+59 %dkﬂ-l , where from (3.9) M = %
05— +1— 0]

R 01 0
—Ey(Cy1) + By {Egdyt-&-l} — E; {Z%dkt—&-l}
B B

. 1
~1E(ep1) + B, {e—dym} — B {05 dku |

3 2 2
R d k dk
—%Excm) + B, {e% y;“} ~ E, {01—2 ;“}
_%Et<ét+l) + Q%Etgt+1 - Q%Etif\tﬂ
_%Et(ét—l—l) + (% -1+ 5) Eigi1 — <% -1+ 5) I%H—l

Given that the derivation for (3.7”’) was rather long-winded, let’s try the other

method set out the Appendices (see Review 1: Taylor approximation). Again consider

the stationary first order condition (3.7”)

n/ce = BEA(1/cer)[0(Wer1/Kera) +1 = 0]}

10



This equation can be expressed equivalently as
n/(ce®) = BE, {(1/C€Et+1) [9 (yeg”l/kegt“) +1-— (5} }

gefa = pBE; { (%ea“) [6’ (%e@*l*%”l) +1- 6} } .

Taking the first order Taylor series expansion of the last expression gives

C

1(1-3) = BE, {%(1 ) [0 (L0 4 Gir —Fen)) +1 -] }

From 3.9 we know that y/k = (/8 — 1+ 6)/6, therefore the previous equation can

be rewritten as

1-3) = BELQ —)n/B+ 0/B —1+8)(Ger1 — kern)]}

n
%u —a) = Et{%u — 1) + (1= )[(0/B = 1+ 6)Tisr — )]}

15 = Et{—%aﬂ + (1= )[/B = 14 6)Gess — kerr)]}

- Et{—gaﬂ + (/B = 14 8)@esr — krer) — G [(0/B — 1+ 6) i — kugr)]}

= B~ D+ /8 = 14 8)s — Fu)

_%/C\t = _%Et/c\ﬂrl + (% -1+ 5) By — (% -1+ 5) ko

The second to last line in the above result follows since all the cross product terms
resulting from multiplying out the expression —¢;1[(n/8—146)(Gy1 — 7<:\t+1)] are equal
to zero when applying a first-order Taylor series approximation. In other words, we have

imposed the certainty equivalence property on the model.

4. Blanchard-Kahn Procedure

4.1. Blanchard-Kahn setup

Equations (2.27-2.5"’, 3.5”" and 3.7”") now form a system of linear stochastic difference
equations which we next need to solve. Let’s start by defining a vector s? which contains

the predetermined and non-predetermined variables of a structural model



where s is an (n x 1) vector of predetermined and f is an (m x 1) vector of non-
predetermined variables at time t.
Next suppose that s9 depends linearly on s¥ | and a vector of exogenous variables,

z. We can then describe the structural model in ¢ 4+ 1 assuming rational expectations as

S¢4+1 - K S
fii1 f,

where K and L are (n+m) X (n+m) and (n+m) x k coefficient matrices respectively

follows

Et + th

and z is a (k x 1) vector of exogenous variables. In this context, Blanchard and Kahn
point out that the distinction between predetermined and non-predetermined variables
is critical. A predetermined variable s;,; is a function only of variables known at time
t, i.e. of variables in €, (the information set at t), so that s,.; = Fi(s;11 | ;) whatever
the realization of the variables in €;,1. A non-predetermined variable f;,; can be a
function of any variable in €1, so that f;,; = E;(f;11 | €;) only if the realizations of all
variables in €2, are equal to their expectations conditional on €2;. In other words this
distinction defines rational expectations and excludes the possibility that agents know
the values of endogenous variables but not the values of the exogenous variables.

To solve the structural model, Blanchard and Kahn first transform the system into
Jordan canonical form (see Appendices, Review 3). In other words, they diagonalize
the K matrix such that K = M~'INM, where the diagonal elements of N, which are
the roots of K are ordered by increasing absolute value and the columns of M1 are
the eigenvectors of K. More detail on how these matrices are further decomposed is
provided below and in Appendix Review 3. Given this setup Blanchard and Kahn prove
the following three propositions.

PROPOSITION 1: If the number of eigenvalues of K outside the unit circle is equal
to the number of non-predetermined variables, then there is a unique solution to the
system!.

PROPOSITION 2: If the number of eigenvalues of K outside the unit circle is
greater than the number of non-predetermined variables, then there is no solution to the
system?.

PROPOSITION 3: If the number of eigenvalues of K outside the unit circle is less

1You will also find this case referred to as ”determinate” or "stable” in the literature.

2You will also find this case referred to as ”unstable” in the literature.
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than the number of non-predetermined variables, then there is an infinity of solutions®.

4.2. Linearized RBC model in matrix form

To help reduce notational clutter let
k=n/B—-1+06

and
A=n—1456.

We can start to write the Hansen’s model in the form employed by Blanchard and
Kahn by first defining a vector s to contain the model’s dynamic® predetermined and

non-predetermined endogenous variables, e.g.
- /
Sg - |: kt /C\t ] .
Second, let the vector f? contain the model’s static non-predetermined variables, e.g.
0 ~ > 2 7
f, = [ U i Ty } .
Given the above definitions for x and A, the linearized equilibrium conditions for

the dynamic predetermined and non-predetermined variables, i.e. (2.5”7) and (3.7"7)

respectively
T]I{PH_l = (1 — 5)]{7,5 + (7] -1+ 5)Zt

_%ét = _%Et(étJrl) + (% -1+ 5) By — (% -1+ 5) ki

can be rewritten as
nkt—l—l = (]_ - 6)]€t + )\Zt

~

~ n N .
kkip1 + BEt(Ct—&—l) — kB = — G

g

or (given the definitions of f) of s?) in matrix form as

DE;s) , + FEf,, = Gs) + Hf} (4.1)

3You will also find this case referred to as ”indeterminate” in the literature.

* Dynamic in this context means that the variable is determined by a difference equation involving
leads and/or lags whereas static indicates that a variable is determined by other variables with the same

time subscript.

13



where

b [Fa n/ﬁ]’

F— 0 00 7
- 0 0
1-46

G = 0 ,
0 n/8

and

H— 0O XN O .

0 00

Likewise given the definitions for < and A, the linearized equilibrium conditions for

the static non-predetermined variables, i.e. (2.277), (2.4”’) and (3.5”") respectively

Jo =Gy + Ok + (1 — O)hy

~

(/B =146y =1[n/B-146) =0 —1+08)]c+06(n—1+0)i
Cy +/ﬁt = U
can be rewritten respectively as
Ui+ (0 — Dhy = 0k, + G
K — ONip = [k — ON &
Y —he =1c

or (given the definitions of f{ of s?) in matrix form as

Af) = Bs! + Cay, (4.2)
where
0 6-1
A=|k -0\ 0 ,
1 0 —1
0 0
B=|0 -6\ |,
0 1

14



and
1

C=10
0

Finally, the linearized equilibrium condition for the exogenous process describing

technological progress, i.e. (2.3"7)
a; = pay—1 + &

can be solved forward® by: first rearranging (2.3”’) for @;_; and leading the resulting

equation by one period and taking expectations of both sides, e.g.

~ 1
ay = ;Etat—l—l + Eigpya.

Next we can lead the above equation by another period

- 1 -
A1 = ;Et+lat+2 + Eii1€i42;

and then substitute this back into the previous equation for a;,1, e.g.

R 1 1 ~
ay = ;Et (;Et+1at+2 + Et+15t+2> + Eieita

1)° .
= (;) EtEt+1CLt+2 + EtEt+1€t+2 + EtgtJFl

1\ .
= (E) Eayo + Ey(err2 + €141), where By Eyy = E;

1\°
= (E) Byt 12, since Ey(er2 + €441) = 0.

Repeated substitution of this last expression by j periods gives

1\’
ay = <—) Etat_t,_j-
1%

Finally, rearranging for Eja;,; yields

Etat+j — p72it (43)

®See the Appendicies Review 2 for further details on solving linear difference equations.
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4.3. Transforming the linearized RBC model to the Blanchard-Kahn form

Now that we have written the linearized system in matrix form, we can next express
equations (4.1)-(4.3), i.e.

DE;s) | + FEf, = Gs] + Hf}
Af) = Bs! + Cay,

Etat+j = P7 ay

in the same form as the structural model described in the Blanchard-Kahn setup
described above.

We start by pre-multiplying both sides of (4.2) by A~*
f) = A"'Bs! + A"'Ca;,. (4.4)
Substituting (4.4) into (4.1) yields

DE;s) +FE,(A'Bs) ,+A'Cay,) = Gs)+H(A 'Bs!+A'Cay)
(D +FA'B)E;s? ,+FA'CEd;;; = (G+HA'B)s)+HA 'Ca, (4.5)
(D+FA'B)Es?, +FA'Cpa; = (G +HA 'B)s]+HA 'Cq
(D+FA'B)Eis),;, = (G+HA'B)s}+(HA'C—-FA 'Cp)a,.

Equation (4.5) can be expressed more succinctly as

Eis)., = Ks; + La, (4.6)
or R R

k k

E, At—l—l —K At +La,

Ct+1 Cy

where
K= (D+FA'B)"Y(G+HA'B)

and

L=(D+FA'B)'(HA'C-FA'Cp).
Note that (4.6) is now in exactly the same form as structural model described in the
Blanchard-Kahn setup above.

As shown in Appendix Review 3, the coefficient matrix K can be transformed into
Jordan canonical form

K = M 'NM (4.7)
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where

N — Ny 0
0 N,
and
My M
M — 11 2|
My, Moy

The K matrix is a (n + m) x (n + m) matrix, where n refers to the number of
dynamic predetermined and m to the number of dynamic non-predetermined variables.
In this model n = 1, i.e. 7{:\,5 and m = 1, i.e. ¢. The diagonal matrix IN contains the
eigenvalues of K, where N; and N, are the roots or eigenvalues of K. We will show
below both analytically and numerically that N is inside and N, outside the unit circle,
hence satisfying the condition for a unique solution set out in Blanchard and Kahn (op
cit.)®.

The columns of M~! are the eigenvectors of K; M, is n X n, My is n x m, Mo, is

m X n, and Msy is m x m. In addition, let

L
L:[1
Ly

?

where Lis a (n+m) X k, Ly is n x k and Ly is m X k where k refers to the number of
exogenous variables. In this model k£ =1 (i.e. & - the innovation to the process driving

technology).

4.4. Solving the transformed model
Pre-multiplying (4.6): E;s?,, = Ks{ + La; by M gives
ME;s?,, = MKs?+ MLa,

= MM 'NMs! + MLa;, where M'NM = K
= NMs] + MLa,

In contrast to the model analysed here where n = m = 1, Woodford (2003) discusses a number
of models containing two non-predetermined or jump variables and no predetermined variables. These
models are typicially comprised of a New Keynesian Phillips Curve and an Euler equation. Alternative
ways of assessing the conditions for stability in this more general setup are contained in his Appendix
C (see p 670).
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RGN R HIERI
My Ma Cit1 0 N My My Ct My Ma L,
or
Eisiy = Nisy, + Qiay (4.8)
and
B8y, 1 = Nasy, + Qo (4.9)
where
sty = Mtk + Mot (4.10)
Q1= My Ly + My Lo, (4.10")
sy = Mok, + Moy, (4.11)
and
Q2 = Mx Ly + Msy Lo (4.117)

Since the eigenvalue Ny lies outside the unit circle, (4.9) can be solved forward. For

example, we first rearrange (4.9) for s,
S%t = (1/N2)Et5%t+1 — (Q2/Ny)ay.
Leading s3, by one-period gives
S%tJrl = (1/N2)Et+15%t+2 - (QQ/N2)at+1
Substituting s3,,, into s}, gives

s3 = (1/No)E[(1/Na)Er1831,5 — (Qa/Na)ara] — (Qz2/Na)ay
= E[(1/N3)E15515 — (Q2/N3)ar] — (Qz/Na)a
= (1/N3)EiEij185,5 — (Q2/N3) By — (Q2/Na)ay
= (1/N3)E;8y;,5 — (Q2/No) [(1/N2) Egar1 — ay) , where EyEy 1 = E;.

Leading s}, by one-period gives

85110 = (1/N2)Eyiaa,s — (Q2/No)aio.

18



Again, substituting s3,,, into s}, yields

sy = (LNJ)E[(L/N2)Eprasy, 5 — (Q2/No)lrsa] — (Q2/No) [(1/No) Eyir — @]
= (1/N9)Eysy5 — Er(Qa/N3)ar2 — (Q2/Na) [(1/N2) Egr iy — ]
= (1/N3)E;sy, 5 — (Q2/N2) [(1/N3)Eytiso + (1/Np) Bty — Gy -
As shown in the Appendices (see Review 2), we can next substitute out sj,, 5 and

carry on successive forward substitutions to derive after (oo — 1) iterations the following

general formulation

1\~ >
S;t - <F2> Ets%t-&-oo (Q2/N) Z 1/N) Etat+g
7=0

Given that Ny > 1, implying that (N%) =0, and Eia;.; = p’a; we can easily solve
for the equilibrium value of s}, as

oo

Sét = —(Q2/N2) Z 1/N2)jEtat+j

Jj=0

(p/N2)'d

Mg

= (Q2/N2)

j=0

(2L,
1—p/N;

- (Fw)
p— Nz "

Substituting this result into (4.11): s3, = M217€\t + Masc; gives

M21/]5t + Mooy = ( @ )at
p— Na

and rearranging for gives ¢;

—(May /Moy )by + (1/ M) (p ?2]\[2) a

or, more succinctly

Ct — Sljf\t + Sgat (412)

where

S1 = —(Ms/Msy)

Sy = (1/Ma) (p ?2]\[2) .
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We can next substitute (4.12): ¢, = Sl%t + Sqay into (4.10): si, = Mll/k?t + Mis¢; to

solve for s,

s1 = Mk, + M12(Sl/];7t + Syay) (4.13)
= (M + M1251)7€\t + (M;252)ay.

Substituting (4.13) into (4.8): Eysy,,; = Nisj, + Qia; gives

Ey | (M + M12SI)7{7\t+1 + (M1252>at+1:|

(M + M12SI)EH—1 + (M1252) pay
(M + M1251)7f\t+1

Ny [(Mn + M12S1)7{7\t + (M12S2)at:| + Qqa;
Ni(My; + MIQSI)Et + (Q1 + N1 M;252)a,
Ny (M + M12SI)/I{\7t + (Q1 + N1 M15Sy — M12Sap)ay

or, more succinctly

/]{\:t+1 - S37€\t —|— S4at (414)
where
53 - Nl
and

Q1+ N1 M12Ss — Mi2Ssp)
(M1 + My2Sh) '

We can next return to (4.4) and undertake several manipulations to render a more

5, =

parsimonious representation. First recall (4.4), i.e.

f! = A'Bs!+A'Ca,
e

~

Cy

= A'B + A~ Ca;.

Substituting (4.12): ¢, = Sl/k\:t + Spay for ¢, into (4.4) gives

K
0 = A'B| | +A'Ca,
i Slk’t + Sgat
- A'B 1 h+iacraB| | la
Sl 52
or, more simply
£0 = Sgk, + Sed (4.15)

where

1

S5 - AilB
S
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and

S¢ = <A‘1C +A'B

)

We are now in a position to write the model’s solution for all four non-predetermined
variables (7, i, T, ¢;) and two predetermined variables (7{:\,;, a;) using equations (2.3”):
G = pag 1 + e (412): & = Stk + Sody; (4.14): k1 = Ssky + Sady; and (4.15):
f) = Sek; + Sea;, e.g.

St+1 = HSt + W€t+1

Eia _ Sz S4 F + 0 Etr1 (4.16)
Gy 0 p ay 1
and
ft - Ust

Yi

it _ [55(3901)] [S6 3] ke , (4.17)
ht Sl 52 at

Gt

5. Calibration and Solution

Given the simplicity of the model set-up, to further illustrate its structure and solution
we will next calibrate it using the parameters provided in Ireland 1999 (see Table 1, pg.
16).

5.1. Parameter values (model without vector AR(1) errors)

The values for the subjective rate of time preference, 5 (= 0.99) and the depreciation
rate, 6 (= 0.025) are those suggested by Hansen (1985). Ireland (1999) reports that ”the
estimate of v = 0.0045 matches steady-state hours worked in the model with average
hours worked in the data; the estimate of A = 6.0952 does the same for detrended
output. The estimate of # implies that capital’s share in production is just slightly less
that 25 percent. The estimate of n = 1.0039 makes the annualized, steady-state growth
rate of real, per-capital output in the model equal to 1.57 percent. Finally the estimate
of o = 0.0050 is of the same order of magnitude used throughout the literature, while

the estimate of p = 0.9983 implies that technology shocks are extremely persistent”.
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Parameters (Ireland 1999)

0<p<1l =099 subjective rate of time preference

v >0 =0.0045  parameter governing linearity of utility in hours

n>1 =1.0039  gross rate of labour augmenting technological progress
0<fh<1 =0.2342 elasticity of Y; with respect to the K; or capital’s share
A>0 =6.0952  constant term in the process describing A,

0<o<1 =0.025 depreciation rate of K;

—1<p<1l =0.9983 1st-order autoregressive parameter in the A; process

o2 >0 =0.00025 error variance in the A; process

5.2. Analytic and numeric calculations
5.2.1. Steady-state

Given the algebraic relationships derived in Section 3.4 and the parameter values above

we now can calculate the numeric steady-state levels for each variable in the system

a = A
= 6.0952

© = ()
N n/B—1+46 4
= 22629

le(n—1+5)] y

n/B—1+6
= 654
e
— 206

= 3772
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5.2.2. Deviations of the stationary variables from their steady-states

We will see in the next Section that given equations (4.16-4.17) we only require data
for Y;, Cy, I;, and H; to estimate the model. Moreover since the resource constraint
Y, = C; + I; holds by construction in the data, I; becomes redundant. Given the results
in Sections 3.3 and 3.5 we can transform the levels data to deviations from their steady-

states as follows

v = In(Y;) —In(n)trend — In(y)
= In(Y;) — In(1.0039)trend — In(3772)

a = In(Cy) — In(n)trend — In(c)
= In(C}) — In(1.0039)trend — In(3118)
h: = In(H,) — In(h)
= In(H;) — In(206)

where Y, is real per capital output defined as C; + I;, C; is real (chained 1992%)
per capita personal consumption expenditure, I, is real (chained 1992%) per capita gross
private domestic investment, H; is hours of wage and salary workers on private, nonfarm
payrolls and the population series is the civilian, noninstitutional population, age 16 and

over. The normalized plots of the data required to undertake estimation are:

Normalised Output and its Components

-3 T T T T T T
25 50 75 100 125 150

In(Y_1) ———-In(y)
,,,,,, In(eta)*trend —-—- yhat_t
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Normalised Consumption and its Components

T T T T
25 50 75 100 125 150

In(C_t) ———-1In(c)
ffffff In(eta)*trend —-—- chat_t

Normalised Hours and its Components

T T T T
25 50 75 100 125 150

[—InH_y - In(h) ——— hhat_t|

The above graphs were generated using data from 1960.1 to 1997.3 (i.e. the pe-
riod employed in the Ireland 1999). Prior to plotting, each series was normalized
by subtracting its mean and dividing by its standard deviation so that all series for
each variable could be viewed simultaneously on the same graph. All data except
the population data is seasonally adjusted at an annual rate. The consumption, in-
vestment and hours data are from the Reserve Bank of St. Louis, FRED database
(http://www.research.stlouisfed.org/fred) and the population data is from the Bureau
of Labor Statistics, Establishment Survey (ftp://ftp.bls.gov/pub/special.requests/opt/
tableb10.txt).
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5.3. Intermediate and final matrix calculations

Using the matrices A, B, C, D, F, G and H defined in (4.1-4.17), let’s first calculate
the various pieces that make up the matrix K, i.e. K =(D + FA™'B)"(G + HA'B),

see equation 4.6:

) o2\

;g 0 50-1)
AT = s
s 0 =3
[ 4.2699 0 —3.2699
= | 24.6288 —147.7458 —18.8607
| 4.2699 0 —4.2699
10 -1 6 0
ATB = | & 4 24U 0 K—6\
L7 0 =3 0 1
1 lo-1)
_ K o2A—k
- o o2\
BRI
1 —3.2699
= | 5.7681 —23.6288
1 —4.2699
1
pa'B = | 0 Y 0] R

-k 0 0

S

[ o 0
e 50

[ o 0
| —0.0390 0.1277
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HA'B =

D+ FA'B =

G+HA'B =

1667
0 0

1-645 ZA=
0 n

1.1417

—0.6829 ]

~1.0039 0 ]

B
—0.6829
0 1.0140
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hence

(D +FA'B) (G + HA™'B)

Substituting for x and A

where

Note that expressing K

reported below. The intermediate calculations that make up the matrix L, i.e. L =

(D+FA'B)"'(HA'C -

A~'C

1 K
| (R
L e 0 5
B I<,+9(1—6) 0'2)\—/4,
no no?
0 U | A ]
i e
1.1373 —0.6802
0 0.8882 |

(defined at the start of Section 4.2), K can be rewritten as

Ky
0

Ko
K22

S

n—p1—-0)(1-19)

Bnb
1.1373

Bnb® —n+ B(1 —6%)(1 - 6)
Anb?

—0.6802

no
n—pB(1—0)(1-4¢)
0.8882.

K22

in this manner will be useful in subsequent calculations

FA'Cp), see equation 4.6, include

5 0 5(3—)1) 1
_ K 1 rk(6—1
= | &% "3 oo 0
1 1
L 5 0 ~ 0
!
7]
= | =
1
L 0
[ 4.2699
= | 24.6288
| 4.2699
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HA'C =

(e

DI w|z =
>

Fa-lcp = | ! 0”%]@

accordingly

L = (D+FA'B)'(HA!C-FA'Cp)

- 3
L 0 nf—pLr(0—1) 0 Tp

[ ]

o Brp
L n0—Br(6—1)

B 0.7090

] 01458 |

Substituting for x, as above, L can be rewritten as
L
L=| "
Ly

n—pB(1—06)

Bno?
—  0.7090

where
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and

[, — _P—B0—0)
n—pB(1—0)(1-90)
= 0.1458.
The eigenvalues of K are
)\7' = Kll
- B1-6)(1-9)
Bno
= 1.1373
and
)\s - K22
_ no
n—p(1—-0)(1-90)
= 0.8882.

As mentioned above, this model has one unstable and one stable root. It can be easily
verified, using the theoretical restriction on the parameters, instead of the numeric values
assumed above that K;; > 1 and 0 < K9 < 1. For example using the parameter range
defined in Section 2.6

n—B8(1-6)1-46)—8nd

Bu—1 = Ano
_ n1-p0)-p0-06)1-9)
Bnb
_ (1=p0)n-1-6)+(1—-p0)1—-06)—B(1—0)(1—9)
pno
_ (=B —1-6)+[(01—-p60)— 601 —-0)](1—-9)
pno
(1-p80)(n—1-0)+(1—pB)(1—9¢)
— B > 0.

In other words K7, > 1. Moreover it immediately follows that

no
n—p(1—0)(1-46)

>0

K22 =
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and
no
n—pB(1—0)(1-90)
nd —n+pB(1-06)(1-9)
n—pB1—-0)1-9¢)
n@—1)+ 41 —-0)1-9)
n—p(1—-0)(1-4¢)
_ su-eu-s—wp) _,

n—p1—0)(1-19)

In other words, 0 < Ks < 1. Using the tools discussed in Appendix Review 3 we

Kgg-l =

can next find the eigenvectors corresponding to these eigenvalues, e.g.

and
s [ 1
Voo (K22 —Ku1)
L K2
| 1
— (n—ﬁ(lﬁz)(lié) 777_[3(1,6—7]09)(1_5))
B892 —n+B(1-62)(1-6)
_ Bno2
_ 1
~ | 03662 |
Recall that in (4.7) we transformed K into its Jordan canonical form, i.e.
where
N
N = 1 0
0 Ny
and
My M
M = 11 12|
M21 M22

Since the diagonal elements of N are the eigenvalues of K with N; inside and N,

outside the unit circle and the columns of M~! are the eigenvectors of K, we have

Ny = Ky
= (.8882
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Ny = Kn
= 1.1373
M11:O

Kip
(Koo — K1)
= 2.7306

My =

My =1
and
Ko
(Ko — K1)
= —2.7306
where, M = IV ! and V:[ vt v
From (4.10’) and (4.11’) we can find the Q’s, i.e.

My = —

Q1 = MLy + MLy
KioLo

(K2 — Ki1)

= 0.3981

and
Q2 = MLy + MyL,
KoL

(KZQ - Kll)
= 0.3109.

- L, —

Finally, we can find the S’s defined in equations (4.12-4.15):

S1 = —(Ma /M)
(Ko — K11)

K1z

= 0.3662

o = o)

KoL
_ 1 (Ll - 7(1(2212;(211))
_ K
_(K22—1§<11) (IO - Kll)

(K22 - Kll)Ll - K12L2

K12(K11 - /))
= 0.8193
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and

S3 = N1 =K
= 0.882

(Q1 4+ N1 M55 — M12S2p)
(M1 + M;2Sh)

__KioLo + (K Ko (Ko2—Ki1)L1—KiaLa | Kio (K22—K11)L1—Ki2Lo
(K22—Ki11) 22 (K22—Ki1) Ki2(K11—p) (K22—K11) Ki2(K11—p)

( Kio (Kzz—K11)>

(K22—Ki11) Kia
KoL n (Koo — p)[(Ka2 — K11) L1 — Kq2Lo
(K22 - Kll) (K22 - Ku)(Kll - P)
0.1517

[ 1 (0-1) [1
U
1— (%) S

= | S+ |HEES| 09
i 1-(3) S
[ —0.1973

= | —2.8840
| —0.5635
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SG = Ailc—f—A_lB

g 1 506-1) [ 0 ]
— x| 4| B P
o2\ )\ o2\ S
1 1 _1 2
L 6 0
5~ (15°) S
o /B—1+6
= | S+ |:Un2(1771+6):| (1-25)
I 5 (3) S
[ 1.5908
= 5.2689 | .
| 0.7714

5.4. Model solution

In the steady-state, i.e. when ¢, = 0 for all t = 0,1, 2, ...the equilibrium conditions in
Section 3.3, i.e. (2.27)-(2.5”), (3.5”) and (3.7”) can be rewritten as follows:

0=y —ak?h*~*

O=a—a
O=y—c—1
O=Mn—1+8)k—1
0=r~ch—(1-0)y

and
0=n—pB[0(y/k)+1-10].

Also recall from Section 3.4 that we solved the equilibrium conditions in Section 3.3
for k, i, ¢, h assuming that y was in hand and then solved for y, i.e. (3.9)-(3.13)

’“Z(ﬁ)y

= [T
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== b
-(5) el

o) () - )

If the algebraic calculations undertaken in Sections 3.3 and 3.4 are correct then substi-
tuting the numeric values for k, 7, ¢, h and y that we just calculated will satisfy the
equalities (2.2”)-(2.5”), (3.5”) and (3.7”). This was checked in MATLAB (see Section 7
below) and indeed each of the equilibrium conditions is equal to zero.

Moreover we can also check that the equilibrium conditions hold in the linearized
system in Section 3.5, i.e. (2.277)-(2.5”"), (3.5”’) and (3.7"")

0=75 —a — Ok, + (1 — 0)h,
0 =a; — pa;_,
0=(n/B—1+6)(H—2)+0n—1+56) (a—@)
0=nke1 — (1= 8k —(n—1+06)i

0:/\15"‘/]7\/15_@\25
0= %(ét—étﬂ) + (% - 1+5> <?9t+1 —l;’t+1)-

To undertake this check we can make use of the model’s solution, i.e. (4.16) and (4.17)
Sit1 = s, + Wey
ft = USt.

For example starting from the steady-state in time period ¢ let’s temporarily shock
g, by 0. Given that we are starting in the steady-state, s;_; = 0 therefore s, = We; and
f, = Us;. So in time period ¢, E =s;(1,1), ay = s4(2,1) and g, = £;,(1,1), i = f,(2,1),
Et =1,(3,1), ¢ = £;(4,1). In period ¢ + 1 after the shock, s;y1 = Ils; and f;; = Us; ;.
Accordingly /k\tJrl = 8i11(1, 1), @1 = 841(2,1) and gy = £114(1,1), /i\t+1 = fi11(2,1),
/f;tﬂ =1£..1(3,1), ¢t41 = £,11(4,1); and so on for t + 2,....t + T. To check our algebra
leading to equations (4.16) and (4.17) and the numeric calculations we have undertaken
above we can substitute the elements of the s and f vectors for periods ¢ and ¢ + 1 into
(2.277)2.37,2.47°, 2577 3.5"" and 3.7”’) to confirm that the equilibrium condition is
satisfied. This was carried out in MATLAB (see Section 7 below) and indeed each of

the linearized equilibrium conditions listed above is equal to zero.
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To further illustrate the effects of the temporary shock to e;, given our solution in
(4.16) and (4.17) and the parameter values on page 22, we can assign numeric values to

the system matricies in (4.16) and (4.17), e.g.

Sir1 = s+ Weppy

% 0.882 0.157 % 0
= o+ Ert1 (4.16')
Qt41 0 0.9983 a 1
and
ft = USt
Ui ~0.1973  1.5908
G || —2.8%40 52680 | | K (4.17)
h| ~0.5635  0.7714 a | ‘
o 0.3662  0.8193

Accordingly in time period t, k= s¢(1,1) and a; = s4(2, 1), i.e.

k = 0.157a,
at = 0.

and g, = £,(1,1), % = £(2,1), hy = £,(3,1), and &, = £,(4,1), i.e.

7 = —0.1973k, + 1.5908a;
9, = —2.8840k, + 5.2689a,
h, = —0.5635k, + 0.7714a,

o = 0.3662k, + 0.8193a,.
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In period ¢t + 1 after the shock,
si1 = 1s;

fir1 = Usi

Accordingly, %t+1 =s41(1, 1), and @y g = s141(2, 1), iee.

ki = 0.882k; + 0.157a,
a,\t+1 - 09983615

and g1 = fi41(1,1), /i\tJrl =£.1(2,1), ﬁtﬂ =f,11(3,1), and ¢y1 = f111(4, 1), ie.

U1 = —0.1973k, 1 + 1.5908G;.,
G = —2.8840k; 1 + 5.2689;. 1
hisi = —0.5635ke 1 + 0.7714G.

Ga1 = 0.3662k.1 + 0.81930;,

and soon for t +2,....t +T.
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6. Estimation

6.1. State space form (without VAR(1) errors)

As discussed in Section 5.1 we will only require data, {d;}’_, for output, consumption
and hours to estimate the model since by construction, investment is the residual between
output and consumption whilst the capital stock and technological progress will be
treated as unobservables. According we can start by defining our measured data vector
forallt=0,1,2,... as ,
d; = [ Ye G Bt } :
To distinguish the theoretical model from the empirical model we can rewrite equa-
tions (4.16) and (4.17) respectively

St+1 = HSt + W€t+1

ft = USt
as
St11 = ASt + B€t+1 (6].)
dt = CSt (62)

where A =1II, B =W, C is comprised of the first, fourth and third rows of U respec-

tively” and Ee},; = Vi = 0. For example

Sir1 = Asy+Bey

/kit—i—l _ Sz Sy /kit L 0 -
g1 0 p ay 1
and
dt = CSt
U 55(1,1) 5'6(1,1) ~
Et - Sl SQ [ At ] .
~ a
hy S5(3,1) Sg(3,1) ‘
"Recall that in (4.17): f, = [ Ut W ﬁt C ]/. Since we are no longer require i and d; =

9
[ Yt ¢ hy | the appropriate rows of U from (4.17) to use for C in (6.2) are the first, fourth and
third.
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6.2. State space form (with VAR(1) errors)

As discussed in the introduction, to capture the movements and comovements in the
data which the theory cannot explain Ireland develops a hybrid representation of the
above model by adding serially correlated errors to the observation or control vector
given by (6.2), e.g.

dt = CSt + vy (63)

and
Vi1 = D’Ut + £t+1 (64)
where, v, is a 3zl vector of serially correlated residuals, F§, +15;: 41 = V3 and

E(e111€,1) = O(1z3)- In contrast to Sargent (op cit.) and the other authors mentioned in
the introduction, Ireland does not assume that D and V, are diagonal, hence allowing
for cross variable residual correlation.

Since we have introduced another unobservable variable, v; we next need to rewrite
(6.1), (6.3) and (6.4) so that they conform to the state space form. First let’s define the
augmented state or unobservable vector as

S
Xy = .
Uy

Let’s also define an error vector as

Bei s
MNiy1 =
R
Given the definitions for x, and 0, ;, equations (6.1), (6.3) and (6.4) can be rewritten
as
X1 = Fxp + 14 (6.5)
dt = GXt (66)
where
A O
Fe (203)
0(3922) D

G- [ C L ]

N1 N(0,Q), cov(nyy,mey) =0, 1#]
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and

o L 6
| BE (et+18441) B BE (£141€141)
| E(&gi) B E(40600)
[ BB 0(5,s)
| O@e2) V2

Q = E ("7t+177:t+1) =E <

6.3. Kalman filter

The following application of the Kalman filter to the hybrid Hansen model is a special
case of the more general treatment provided in the Appendices (see, Review 4). All
the proofs of the main results summarized here are contained in Review 4. To reconcile
this presentation/notation with that provided in Ireland we will cross reference the
corresponding vector and matrix names used in the Appendices.

6.3.1. State space system

The state space system in Review 4, is given by (13.1.1) and (13.1.2) respectively
a; = Ty 1 + ¢, + Rym,

yt = Zioy + di + &,
Ireland’s system (6.5) and (6.6) can be written equivalently as
x; = Fx;1 +ny

dt = G’Xt

where the correspondence between Ireland’s notation and that used in the Appendices
iss ay =x; Ty=F;, ¢, =0; Ry =I;m, =n,; y. =dy; Z, = G; g, = 0 and (6.5) was
lagged by one period.

6.3.2. Prediction equations

e Conditional state mean, X 1

gt‘tfl = Fﬁt—l (68)
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where, it\t—1 = F;_1(x;) and the correspondence between Ireland’s notation and that

in ReVieW 4 is: it‘t—l = at|t_1.
e Conditional covariance matrix, ¥, ;

2t|t—l = FEtle/ + Q (69)

where ¥y, = Ei [(xt — §t|t,1) (xt — §t|t,1)/] and the correspondence between
Ireland’s notation and that in Review 4 is: 3,1 = Py, and Q = Q.

6.3.3. Updating equations

The updating equations using Ireland’s notation are given by

dye—1 = GXypa 1-step ahead estimate of d; (6.10)
Q; =GXy 1 G estimated cov matrixz of w, (6.11)
u; =d; — dyyq observation vector estimation error (6.12)
X, = X1 + Kpuy; updating of the state vector (6.13)
K, = Et‘t,lG’Q;l Kalman gain (6.14)
I = Yy—1 — KiGXy_1  updating of state-cov matrix (6.15)

where the correspondence between Ireland’s notation and that in Review 4 is: €,= Fy;
Uy = Uy, and Kt = Kt-
6.4. Maximum likelihood estimation
As shown in the Appendices, the innovations {ut}thl are used to form the likelihood
. T
function for {d;},_; as

T
InL = —3—ln 27) — —Zln\ﬂt\ - —Z ut InQ2; 'y (6.16)

where the error covariance matrix ; = GX,;_;G’. In the Appendix notation the
equivalent expression is given in subsection 13.3.4, i.e. F; = ZtPt‘t_IZ;—l—Ht. In Ireland’s
setup H; = 0.
6.5. Using MATLAB to maximize the likelihood function

To appreciate how the Kalman Filter is used to maximize the above likelihood function,

we will next discuss Ireland’s MATLAB programs, est.m and llfn.m which are briefly
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described in the Appendices and fully listed in a separate document. The purpose of
est.m is to maximize (minimize the negative) the log likelihood function for the hybrid
Hansen model. When maximizing the log likelihood function, some of the parameters are
transformed so that they satisfy theoretical restrictions. The log likelihood function given
by equation (6.16) (with transformed parameters) is contained in Ireland’s MATLAB
function 1lfn.m. The line numbers referred to below correspond with those in the full
listing of Ireland’s source code. You will need to load the code into the MATLAB editor

to cross reference the line numbers.

6.5.1. est.m

%load data and choose sample period
global yt ct ht
load ych.dat;

Comments: The first command declares that the data yt, ¢t and ht will be defined
globally. This allows separate functions which are not part of the base workspace to
access these variables. The next command reads ych.dat into MATLAB.

% full sample

yt = ych(:,1);
ct = ych(:,2);
ht = ych(:,3);

Comments: Lines 34-36 define each vector of data with the associated column in
the data file ych.dat.

% set starting values for full sample
bettr = sqrt(0.99/(1-0.99));

gamtr = 0.0045;

thettr = sqrt(0.20/(1-0.20));

etatr = 0.0051;

delttr = sqrt(0.025/(1-0.025));

atr = 6;

rhotr = 0.9975;

sigtr = 0.0055;
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dyytr = 1.4187;
dyctr = 0.2251;
dyhtr = -0.4441;
dcytr = 0.0935;
dectr = 1.0236;
dchtr = -0.0908;
dhytr = 0.7775;
dhctr = 0.3706;
dhhtr = 0.2398;
vyytr = 0.0072;
veytr = 0.0040;
veetr = 0.0057;
vhytr = 0.0015;
vhetr = 0.0010;
vhhtr = 0.0000;

Comments: In lines 64-88 starting values are chosen for each of the parameters
of the model. The first 8 parameters are defined in Section 2.6. The next 15 pa-
rameters are the elements of the D and Vg matrices, defined in Section (6.2) e.g.

dyy dyc dyn Uyy Ucy Uny
D=|dy de dn | & V2= | vy Ve wvn |.Notethat V, is symmetric hence
dhy dpe dpp Uhy Uhe Unh

we only need to estimate 6 elements. Further note that the transformations used for

bettr, thettr and delttr ensure the untransformed parameters are bounded between 0 and

unity. For example, (3, = \/% implies that § = 5 f?ﬂ% i.,e. 0 < 8 < 1. Undertaking the
above transformation of § allows the numerical optimisation procedure to search for any
value of (3, between -oo and 400 but restricts the estimate of 3 to be within the bounds
suggested by theory.

Finally, a reasonable place to start for the starting values of D and V is to: (i) run
the model where D and V, are diagonal; (ii) use the estimated residuals from this model
and run an Unrestricted VAR(1); (iii) take the Cholesky decomposition of the variance
covariance matrix of errors from the UVAR(1). The parameters estimates from step (ii)
can be used as the starting values for the elements of D and the elements of the matrix
resulting from the Cholesky decomposition in step (iii) as the starting values for V.
The Cholesky decompostion will help to perform the same function for the variances

(which must be positive) as the parameter restriction transformations performed above.
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For example, the Cholesky decompostion of the starting values from the UVAR variance
covariance matrix are equal to vV’ , Where V is a lower triangular matrix and vV
is a symmetric positive semidefinite matrix. This transformation allows the numerical
optimisation procedure to search for any values (i.e. positive or negative) for the \Ys
matrix since V'V’ will ensure that the main diagonal of V,, is positive. We will return

to this issue when discussing the llfn.m function below.

% maximize likelihood

bigtheto = [gamtr thettr etatr atr rhotr sigtr dyytr dyctr dyhtr deytr dectr dchtr
dhytr dhctr dhhtr vyytr veytr vectr vhytr vhetr vhhtr]’;

options(1) = 1;

options(14) = 10000;

thetstar = fminu(’llfn’,bigtheto,options);

Comments: Lines 204-215 contain the above block of code. The vector bigtheto
contains the 21 parameters to be estimated (i.e. all 23 parameters listed above less bettr
and delttr which Ireland fixes prior to estimation, see pg. 1121, of his 2004 paper).
FMINU finds the minimum of a function of several variables. In MATLAB 6.5 and 7
this has now been replaced with FMINUNC. OPTIONS(1) controls how much display
output is given. A value of 1 is for a tabular display of results. OPTIONS(14) controls
the maximum number of function evaluations. The default is 100*number of variables.
To estimate the 21 parameters in thetstar the MATLAB function FMINUNC requires
three inputs: (’llfn’,bigtheto,options). As mentioned above llfn.m is Ireland’s MATLAB

function which we will discuss next.

6.5.2. llfn.m

The purpose of llfn.m is to use the Kalman filter to evaluate the negative log likelihood
function for the hybrid Hansen model.

function llfn = llfn(bigthet);

% define variables and parameters

global yt ct ht

bigt = length(yt);

bigthet = real(bigthet);

bettr = sqrt(0.99/(1-0.99));

gamtr = bigthet(1);
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thettr = bigthet(2);

etatr = bigthet(3);

delttr = sqrt(0.025/(1-0.025));
atr = bigthet(4);

rhotr = bigthet(5);

sigtr = bigthet(6);

dyytr = bigthet(7);

dyctr = bigthet(8);

dyhtr = bigthet(9);

dcytr = bigthet(10);
dcctr = bigthet(11);
dchtr = bigthet(12);
dhytr = bigthet(13);
dhctr = bigthet(14);
dhhtr = bigthet(15

vyytr = bigthet(16);
veytr = bigthet(17);
veetr = bigthet(18);
vhytr = bigthet(19);
vhetr = bigthet(20);
vhhtr = bigthet(21);

Y

Y

Comments: The above block of code (i.e. lines 26-56) first defines the function lifn
which requires bigthet as an input. The command length returns the length of the vector
yt. The command real constrains the elements of the (21x1) bigthet vector to be real.
Therefore if the estimation produces both real and imaginary numbers, the latter are
ignored. Note that bettr and delttr are not included in the (21z1) vector to be estimated

since they are constrained to take the values 0.99 and 0.025 respectively.

% untransform parameters
beta = bettr~2/(1+bettr"2);
gamma = abs(gamtr);

theta = thettr~2/(14thettr~2);
eta = 1 + abs(etatr);

delta = delttr~2/(1+delttr~2);
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a = abs(atr);
rho = rhotr;

sig = abs(sigtr);

Comments: In the above block of code (i.e. lines 60-67), the values of the parame-
ters defined in Section 2.6 are constrained to conform with the ranges dictated by the
theory, e.g. 0 < 3(=099) < 1;v>0;0<60<1;7>1,0<6=0.025) <1; a>0;
o > 0. Only p is freely estimated.

% compute steady-state values

kappa = eta/beta - 1 + delta;

lambda = eta - 1 + delta;

hss = ((1-theta)/gamma)/(1-theta*lambda/kappa);

yss = (a”(1/(1-theta)))*((theta/kappa)~ (theta/(1-theta)))*hss;
kss = (theta/kappa)*yss;

iss = (theta*lambda/kappa)*yss;

€SS = ySS - iSs;

Comments: The above block of code refers to lines 71-83. x and A are defined in
the text at the start of Section 4.2. The steady-state expressions for h, y, k, ¢ and c are

derived in Section 3.4.

% compute K coefficients

bigkll = (eta-beta*(1-theta)*(1-delta))/(beta*eta*theta);

bigk12 = (beta*eta*theta”2-eta+beta*(1-theta”2)*(1-delta))/(beta*eta*theta”2);
bigk22 = eta*theta/(eta-beta™(1-theta)*(1-delta));

% compute L coefficients
bigll = (eta-beta®(1-delta))/(beta*eta*theta”2);
bigl2 = rho*(eta-beta*(1-delta))/(eta-beta™(1-theta)*(1-delta));

% form S matrices

bigsl = (bigk22-bigk11)/bigk12;

bigs2 = ((bigk22-bigk11)*bigll-bigk12*bigl2)/(bigk12*(bigk11-rho));

bigs3 = bigk22;

bigs4 = bigk12*bigl2/(bigk22-bigk11) + (bigk22-rho)*((bigk22-bigk11)*bigl1-bigk12*
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bigl2)/((bigk22-bigk11)*(bigk11-rho));

bigsh = [1 - ((1-theta)/theta)*bigsl; bigsl + (kappa/(theta”2*lambda))*(theta-
bigsl); 1 -(1/theta)*bigsl];

bigs6 = [1/theta - ((1-theta)/theta)*bigs2; bigs2 + (kappa/(theta”~2*lambda))*(1-
bigs2);1/theta - (1/theta)*bigs2 |;

Comments: The above block of code refers to lines 87-118. Ky, K12, K22, L1, Lo

and S are defined in terms of the underlying structural parameters in Section 5.3.

% form matrices PI, W, and U
bigpi = [bigs3 bigs4; 0 rhol;

bigw = [0 ; 1];

bigu = [bigsb bigs6 ; bigs1 bigs2];

Comments: II, W, and U are defined beneath equations (4.16 and 4.17) in Section
4.4. This code is appears in lines 122-126.

% form matrices AX, BX, CX, DX, V1X, and V2X
bigax = bigpi;

bighx = bigw;

bigex = [ bigu(1,:) ; bigu(4,:) ; bigu(3,:) [;

bigdx = [ dyytr dyctr dyhtr ; ...

dcytr dectr dchtr ; ...

dhytr dhctr dhhtr |;

dxeig = eig(bigdx);

dxviol = 0;

if max(abs(dxeig)) > 1
dxviol = 1;

end

bigvlx = sig”2;
bigv2x1 = [ vyytr 0 0 ; veytr veetr 0 ; vhytr vhetr vhhtr |;
bigv2x = bigv2x1*bigv2x1’;

Comments: The above block of code refers to lines 130-154. The matrices A, B, C,
are defined in Section 6.1 beneath equations (6.1-6.2) and V; and D & V are defined in
Section 6.2 beneath equations (6.1) and (6.3-6.4) respectively. The program allows for a
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possible constraint violation which if true can be used help the numerical optimization
procedure to maximize the likelihood function. For example, if the absolute value of the
largest eigenvalue of D is greater than unity (i.e. max(dxeig)> 1, where dxeig=eig(bigdz))
then a constraint violation is tagged (i.e. daviol=1). We will return to discuss of how
dxviol is used below.

Moreover note that in lines 148-154 the scalar V; is constrained to be positive, e.g.
bigulxr = sig”2 as are the diagonal elements of Vs, e.g. bigv2x = bigv2x1*bigv2xl’. As
discussed in relation to lines 64-88, in est.m bigv2x should be a symmetric matrix with
non-negative values on the diagonal. Finally note that bigv2x1*bigv2x1’ corresponds to
V'V’ discussed in lines 64-88.

% form matrices FX, GX, and QX

bigfx = [ bigax zeros(2,3) ; zeros(3,2) bigdx |;

biggx = [ bigex eye(3) |;

biggx = [ bigbx*bigvlx*bighx’ zeros(2,3) ; zeros(3,2) bigv2x |;

Comments: The F, G and Q matrices are defined in Section 6.2 beneath equations
(6.5-6.6). This code is in lines 158-162.

% put data in deviation form

trend = 1:bigt;

ythat = log(yt) - log(eta)*trend’ - log(yss);
cthat = log(ct) - log(eta)*trend’ - log(css);
hthat = log(ht) - log(hss);

dthat = [ ythat cthat hthat |[;

Comments: The above calculations are in lines 166-174. We calculated and plotted
these in Section 5.2.2.

% evaluate negative log likelihood

xt = zeros(5,1);

bigsigl = inv(eye(25)-kron(bigfx,bigfx))*biggx(:);
bigsigt = reshape(bigsigl,5,5);

llifn = (3*bigt/2)*log(2*pi);

for t = 1:bigt
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ut = dthat(t,:)’ - biggx™xt;

omegt = biggx*bigsigt*biggx’;

omeginvt = inv(omegt);

llfn = llfn + (1/2)*(log(det(omegt))+ut’*omeginvt*ut);

bigkt = bigfx*bigsigt*biggx’*omeginvt;

xt = bigfx*xt + bigkt*ut;

bigsigt = bigqx + bigfx*bigsigt *bigfx’- bigfx*bigsigt*biggx’*omeginvt*biggx*bigsigt*bigfx’;

end

Comments: The above code is in lines 178-201. Outside the for loop: (i) the
state vector zt is initialized as (5xl) matrix of zeros; (ii) the state covariance matrix
bigsig1 is initialized bigsigl = inv(eye(25)-kron(bigfx,bigfr))*bigqx(:) (see Ireland 2004,
pg. 1224)%; (iii) bigsigt uses the MATLAB command reshape to reform bigsig! to a (5x5)
matrix; (iv) llfn is the constant part of likelihood function given by equation (6.16), prior
to the first summation. The for loop runs from 1 to T and the program first calculates
u;, ©; and ;' defined in (6.16). The three recursions after the likelihood function
include the state updating (recursion 2) and modified versions of the Kalman gain and
the covariance matrix updating equations (recursions 1 and 3) derived in Review 4 (see
13.4.5 and 13.4.6; see also 6.14 and 6.15 for Ireland’s variable names)

K, = FEt‘t,lG'Qt_l (recursion 1)

X: = X1+ Koy (recursion 2)

= Fﬁtfl + Ktut
Serp = F (S — B GG ) F 4+ Q
= FYy . F —F%,; 1 G'Q,'GX, . F + Q. (recursion 3)

The second recursion is simply the state updating equation (6.13). To obtain the
remaining two expressions first recall the prediction equations for the conditional state

mean and covariance matrix given equations (6.8) and (6.9) respectively
2t\t—l =Fx;

2t|t—1 =F3, ,F' +Q

8For alternative approaches to initialising the Kalman Filter see pg. 88 in Harvey (1991).
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and the corresponding updating equations given by (6.13) and (6.15) respectively
X = Xy—1 + Koug

=3 — KiGXyg.
Substituting the Kalman gain (6.14): K; = 2t|t,1G’Qt_1 into (6.13) and (6.15)

respectively gives
ﬁt = it\t—l + Et‘t_lG/leut (6137)

Zt — Et‘t—l - 2t|t—1G/Q;1GZt‘t—l' (6157)

Leading the prediction equations (6.8) and (6.9) by one period gives
ﬁt.}rl‘t == Fﬁt (687)

Zt“‘t = FEtF, + Q (697)

Next we can substitute (6.13’) and (6.15’) into (6.8’) and (6.9’) for X; and X, respec-
tively to obtain the one step ahead state updating equation which contains the modified
Kalman gain K, (i.c. recursion 1)

gt-‘rl‘t = F (ﬁt‘t—l + Et‘t_lG,Qt_lut) (68”)
= Fﬁt\t—l + FEt‘t_lG'leut
N ———

K:

and the one-step ahead covariance matriz updating equation (i.e. recursion 3).

ilt+1|t = F (Et|t71 — Et\th,Qt_lGEﬂtq) F'+Q (6.97)
— F2t|t—1F, - th‘t_lG,Q;IGZHt_lF/ + Q

Expression (6.9’) is also known as a Riccati equation, see Harvey (1990, pg. 106).

% penalize constraint violations

if dxviol
lifn = llfn + 1e8;
end

if abs(imag(llfn)) > 0
llfn = real(llfn) + 1e8;

end
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if abs(rhotr) > 1
lifn = 1llfn + 1e8;
end

Comments: In lines 207-223 above a large number (i.e. 1e8) is added to the like-
lihood function if: (i) dzviol=1; (ii) the absolute value of the imaginary part of the
likelihood function is greater than zero (i.e. abs(imag(lifn)) > 0); (iii) the absolute
value of rhot is greater than unity (i.e. abs(rhotr) > 1). Violation of any one of these
constraints would imply that the search algorithm is looking in the wrong direction for a
solution to the optimization problem. Adding a large number (since we are minimizing
the negative likelihood function) forces the algorithm to reoptimize by moving it away

from its current path to a minimum.

6.6. Statistical inference with maximum likelihood estimators
6.6.1. Asymptotic properties

The large sample asymptotic properties of ML can be summarized as follows”:

e It is consistent
Piim(0nrz) = 0 (6.17)

e [t is asymptotically normally distributed

~

0% N[0,{1(0)}"] (6.18)

e It is asymptotically efficient and achieves the Cramér-Rao lower bound for consis-
tent estimators, i.e.
E

(0-0)(-0)
e 2InL
AT 61

- e[ (my (2]}

9See Stuart et al. (1999) for more detail on the underlying theory and associated proofs.

Asy.Var [éML]
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where 0 is the true parameter vector, I (0) is the information matrix, % is the
second derivative or Hessian estimate of the information matrix. Given {I(6)}~", to
calculate standard errors we simply take the square root of the main diagonal which

contains the parameter variances, e.g.

E(El —001)2 ........ B (9, —60) (3, — 60,) |
E (52 _ 902) (51 _ 901) ........ E (0, —00) (6, — 6on
{I <0>}71 N
5 (5 00) () i)

6.6.2. Derivation of the information matrix

Given the general density function of a discrete population, f (y | 8), where y is a vector
of n independent observations and 6 is a single parameter, the likelihood function can
be defined as

L=L(y,y2-yn [ 0)=F(n |0)f(y2]0)...f (yn | 6). (6.20)

Since L is the joint density function of the observations

/Ldyldeyg.../Ldyn =1 (6.21)

Next assume that the first two derivatives of L with respect to 0 exist for all 4. If
we differentiate both sides of (6.21) with respect to § we obtain'”

OL OL OL
One of the properties of density functions that are regular is that
OlnLY\ 10L
E ( %0 > =F (Z%) =0. (6.23)

10Note that the ability to interchange the operations of differentiation and integration (i.e. only
differentiating under the integral) is directly related to the regularity conditions required to establish
the properties of maximum likelihood estimators. More specifically, to obtain (6.22) from (6.21) we
must assume (i) if the limits of integration are finite that they are independent of 6; (ii) if the limits
of integration are infinite, the integral resulting from the interchange is convergent for all 6 and its
integrand is a continuous function of x and 6 (see, e.g. Stuart et al. 1999 and Davidson and MacKinnon
1993 for more details).

o1



Multiplying (6.22) by L/L gives

1 0L 1 0L 10L
[ (z3) v [ (z35) - [ (335) =0 620

Given (6.23) and (6.24) it follows that

Oln L 10L 10L 10L

If we next totally differentiate (6.25) we obtain
o= [l(12)2L 2 (10 10LYOL 0 (101N,
- L0 L 00 Loo) o0 " “o0\L a0 ) [
/ 1 8L oL 2 10
L oo 8 L oo

which can be rewritten as
10L\? &InlL 10L\?> & InlL
0 = /{(E%) MY }Ld /{(Z%) o }de
10L\? &InL

In other words,
dln L\’ 9%In L
E =—F . 2
( 50 ) < T ) (627)

The Cramér-Rao theorem states

—1
Bl B(%5R)

where either expression on the right-hand side indicates the minimum variance bound

Var (5) > (6.28)

(MVB). When 6 is a vector of parameters the multidimensional equivalent of £ (@T%L)

is the symmetric matrix

0?InL

16) = ~F | 5609
82InL 82InL 92InL
69% 00104 0010y,
02InL 8%2InL 92InL
= —_F 0020, 89% Tt 0020k
2InL 9%InL 0%2InL
00,01 00,05 802
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where as mentioned above I (0) is called the information matrix. The multidimen-

sional representation of the Cramér-Rao theorem states that
Var[@) — {I(6)}" (6.29)

is a positive semidefinite matrix. Accordingly, for any 51 the MVB is given by the
i element on the principal diagonal of {I (8)}~".

6.6.3. Computing the Hessian

As shown above, to obtain standard errors we need to first calculate the Hessian which
contains both cross and second partial derivatives of the log likelihood function, InL
with respect to each of the elements of 8. To find these, we can start by calculating
the first partial derivatives of InL. Since this will be undertaken numerically, it will be
useful to discuss the link between analytic and numeric derivatives.

First recall the definition of an analytic first derivative in continuous time of a func-

. fle+h)— f(z
o) = =1

From this we can obtain the following numerical discrete approximation

flx+h) = f(x)

tion with one variable

/ ~
for small values of h. Similarly we could define the numerical derivative using a backward
point as
flx)— flx—h
PR )

h

Second recall that the analytic second derivative is given by
/ g
) = )

£(z) = lim 2
or using backward differences
fiay ~ PO SRS = fe = W
[+ h) = 2f() + [z = h)

~

2
Returning now to the task of calculating the numeric first and second partial deriv-
atives of [nL with respect to the elements of @ note that we can rearrange a first-order
Taylor approximation of the likelihood function
Oln L
00;

53



to obtain the one-sided finite discrete difference formula (see Judd, 1998, pg.36)

OlnL InL(0;+h)—1InL(6;)

5 - , (6.30)

where h is chosen according to h = max(ef;,€), and ¢ = 1075, This ensures that h is
small relative to §; and, at the same time, stays away from zero''. As above, we can

employ backward differences to obtain the second derivative

96> " h h

PmL 1 ([ln L(0;+h) —In L(0;)] — [In L(6;) — In L(6; — h)])
~ 2 )
Next, consider two elements of @, say 6; and 6. The cross derivatives are given by

(6.31)

L 1 (lnL(91+h,92+h)—lnL(91,92+h) - lnL(91+h,92)—lnL(91,92)>

90,00, ~ h h h
~ In L(91 + h, ‘92 + h) —In L(@l, 82 + h) —In L(01 + h, 02) + In L(Gl, ‘92> (6 32)
~ 2 .
h 2InL __ 8(85}31L> . : )
where, 75 = —55. and h is assumed to be the same for §; and 0 (as in Ireland’s

code, see below).

6.7. Calculating the standard errors using MATLAB

To appreciate how to undertake the above calculations we will next discuss Ireland’s
MATLAB program, estse.m. Standard errors are calculated for the hybrid model over
the full sample by using the estse.m program. This scripts calls both the llfn.m and
lifnse.m functions. The latter is the same as the former except it is used here not
to minimize the negative log likelihood but evaluate it at its maximum based on the
untransformed parameters (i.e. those obtained after the constrained parameters have
been optimally estimated). Given that there is overlap in structure and commands used
in these programs, extra detailed comments will only be added to explain the major
differences.

'Note that in the MATLAB program discussed below Ireland assumes that the & is the same for all
the parameters.
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6.7.1. estse.m

Lines 37-81 which

e define global variables
e load the data
e set starting values

e maximize likelihood

follow the syntax and structure of est.m and estimate the 21 parameters of the
model where some have been transformed (including variances) to enforce consistency
with the theory. The variances have been restricted to be positive in lines 148-154 of
lifn.m (see detailed comments above). The vector of 21 estimated parameters is called
thetstar.

% find standard errors

thetstar = real(thetstar);

beta = bettr~2/(1+bettr~2);

gamma = abs(thetstar(1));

theta = thetstar(2)~2/(1+thetstar(2)~2);
eta = 1 + abs(thetstar(3));

delta = delttr~2/(1+delttr~2);

a = abs(thetstar(4));

rho = thetstar(5);

sig = abs(thetstar(6));

dyy = thetstar(7);

dyc = thetstar(8);

dyh = thetstar(9);

dcy = thetstar(10);

dcc = thetstar(11);

dch = thetstar(12);

dhy = thetstar(13);

dhc = thetstar(14);
dhh = thetstar(15);

Y
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cholv = [ thetstar(16) 0 0 ; ...
thetstar(17:18)" 0 ; ...

thetstar(19:21)" |;

bigv = cholv*cholv’;

vyy = sqrt(bigv(1,1));

vee = sqrt(bigv(2,2));

vhh = sqrt(bigv(3,3));

vyc = bigv(1,2);

vyh = bigv(1,3);

vch = bigv(2,3);

tstar = | gamma theta eta a rho sig ...
dyy dyc dyh dcy dcc dch dhy dhc dhh ...
vyy vee vhh vye vyh veh s

scalvec = ones(21,1);

scalinv = inv(diag(scalvec));

tstars = diag(scalvec)*tstar;

fstar = llfnse(tstars);

Comments: In lines 127-129 tstar is formed from the untransformed elements of
thetstar. Note that when constructing tstar, the last three elements are first constrained
to be positive in lines 111-115 to avoid negative variances. Once tstar is formed the value
of the likelihood function implied by these 21 parameters is calculated in line 134 using

the llnfse.m function (i.e. fstar).

eee = le-6;

epsmat = eee*eye(21);

hessvec = zeros(21,1);

fori = 1:21

hessvec(i) = llfnse(tstars+epsmat(:,i));

end

hessmat = zeros(21,21);
for i = 1:21

for j = 1:21

hessmat(i,j) = (llfnse(tstars+epsmat(:,i)+epsmat(:,j)) ...
-hessvec(i)-hessvec(j)-+fstar) /eee”2;
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end
end
bighx = scalinv*inv(hessmat)*scalinv’;

sevec = sqrt(diag(bighx));

Comments: Now that fstar has been calculated, the Hessian matrix can be con-
structed. Note the following: (i) eee corresponds with the h used in Section 6.6.3;
(ii) lines 160 and 161 which calculate hessmat(i,j) correspond directly with the numer-
ical derivative given by equation (6.32), e.g. llfnse(tstars+epsmat(:,i)+epsmat(:,j))=
In L(6y + h,02 + h); hessvec(i)-hessvec(j) = In L(01,05 + h) — In L(01 + h,03); fstar=
In L(01,0-) and ece= h?; (iii) as pointed out in equation (6.19) the standard errors are

equal to the square root of the diagonal of the Hessian matrix.
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The output of running est.m and estse.m is contained in the following Table (see
Ireland (2004), Table 1).

Full sample estimates and standard errors

Parameter Estimate Standard error
¥ 0.0045 0.0001

f 0.2292 0.0065

1 1.0051 0.0005

A 5.1847 0.5048

o (0.9987 0.0018

a 0.0056 0.0004

dyy 1.3655 0.1572

dye 0.3898 0.1402

dyiy —0.4930 0.1342

dey 0.1380 0.0712

e 0.9690 0.0565

e —0.1046 0.0665

dpy 0.7153 0.2123

dye 0.4605 0.1593

dhh 0.2219 0.1566

vy 0.0070 0.0013

e 0.0069 0.0007

vh 0.0018 0.0021

Uye 000002989 0.00001064
Uyh 0.00000903 0.00000722
ek 0.00001237 0.00000573

7. Impulse Responses and Variance Decompositions

7.1. Impulse Responses

To calculate the response of the model’s six variables to a temporary shock to the process
governing technology, a; = pa;_; + €; we can make use of the model’s solution given by
(4.16) and (4.17) respectively

St11 = ]._.[St + W€t+1

ft = USt.
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As in Section 5.4, starting from the steady-state (i.e. ; = 0) assume that in time
period t there is a temporary innovation in technological progress (i.e. € increases by o
in time ¢ and returns to 0 in all subsequent periods after the shock). Given that we are

starting in the steady-state, s;,_; = 0 therefore in time period ¢, (4.16) and (4.17) are

given by
s = Wo
f, = Us,.
In period ¢ + 1 after the shock
Sir1 = Ilsy
f, = Us,

and so for periods t + 2, ...t +T.

Using the parameter estimates reported above the model’s impulse responses are
shown below. Note that these can be produced by first running Peter Ireland’s MATLAB
script called solv.m and then imp.m. Also the script check.m will perform the checks
on the levels and log-linearized equilibrium conditions that we undertook in Section
5.4. Given the discussion provided above on the various scripts and functions used to
estimate the model parameters and standard errors, these three programs do not require

additional comment.
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Impulse responses to a temporary technology shock
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7.2. Variance decompostions

Recall that the system we are estimating is comprised of equations (6.5) and (6.6)
respectively

Xe+1 = FXx + 14
dt == GXt

As in Section 6.3.1, we can lag (6.5) by one period to obtain (6.5%)
x; =Fx; 1 +1m,.

If the process described by (6.5%) starts at ¢ = 1, we can derive the following repre-
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sentation

x1 = Fxg+mn

x2 = Fxi+n,=FFxo+mn)+n,
= F?xo+Fny + 1,

x3 = Fxo+m;=F (F’xo+Fn, +n,) +n4
= F’xo+F’n, + Fn, + UE]

t—1
X; = tho+Zant_j. (7.1)
=0

Accordingly, the vectors x1, ..., X; and the joint distribution of x1, ..., x; are uniquely
determined by x¢, 1;...17,. To calculate the forecast error decompositions it is convenient
to work with the MA representation of (6.5’). In other words it is useful to assume that
(6.5”) starts not in ¢ = 1 but in the infinite past. To derive the MA representation we
can first write (7.1) as

Xy = Fi+lxt—i—1+Zant7j (7.2)
§=0
where t—1 in (7.1) has been replaced by '%. If the eigenvalues of F have modulus less

then unity, the sequence F7, j = 0,1, ... is absolutely summable (see Liitkepohl, 1991,

Appendix A, Section A.9.1), hence the infinite sum ) F/n, ; exists in mean square (see
i=0
Liitkepohl, op cit., Appendix C, Proposition C.7). Moreover since Fi*! converges to

zero as i — oo we can write the MA representation of the VAR(1) model given by (6.5)

as o
X; = ZF] M j-
=0
or equivalently

o
Xtk = ZF]nt+k_]‘ (73)

Jj=0
2For example, setting i = t — 1 in (7.2): x; = Fi+1xt,¢,1+Zant7j gives x; =

3=0

t—1 t—1
Ft_l“'lxt,(t,l),l—i—Zant_j or (7.1): x; = tho—l—ZFJnt_j
j=0 j=0
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where the vector x is expressed in terms of past and present error innovation vectors

7.
The optimality of the conditional expectation (see Liitkepohl, op cit. Section 2.2.2a)
implies that

Exi = ZFj Emy g

j=k

= ZFj'rlt+kfj' (7.4)
j=k
Accordingly the forecast error is given by the difference between x;, and E;x;

oo o0
_ j j
Xepk — BiXepr = E | D E | D P
j=0 j=k

k-1
= Zant+k—j' (7.5)
5=0

For example, for k = 1 subtracting (7.4) from (7.3) gives
Xep1—Eixep = FOTIt+1 +F'n,+F°n,_+..Fn,__,— (Flm +F*n,_, + "‘Foont—oo—l)
so for k =1 (7.5) states
X1 — Eixy = FOnyy.

Given the forecast error, a k-step measure of forecast error uncertainty for x known as
the M SE matrix, 37 can be defined as follows

Ei = F (Xt+k - EtXt+k) (Xt+k - Etxt+k)/

k—1 k—1 !
= b (Zant+k—j> <Zant+k—j>
=0 =0
= b [(Font+kn2+kF°> + (Flnt—&-k—ln;-f—k—lFl) + .. <Fk_177t+1"7;+1Fk_1>}
= Qi +FQ. . F' + LFRIQu FRY. (7.6)
Likewise the M'SE matrix X¢ implied by (6.6): d; = Gx; can be defined as

ZZ = E(dyr — Eidyy) (dgs — Etdt+k>,
- GXIG. (7.7)
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To derive this expression first note that d; can be found by lagging (6.5): x;41 =
Fx; + n,,, by one period and substituting it into (6.6): d; = Gx, e.g.

dt = GFXt_l + Gnt

or equivalently

G’Xt = G’Fxt_l + G"r’t (78)
Given the derivations for (7.3) and (7.4) we can write the MA representation of (7.8)

as .
GXyyp = GZF]"'”Ikaj (7.9)

=0

and the conditional expectation of (7.9) as

GExXppp = GY Finy (7.10)
j=k

Accordingly given (7.5) it follows that
2 = E(dir — Eidiig) (digr — Eediyr)’
= K (Gxt+k - EtGXt+k) (Gxt+k - EtGXt+k>,

k—1 k—1 !

i=0 =
= GE [(Fo'rlt+kn;+kF0> + (Flm%fmgk_lFl) Lo (Fk—lnt+1n;+1Fk_1):| o
= G [Qt+k + FQt+k—1F/ 4 ---Fk_th+1Fk_1,} Py
~ GXG' (QED).

7.3. Using Matlab to construct the forecast decompostions and standard er-

rors

The program vardec.m uses the parameter estimates and the estimate of Hessian matrix
produced by estse.m to compute variance decompositions and standard errors for the
hybrid Hansen model. Therefore the latter program must be run first and the result
matrices retained in the MATLAB workspace. The script vardec.m calls the function
vardecfn.m which contains the formulas used to compute variance decompositions and

standard errors.
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7.3.1. vardec.m

% find covariance matrix of estimated parameters

bighx = inv(hessmat);

% compute variance decompositions

vdecl = vardecfn(tstar);

% compute standard errors
epsmat = le-6*eye(21);
gradmat = zeros(56,21);

fori=1:21
gradmat(:,i) = (vardecfn(tstar+epsmat(:,i))-vdecl)/le-6;
end

vdec2 = gradmat*bighx*gradmat’;
vdec2 = sqrt(diag(vdec2));

% collect results
vdec = [ vdecl vdec2 [;

Comments: The output of this script is the (5622) matrix vdec. The first col-
umn of vdec is: [yvar cvar war hvar yvart cvart ivart hvart]” where yvar, cvar, ivar,
and hvar are vectors of k-step ahead forecast error variances in output, consumption,
investment, and hours worked; yvart cvart ivart hvart are percentages due to the tech-
nology shock; and k = 1,4,8,12,20,40, and infinity. The variances are all expressed as
percentages. The second column of vdec gives the standard errors for the corresponding
elements of the first column. Note that to calculate the standard errors for the forecast
error decompositions, a gradient matrix, i.e. gradmat(:,i)=(vardecfn(tstar+epsmat(:,i))-
vdecl)/1e-6; is first calculated in line 55. The calculation for gradmat is based on the
numerical approximation function f'(z) ~ w discussed in Section 6.63. This

calculation will be required since the M A parameter matrices of the forecast errors in

k-1
(7.5) (x¢1x — Exxii) = > F/m,,, ; are nonlinear functions of the underlying structural
=0
k=1
parameters (@) of the model. For example since ) F/n, ; ; = g(®), the covariance
=0
matrix of the forecast errors is given by Xpp = %Hg—g, where H(=inv(hessmat) is

the covariance matrix of the structural parameters. In this circumstance the appropri-

ate calculation to obtain X g is given in line 59, e.g. vdec2 = gradmat*bighx*gradmat’
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(see, e.g Liitkepohl Section 3.71)'. Finally the standard errors for the forecast error
decompostion are calculated in line 61, e.g. vdec2=sqrt(diag(vdec2)).
7.3.2. vardecfn.m

For given set of parameter estimates this function computes variance decompositions for

hybrid Hansen model.
Lines 22-141 which -

e define parameters

e compute steady-state values

e compute K coefficients

e compute L coefficients

e form S matrices

e form matrices PI, W, and U

e form matrices AX, BX, CX, DX, V1X, and V2X

e form matrices FX, GX, and QX

- follow the same syntax and structure as est.m.

% calculate k-step ahead forecast error variances
vardecfn = zeros(56,1);

bigf2x = eye(5);

bigg2x = zeros(4,5);

bigg2x(1:2,:) = biggx(1:2,:);

bigg2x(3,:) = (yss/iss)*biggx(1,:) - (css/iss)*biggx(2,:);
bigg2x(4,:) = biggx(3,:);

bigsigxk = zeros(5,5);

for k = 1:40

bigsigxk = bigsigxk + bigf2x*bigqx*bigf2x’;

13This is somtimes referred to as the ”delta method” (see also Greene (2003) p. 913-914).
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bigsigyk = bigg2x*bigsigxk*bigg2x’;
ifk==1
vardecfn(1) = bigsigyk(1,1);

)

vardecfn(8) = bigsigyk(2,2);
vardecfn(15) = bigsigyk(3,3);
vardecfn(22) = bigsigyk(4,4);
end
iftk==4
vardecfn(2) = bigsigyk(1,1);
vardecfn(9) = bigsigyk(2,2);
vardecfn(16) = bigsigyk(3,3);

(

vardecfn(23) = bigsigyk(4,4);
end

ifk ==

vardecfn(3) = bigsigyk(1,1);
vardecfn(10) = bigsigyk(2,2);
vardecfn(17) = bigsigyk(3,3);
vardecfn(24) = bigsigyk(4,4);
end

if k ==12

vardecfn(4) = bigsigyk(1,1);
vardecfn(11) = bigsigyk(2,2);
vardecfn(18) = bigsigyk(3,3);
vardecfn(25) = bigsigyk(4,4);
end

if k == 20

vardecfn(5) = bigsigyk(1,1);
vardecfn(12) = bigsigyk(2,2);
vardecfn(19) = bigsigyk(3,3);
vardecfn(26) = bigsigyk(4,4);
end

it k == 40

vardecfn(6) = bigsigyk(1,1);
vardecfn(13) = bigsigyk(2,2);
vardecfn(20) = bigsigyk(3,3);
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vardecfn(27) = bigsigyk(4,4);

end

bigf2x = bigf2x*bigfx;

end

bigsigx1 = inv(eye(25)-kron(bigfx,bigfx))*bigax(:);
bigsigx = reshape(bigsigx1,5,5);
bigsigy = bigg2x*bigsigx*bigg2x’;
vardecfn(7) = bigsigy(1,1);
vardecfn(14) = bigsigy(2,2);
vardecfn(21) = bigsigy(3,3);
vardecfn(28) = bigsigy(4,4);

Comments: The above block code refers to lines 143-217. To calculate the k-
step ahead forecast error variances first note lines (158-159) for bigsigzk and bigsigyk
are the analogues of equations (7.6): X7 = Qux + FQu, F' + ... FF1Qy FF Y
and (7.7): ¢ = GX}G’ (i.e. the MSE matrix for the state and the measurement
equations respectively). The program generates k-step ahead forecasts for 7 periods
(1, 4, 8, 12, 20, 40 and oo). Second note that loop around bigsigrk and bigsigyk runs
from 1 to 40. In other words the program generates k-step ahead forecasts for ALL of
these periods producing 40 (4x4) bigsigyk matrices. Since we only require the periods
listed above, the relational operator == is used to select the diagonal elements from
the 7 appropriate matrices, i.e. k=1,4,8, etc. The diagonal elements of each of the
selected bigsigyk matrices contain the k-step ahead forecast error variances for output,
consumption, investment and hours respectively. The vector vardecfn is (56x1) where
its first 7 elements contain the output forecast variances for the 7 forecast horizons. The
next 7 elements are taken up by the consumption error variances, etc. The calculation in
line (204) i.e. bigf2x = bigf2x*bigfx is used to update the F matrix in the X7 expression
given by 7.6, e.g. it runs from F° to FF~1,

% calculate fractions due to technology

bigqxt = [ bigbx*bigvlx*bighx’ zeros(2,3) ; zeros(3,5) [;
bigf2x = eye(5);

bigsigxk = zeros(5,5);

for k = 1:40

bigsigxk = bigsigxk + bigf2x*bigqxt*bigf2x’;
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bigsigyk = bigg2x*bigsigxk*bigg2x’;

ifk ==

vardecfn(29) = bigsigyk(1,1)/vardectn(1);
vardecfn(36) = bigsigyk(2,2)/vardectn(8);
vardecfn(43) = bigsigyk(3,3)/vardectn(15);
vardecfn(50) = bigsigyk(4,4)/vardectn(22);

end

Comments: To calculate the fraction of the forecast error variance for output,
consumption, investment and hours due to technology, bigsigrk and bigsigyk are recal-
culated using a new bigqr matrix, i.e. biggrt in line (221). Recall that Q defined in

BV B’ 02,3
(6.7): Q = (223)

Oe2y V2
technology shock and the white noise error vector from the VAR. This is the analogue

is the covariance matrix of the error vector containing the

to bigqr = [ bighx*bigulz*bighx’ zeros(2,3) ; zeros(8,2) bigv2z | in the code. In contrast
in line (221) bigget = [ bigbz*biguvlx*bigbx’ zeros(2,3) ; zeros(3,5) | replaces the (3x3)
V, and 0(3;2) with a O(szs). In other words, Q now only contains the error variance of
the technology shock, i.e. Fe? ; = V; = ¢? since B = [0 1]'. Therefore to calculate the
contribution the ratio of the error variance of technology to the total, the new variances
calculated in (221) for each of the 7 forecast horizons are divided by the appropriate
element of vardecfn, e.g. see the block of code under k==1 above. The structure is the
same for the remaining forecast horizons and hence are not listed here. Finally note that

the 28 ratios are placed in rows 29-56 of the vardec vector.
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The output of running vardec.m is contained in the following Table (see Ireland
(2004), Table 2).

Forecast error variance decompositions

Quarters ahead Percentage of variance Standard error
due to technology

(A) Output

1 61.8430 10.5671
4 35.5003 6.9624
8 28.7467 6.7700
12 29,4831 7.5183
20 35.3378 9.1640
40 48.4763 11.0600
oo 89,9399 13,9401
(B) Consumption

1 31.0978 6.2456
4 32.9700 6.7755
8 35.7260 8.1005
12 39.5799 9.2015
20 48.5522 10.8000
40 65.4138 11.3685
oo 05.7378 6.4410
{C) Investment

1 44.0529 8.0988
4 25.2808 4.8840
8 18.2636 4,3737
12 17.4674 4.6860
20 18,8007 5.3565
40 21.6648 6.1571
oo 50.6782 32.5590
(D) Hours worked

1 84.8526 31.3148
4 10.5126 2.1338
8 4.0181 0.9832
12 2.8049 0.8210
20 2.2471 0.7983
40 2.0734 0.8574
oo 2.0609 0.8770

8. Stability Testing

The following testing procedures are from Andrews and Fair (1988).

8.1. Stability of all parameters

We can start by letting @' and ©? denote two vectors of all a model’s parameters from

two disjoint subsamples. Let’s also let H' and H? represent the covariance matrices
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associated with these parameter vectors so that asymptotically,
©'"N (8, H') (7.11)
@ N (02, H?).
To test for the stability of all the estimated parameters, the following likelihood ratio
test can be calculated

LR=2[nL(©") +InL(©?) —InL(O)] (7.12)
where In L (©'), In L (©?) and In L1n (@) are the values of the maximized log likeli-

hood functions for two sub-samples and the entire sample. Andrews and Fair (op cit.)
show that this test statistic will be asymptotically distributed as a chi-square random
variable with ¢ degrees of freedom under the null hypothesis of parameter stability, where

q is equal to the number of estimated parameters.

8.2. Stability of subsets of parameters

To test for the stability of a subset of the parameters contained in ®' and @2, i.e. ©,
and @] with associated covariance matrices H}, and HZ, Andrews and Fair develop the
following Wald test statistic

W= (e!-e?) (Hl+H2) ' (O] -e?). (7.13)
Andrews and Fair (op cit.) show that this test statistic will be asymptotically distrib-
uted as a chi-square random variable with g degrees of freedom under the null hypothesis

of parameter stability, where ¢ is equal to the number of estimated parameters being
tested for stability.

8.3. Using MATLAB to conduct stability tests

The above tests can be calculated by using Peter Ireland’s program stabtest.m
and stabtst2.m. The former uses 1973:1 as the break point and the latter
uses 1980.1. The output of stabtest.m!? is:

e parameter and standard error estimates from 1948:1-1972:4
e parameter and standard error estimates from 1973:1-2002:2

e LR statistic for stability of all parameters, i.e. using equation (7.2)'

4 The output of stabtst2.m is the same for the post 1980.1 break point.

5Note that 8 and § are not included in the tests since they have been imposed and not estimated.
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Wald statistic for stability of all parameters, i.e. using equation (7.3)

Wald statistic for stability of structural parameters (i.e.y, 6,7, a) plus p and o

Wald statistic for stability of structural parameters, excluding average produc-

tivity growth, a

Wald statistic for stability of other parameters (i.e. dyy, dye, dyn, dey, dec, deny dpy,

dhe, Ahhs Vyy, Veys Vees Uhys Vhes Vnh)

Lines 39-305 in stabtest.m which

e set global variables

e load data

e define pre-1973 subsample

e set starting values for pre-1973 subsample

e maximize likelihood for pre-1973 subsample
e find standard errors for pre-1973 subsample
e reload data

e define post-1973 subsample

e set starting values for post-1973 subsample
e maximize likelihood for post-1973 subsample

e find standard errors for post-1973 subsample

follow the same syntax and structure as est.m, estse.m and call the functions
lIfn.m, llfn2.m, llnfse.m, and llfnse2.m to calculate the parameter estimates and

standard errors over the two subsamples.

% form test statistics
Irstat = -2*(fstarl+fstar24-2323.5501);
wstat = (tstarl-tstar2)*inv(bighx1+bighx2)*(tstarl-tstar2);
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Comments: Lines 309-311 calculate the LR and Wald tests for all parameters. fs-
tarl, fstar2 and 232.5501 correspond to the value of the likelihood function in subperiod
1, subperiod 2 and the entire sample respectively. tstarland tstar2 refer to the vector
of untransformed parameter estimates in subperiod 1 and 2 respectively. The bighz1and

bighz2matrices are the (21221) inverse Hessian matrices over the respective subsamples.

bighxql = bighx1(1:6,1:6);

bighxq2 = bighx2(1:6,1:6);

wstatq = (tstarl(1:6)-tstar2(1:6))’ ...
*inv(bighxql+bighxq2)*(tstarl(1:6)-tstar2(1:6));

Comments: Lines 313-317 follow the same structure as lines 309-311 except that
only 6 structural parameters are included in the tests (see above). These are the pa-
rameters contained in the first 6 rows of the vectors tstar! and tstar?2 whereas bighxql
and bighzq2 are (6x6) matrices taken from the first 6 rows and 6 columns of bighx! and

bighx?2 respectively.

bighxx1 = [ bighx1(1:2,1:2) bighx1(1:2,4:6) ; ...
bighx1(4:6,1:2) bighx1(4:6,4:6) |;

bighxx2 = [ bighx2(1:2,1:2) bighx2(1:2,4:6) ; ...
bighx2(4:6,1:2) bighx2(4:6,4:6) |;

tstarxl = [ tstarl(1:2) ; tstarl(4:6) |;

tstarx2 = [ tstar2(1:2) ; tstar2(4:6) |;

wstatx = (tstarxl-tstarx2)’ ...
*inv(bighxx1+bighxx2)*(tstarx1-tstarx2);

Comments: Lines 319-330 again follow the same structure as 313-317 except that
the relevant elements of the tstar vectors and bighxr matrices have been excluded to

accommodate dropping average productivity growth, a from the list.

bighxnl = bighx1(7:21,7:21);

bighxn2 = bighx2(7:21,7:21);

wstatn = (tstarl(7:21)-tstar2(7:21))" ...
*inv(bighxnl+bighxn2)*(tstarl(7:21)-tstar2(7:21));
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Comments: Lines 332-336 repeat the Wald test for parameter 7-21 (see the list

above).

The outputs of running stabtstl.m and stabtst2.m are contained in the following
two Tables (see Ireland (2004), Tables 3 and 4)

Subsample estimates and standard errors

Pre-1980 Standard Post-1980 Standard

Parameter estimate error estimate error

7 0.0046 0.0001 0.0042 0.0002

f 0.2190 0.0045 0.2457 0.0077

] 1.0053 0.0005 1.0046 0.0012

A 5.6309 0.2842 5.0535 0.9839

P 0.9935 0.0099 0.9966 0.0135

a 0.0050 0.0015 0.0042 0.0009

dyy 1.2553 0.2013 1.1390 0.1360

dye 0.1657 0.1558 0.6564 0.2970

dyp —0.3837 0.1633 —0.5332 0.1092

dey 0.1216 0.0889 0.0768 0.0999

dee 0.9065 0.0677 1.1172 0.1409

depy —0.1143 0.0601 —0.1479 0.2176

dpy 0.6380 0.2449 0.3722 0.1460

dhe 0.1689 0.2225 0.5337 0.6014

dypy 0.4232 0.2362 0.3562 0.1839

vy 0.0090 0.0024 0.0056 0.0013

e 0.0084 0.0009 0.0051 0.0009

v, 0.0049 0.0032 0.0013 0.0010

Uye 0.00004982 0.00002080 0.00001542 0.00000774
Uyh 0.00002959 0.00003403 0.00000682 0.00000379
U 0.00002201 0.00001458 0.00000518 0.00000595

Tests for parameter stability

Stability of all 21 estimated parameters: W ="745383"""
Stability of the 6 structural parameters: W =153546""
Stability of the 15 remaining parameters: W =54.1925"**

Note: ** and *** indicate significance at the 5% and 1% levels.

9. Forecast Accuracy

The following testing procedures are from Diebold and Mariano (1995) and Harvey et
al. (1997).
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9.1. Generating model forecasts

Forecasts can be generated using the system given by (6.5): x,41 = Fx,+m,,, and (6.6):
d; = Gx;. For example, the expected value in time ¢ of (6.6) k periods ahead is

Etdt+k - G’Etxt+k. (91)
For k = 1, the conditional expected value of (6.5) is defined as
Etxt+1 = §t+1|t' (92)

From (6.8) we know that X;;—; = FX;_;. Hence leading (6.8) by one period and

substituting for X;,1; in (9.2) gives

EtXt+1 = Fﬁt (93)
For k > 1
Exip = FkilEtXtJrl
= FFIFR, (9.4)
— Fkﬁt

Therefore for any k£ > 1 it follows from (9.4) that we can rewrite (9.1) as

Etdt-f—k — G’Fkﬁt (95)

9.2. Evaluating forecast accuracy

First let {Et}tT:l represent a sequence of k-step-ahead forecast errors from the RBC model
and let {ﬁt}tT:l represent a sequence of k-step-ahead forecast errors from a competing
model (e.g. an alternative theoretical model or an unconstrained VAR model). Next let

loss functions ¢ (¢) and ¢ (77) denote the mean squared forecast errors

9@ = 7> 2 (96)

96 = =37 (9.7
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and let [; denote the ”loss differential” defined by Diebold and Mariano (op cit.) as,
L = ﬁ? —53 (9'8>

To test the null hypothesis of equal forecast accuracy first calculate the sample mean
loss differential, i.e.

1 T
I = T;lt (9.9)

where,

VTIN(0, f),

k—1
f=7(0)+2> ~(7),
T7=1
1 T
’7(7’) = Ttﬂz;lltlt_r

Finally, the proposed test-statistic is given by
[
VIIT

which is distributed standard normal assuming that [, satisfies a number of regularity

(9.10)

assumptions, e.g. covariance stationarity, short memory and the existence of moments

that ensure the applicability of the central limit theorem.

9.3. Bias corrected S statistic

Diebold and Mariano (op cit.) show via Monte-Carlo simulations that the normal distri-
bution can be a poor approximation of the S test’s finite null distribution. For example,
they show that the S test can have the wrong size, which leads to the null being rejected
too often. Harvey et al. (1997) have developed a bias corrected S test statistic based on

the t-distribution in an effort to improve its small sample properties, e.g.

5 — \/T+1—2k—THc(k—1)/TS (9.11)

where S. depends on [; being independent and normally distributed.
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9.4. Using MATLAB to conduct forecast accuracy tests

The MATLAB code for calculating the S test is provided in the script fork.m which calls
the function forkfn.m. Moreover fork.m requires tstarmat and tstrmatd, which are the
matrices of estimated coefficients for the two versions of the RBC model generated by

estseq.m and estseqd.m. The structure of these programs is as follows:

9.4.1. fork.m

fork.m: Generates k-step-ahead forecasts from four competing models which start using
the models estimated over the sample period 1948:1-1984:4 and ends using the model
estimated over the sample period 1948:1-2002:2. These models include:

e the hybrid Hansen model, where the matrices D and V5 are unconstrained

e the hybrid Hansen model, where the matrices D and V, are constrained to be

diagonal
e an unconstrained VAR(1) model

e an unconstrained VAR(2) model

The output of fork.m includes:

e forecasts of [In(y;) log(c) In(4;) In(h;)] from the unconstrained model
e forecasts of [In(y;) log(c;) In(é;) In(h;)] from the constrained model

e forecasts of [In(y;) log(c;) In(é;) In(h;)] from the VAR(1)

e forecasts of [In(y:) log(c:) In(é;) In(h;)] from the VAR(2)

e root mean squared errors, unconstrained model

e root mean squared errors, constrained model

e root mean squared errors, VAR(1)

e root mean squared errors, VAR(2)

e mean loss differential and standard error, unconstrained model, using the VAR(1)

as a benchmark
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e mean loss differential and standard error, constrained model, using the VAR(1) as

a benchmark

e mean loss differential and standard error, unconstrained model, using the VAR(2)
as a benchmark

e mean loss differential and standard error, constrained model, using the VAR(2) as

a benchmark

Given the discussion provided above on the various scripts and functions used to esti-
mate the model parameters and standard errors; calculate forecast error decompositions,
etc. this program should be quite straightforward.

9.4.2. forkfn.m

This function uses the Kalman filter to generate k-step-ahead forecasts for output, con-

sumption, investment, and hours worked from the hybrid Hansen model.
Lines 25-162 which

e define variables and parameters

e compute steady-state values

e compute K coefficients

e compute L coefficients

e form S matrices

e form matrices AX, BX, CX, DX, V1X, and V2X
e form matrices FX, GX, and QX

e put data in deviation form
follows the same syntax and structure as est.m.

% generate forecasts of transformed variables
xt = zeros(5,1);
bigsigl = inv(eye(25)-kron(bigfx,bigfx))*biggx(:);
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bigsigt = reshape(bigsigl,5,5);

for t = 1:bigt

ut = dthat(t,:)’ - biggx*xt;

omegt = biggx*bigsigt*biggx’;

omeginvt = inv(omegt);

bigkt = bigfx*bigsigt*biggx’*omeginvt;
xt = bigfx*xt + bigkt*ut;

bigsigt = bigqx + bigfx*bigsigt*bigfx’ ...
- bigfx*bigsigt *biggx’*omeginvt*biggx*bigsigt*bigfx’;
end

ytk = biggx*(bigfx " (k-1))*xt;

Comments:

Probably the only part of this code requiring extra comment is lines (164-189). Note
that forecasts are generated using the Kalman filter via the 3 recursions discussed above,
i.e. the modified Kalman gain: bigkt =bigfz*bigsigt*biggx’* omeginvt; the state updat-
ing: at = bigfr*rt + bigkt*ut; and the covariance matrix updating: bigsigt = bigqx
+bigfr*bigsigt *bigfr’- bigfr*bigsigt *biggx’ *omeginvt *biggx*bigsigt *bigfr’ equations. Fi-
nally ytk = bigga*(bigfz~(k-1))*t is the analogue to equation (8.5): Ed,,; = GF*x,

since Fkﬁt = Fk_lEt§t+1.
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The output of running fork.m is contained in the following Table (see Ireland (2004),

Table 5).

Forecast Accuracy, 1985:1-2002:2

Quarters Ahead 1 2 3 4
{A) Output
RMSE: Hybrid 0.8319 1.6810 2.5706 3.4501
RMSE: Diagonal 0.6935 1.2201 1.7117 2.1613
RMSE: VAR(1) 1.0163 1.8602 2.6015 3.2472
RMSE: VAR(2) 0.9490 1.9783 2.9944 3.8845
S: Hybrid vs. VAR(1) 4.2047 %+ 1.7496*% 0.2110 —0.9795
§: Diagonal vs. VAR(1) 393237~ 2.3712* 1.7474* 1.4071
S: Hybrid vs. VAR(2) 2.1937 1.5608 1.1815 0.8642
S: Diagonal vs. VAR(2) 2.8708** 2.1497** 1.7631* 1.5245
{B) Consumption
RMSE: Hybrid 0.5371 0.8849 1.2361 1.6208
RMSE: Diagonal 0.4781 0.7022 0.9093 1.1688
RMSE: VAR(1) 0.5554 0.8963 1.2110 1.5308
RMSE: VAR(2) 0.5854 1.022 1.4828 1.9111
S: Hybrid vs. VAR(1) 0.9207 0.2572 —0.2818 —0.6440
S: Diagonal vs. VAR(1) 2.3321* 1.9189* 1.4721 1.1254
S: Hybrid vs. VAR(2) 1.1583 1.4070 1.2813 1.0203
S: Diagonal vs. VAR(2) 2.7518%"* 2.3575% 1.9652%* 1.6083
(C) Investment
RMSE: Hybrid 3.2441 5.8452 8.8561 11.9088
RMSE: Diagonal 31803 4.6807 6.1267 7.4359
RMSE: VAR(1) 40511 6.7590 9.1619 11.2436
RMSE: VAR(2) 3.4950 6.6361 9.9190 12.8333
S: Hybrid vs. VAR(1) 422877 2.0408" 0.5264 —0.9300
S: Diagonal vs. VAR(1) 308647+ 2.3256" 1.7907+ 1.4927
S: Hybrid vs. VAR(2) 1.2140 1.3146 0.9559 0.6083
§: Diagonal vs. VAR(2) 1.0464 1.7969* 1.6306 1.4754
{D) Hours worked
RMSE: Hybrid 0.5345 1.2973 22239 3.2436
RMSE: Diagonal 0.5663 1.0753 1.5589 2.0097
RMSE: VAR(1) 0.7439 1.4743 22072 2.9236
RMSE: VAR(2) 0.4458 1.1096 1.9253 2.7838
S: Hybrid vs. VAR(1) 4.3000% %+ 1.5516 —0.0953 —1.1794
§: Diagonal vs. VAR(1) 358317 2.5072% 2.2060%* 2.0702**
S: Hybrid vs. VAR(2) —4.4089*** —2.6781*** —2.1450** —1.9447*
S: Diagonal vs. VAR(2) —34761%"* 0.3892 1.7386* 1.8918"
Note: *, **, and *** indicate significance at the 10%, 5%, and 1% levels.
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Appendices

10. Review 1: Alternative Methods of Log-Linearizing

10.1. Method 1: Taylor approximation

The first order Taylor polynomial of any nonlinear function f (z;) is given by

F @) = F@) + F (@) mpmalas — 2) + R(ay). (101
where x is the value of x; at which the approximation is taken. If we allow
fay) =e™ (10.2)
and evaluate this at z; = 0 then (10.1) can be written as

f(z) = €4+ ex —0)+ R(zy)
= 142+ R(z:) (10.3)

~ 1+ ax; since lim R(z;) ~ 0.

Ti—T

Let x be the steady-state value of a variable x;. Therefore the log deviation of z;

from its steady-state value, i.e. #;, can be defined as &; = In(z;/z). Accordingly,

et = (/o) (10.4)

= /.

The function e®* can also be approximated with a first order Taylor Polynomial
around the steady-state value of z;, i.e. Z; = 0, since there are no fluctuations. Let’s
now redefine f (.) in (10.2) as f (#;) = €. As above the first order expansion at &; = 0

can be written as

f (i't) = 60 + eo(i'\t — 0) + R(EE\t>
= 14z + R(7:)

~ 1+, since lim R(Z;) ~ 0.

Tt—T

or
e ~ 1+ 7, (10.5)
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since f (#;) = €. Recall from (10.4) that e® ~ x,/z. Substituting for ¢® in (10.5)
and solving for x; gives
x> (14 2y).

If we next rearrange (10.4) for z;, i.e. x; = xe®, we can re-express the above relation
equivalently as
re® ~ (14 1,). (10.6)

Consider the following simple Cobb-Douglas production function,
Y = a7 (10.7)
Given the above discussion, this function can be written equivalently as
el = (xeit)a. (10.8)
The first order Taylor series expansion of the both sides of this equation gives

y(1+7,) = 21+ axy)
y+yy = 2%+ 2%z, (10.9)
@\t = a7y

where y; = In(y;/y) and ; = In(z;/x).

10.2. Method 2: Total differential of inf(z)

The second method relies on first taking the natural logarithm of f(x) and then taking
the total differential of the resulting function and evaluating it at the steady-state. So

if we again consider the Cobb-Douglas function in (10.7) we can log-linearize this as

follows
Inyy = alnx
dllny] = dlalnz (10.10)
1 1
—dy; = a—dx;
x
U = axy
where g, = %dyt =~ In(y;/y) and Ty = id:ct = In(z,/x)
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11. Review 2: Alternative Methods of Solving First-Order Dif-

ference Equations

11.1. Backward iteration

Consider the following first order autonomous nonhomogeneous linear difference equation

relating current Y to its own lag and the parameters a and A

Y, = a+ Y. (11.1)

t16

The equation is autonomous since it is independent of ¢'® and nonhomogeneous since

Y; — AY;_1 # 0. The one period lag of (11.1) is given by
Y;,1 =a+ )\Y;,Q. (112)
Substituting (11.2) into (11.1) gives

Yi = a+Aa+ A, 9) (11.3)
= a—l—a)\+)\2Y},2.

The two period lag of (11.1) is
Y;,Q =a+ )\}/;,3. (114)
Substituting (11.4) into (11.3) gives

Vi = a+a+ X (a+ Y 3) (11.5)
= a+al+a\+ NY,_s.

Next we can substitute out Y; 3 and carry on successive backward substitutions to
derive after T' — 1 iterations the following general formulation
T—1
Yi=a) N+ Vg (11.6)
i=0
Concentrating on the summation S = aZiT:_Ol A= a(l+ A+ XN+ AT for the
moment, let’s first lead S by multiplying it by A and then subtract the product SA from

16Tn other words, t is not an independent argument on the right hand side of (11.1).
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S(1—X) = aTiAi—<aT§x'A>

=0 =0
T-1 T
= (LZ/\Z — CLZ)\Z—H
i=0 i=0
-1 T
= aZ/\’—aZ)\’ (11.7)
i=0 i=1
= a1+ A+ + 2T —a(A+ 22+ 0T
= a—a)\l.

Dividing both sides of (11.7) by (1 — \) gives

a a\T
S:(l—/\)_(l—)\)' (11.8)

In equilibrium, Y; = Y;_;, accordingly we can suppress time subscripts and write the
difference equation given by (11.1) as

y = a+ My (11.9)
a

1—-A

where y (represents the equilibrium value of Y). Therefore in equilibrium S in (11.8)
becomes
S =y—yr. (11.10)

We can now substitute (11.10) into (11.6): Y; = aZinol N+ ATY,_p to find the

general solution to the difference equation given by (11.1)

Y, = y—yX +\TY, o (11.11)
= y+ XN Yir—y).

To find the numeric solution to (11.1) requires that we know an initial or starting
value Yy. If Yy is exactly ¢ periods before Y; then Y; = y + A (Y — ). Thus we can
see that the general solution is comprised of the sum of two components, i.e. y = %5
and \'(Yy — y) which are know as the particular integral and complementary function
respectively. As mentioned above, the former represents the intertemporal equilibrium
level of Y; whereas the latter is the deviations of the time path from that equilibrium.

IfO<A<1last— oo, Y; — y and the solution is stable or convergent.
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11.2. Forward iteration

Consider again the first order difference equation set out in (11.1)
Y;g =a+ )\Y;g_l.

Solving for Y; ; gives

a 1
Y, 1 =—+-Y,.
t—1 )\+>\t

The one period lead of (11.13) is

a 1
Y, = —X—FXYHL

Equation (11.14) can now be lead one period

a 1
Yi1 = B\ + XYi+2~
Substituting (11.15) into (11.14) gives
a 1 a 1
S YT (—x * XY>
1 1 1
= —(IX — (IP -+ FY:H_Q.
The one period lead of (11.15) is
a 1
Yiio = BB\ + XY;+3-
Substituting (11.17) into (11.16) yields
1 1 1 a 1
Boo= ey oyt (—X - XY>
1 1 1 1
= —a— —a— — a— + Y3

A A2 3T

(11.12)

(11.13)

(11.14)

(11.15)

(11.16)

(11.17)

(11.18)

We can next substitute out Y;,3 and carry on successive forward substitutions to

derive after T' — 1 iterations the following general formulation

T /N N7
Y, = — - ) v
t CL;()\) ‘l-()\) t+T
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Concentrating on the summation S = —a Z;il (%)Z =—a [(%) + (%)2 + ... (%)T} for
1

the moment, let’s lead S by multiplying it by 5 and then subtract S from the product

54

. G) . Z (;) (11.20)

G 6666 ()]

o)™ ad)
S = —

G- G-1

_a®™ a®)
) )

B a (% T+1>\ a
= Aoy (11.21)
_a® o«

1—X  (1-))

Q-2 (A=)

In equilibrium, Y; = Y4, accordingly our difference equation given by (11.14) can
be rewritten as
_ a n 1
= 2 (11.22)




Substituting (11.22) into (11.21) we can write S in equilibrium as
S=y——y. (11.23)

Finally substituting (11.23) into (11.19) gives the general forward solution to the
difference equation (11.1)

1 1"
Y, = y—yFJr X Yt—i—T (11.24)

= y+ G)T(YE+T—y)-

As above the numeric solution to (11.14): Y; = -5+ %1/15—&—1 requires that we know
the terminal or final value Y} for Y, r. If Y} is exactly ¢ periods after Y; then YV, =
Y+ (%)t (Y7 —y) . Thus, we again have a general solution comprised of the sum of the
particular integral and the complementary function, i.e. y = 1% and (%)t (Yr—y). If
0<1/A<1last— 00, Y; — y and the solution is stable or convergent.
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12. Review 3: Solving Systems of Linear Difference Equations

12.1. Matrix notation

Consider the following two first order autonomous nonhomogeneous linear difference

equations

e = axy1+by1+e (12.1)
¥y = cxq +dy—1 + f.

These equations can be rewritten in terms of matrices and vectors as

2t =Az 1 +¢g (12.2)

2 — Ty A a b 2 — Ti_1 _|e .
HES R RSN

12.2. Equilibrium

where,

In equilibrium x; = z;_; = x for all t and y; = y;_1 = y for all . Accordingly
r| |ab x n e
Y cdily f

z=Az+g. (12.3)

or

An equilibrium solution exists for this system if
z— Az =
I-Az = g
z = I-A)'g

Hence the equilibrium depends on the existence of (I — A)~!. In this example, the

solution of the system in terms of x and y is

B e(l1—d)+ fb
T da—ajd—T—bet1 (124)
fla—1) —ec

vy = dla—a/d—1)—bc+1
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We can reduce the above system of non-homogeneous difference equations to a ho-
mogenous one by considering deviations from equilibrium. For example, we saw above
that z = Az + g was the equilibrium representation of the system z, = Az, | +g. If we

define deviations from equilibrium as z;= z; — z, then we can re-express the system as

~

Z: = Zy— Z
= (Az;1+g)— (Az +g) (12.5)
= A(z1—12)
= Az,
where,
_ [,
Zy = ~
| Y
. [ Ty — T
| Yt Y
and
N Ty
Zi1 = ~
| Y1 ]
o [ Ti—1 — T
Y-y |

In equilibrium z; = z;_; = Z for all t and y; = y;_; = ¥y for all £. Accordingly

Z2—-AZ = 0
I-A)z = 0 (12.6)
z = I-A)1
= 0.

Hence the solution to the autonomous system requires that z=0 and y=0. It can
easily be verified that the only values of  and y which satisfy the above system are
indeed zero.

12.3. Stability of discrete systems

Given that we have established the existence of an equilibrium for the above non-

homogenous and homogenous systems we next need to solve the respective systems
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to set out the conditions required for dynamically stable. The solutions to both of these
systems is straightforward and can be carried out by repeated substitution as shown
above.

12.3.1. Non-homogenous system

For example in the non-homogenous case, the general solution can be found as follows

z, = Az 1+g
— A(Az, ,+8)+g=A'z ,+Ag+g
= A’(Az, s+g)+Ag+g=A%, ;+A’g+Ag+g (12.7)

= Alzg+I+A+ A+ ..+ A g

where z( is the initial values of the vector z.

12.3.2. Homogenous system

In the homogenous case the general solution is given by

/Z\t — A/Z\t—l
= A(AZ,_,) =A%z,
= A%(AZ,_3) = A’Z 4 (12.8)
= At/Z\O

where Z is the initial values of the vector z.
a b
Note that, if b = ¢ = 0, then A = y is diagonal and (12.5) reduces to two
c
independent homogenous equations in a single variable

Ty = a4

y = dyi
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with general solutions readily given by
7, = a7
g = d7%.

Coefficient matrices in typical economic systems are not diagonal, however we will
see below that application of a diagonalizing transformation will allow us to rewrite
many systems in this form. This permits us to easily solve the transformed system and
then to recover the solution to the pre-transformed system by inverting the diagonalizing
transformation. We will see below that to diagonalize A we need to find an invertible
matrix V such that D = V1AV where V is composed of the eigenvectors associated

with the eigenvalues of A, i.e. D.

12.3.3. Eigenvalues and eigenvectors

Given that linear non-homogeneous systems can be re-expressed as homogeneous ones,
without loss of generality, we will only concentrate on the latter in our subsequent
discussion regarding stability. It will be clear by now that the matrix A is very important
when assessing the stability of linear systems of difference equations. Under appropriate
conditions A can be diagonalized or decomposed into another matrix known as the
Jordan canonical form, which is expressed in terms of the eigenvalues and eigenvectors
of A.
Let’s start by reviewing the concepts of eigenvalues and eigenvectors. Consider the
following general linear system
w = Ax. (12.9)

The matrix A acts to transform the vector x to the vector w. Now let’s next
suppose that x is transformed into a multiple of itself, e.g. w = Ax where A is a scalar
of proportionality. Then it follows that

Ax = Xx (12.10)
(A-\)x = 0.

The solution to (12.10) will only be non-zero if A is chosen such that
©(A) = det(A—AI) = 0. (12.11)

The values of A which satisfy (12.11) are called the eigenvalues or characteristic values
or characteristic roots of A and the solutions to the system (i.e. for x) that are obtained

using these values of A are called the eigenvectors corresponding to the eigenvalues.
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For example, the eigenvalues of A (using the 2x2 example from 12.5 above) are found

[a b 1 0]
c d 01
= XN —(a+dA+(ad—bc)=0 (12.12)
= A2 = tr(A)A + det(A) = 0.

as follows

det(A—AI)

The solution to the polynomial or characteristic equation can be obtained by appli-

cation of the quadratic formula, e.g.

tr(A) £ /tr(A)% — 4det(A)
2

= %(a+d):|:\/a2—2ad+d2+4bc

where the subscript ¢ = r, s refers to the two eigenvalues of the characteristic equa-
tion. If tr(A)? > 4det(A) then the roots are real and distinct; tr(A)? = 4det(A) the

roots are real and equal; and if tr(A)? < 4det(A) then the roots are complex conjugate.

)\i:

The eigenvectors corresponding to these eigenvalues are determined by substituting

for each eigenvalue in the following equation'” and solving for v?
(A-NI)v = 0. (12.13)

For A = r we have

([Z 2] — <%(a+d)+\/a2—2ad+d2+4bc> I) Zi ] = [8]

[ " ] [ 1(a+d)+1va?—2ad+d>+4bc
1
v = =

hence

[

1

Likewise for A = s we have

([Z Z] - (%(a+d}—\/a2—2ad+d2+4bc> I) Z; ] - [8]

Vs 1(a+d)—1va®—2ad+d>+4bc ]
VS — 1 _ c

hence

1

S
Uy

I"Note that this equation takes the same form as (12.10).
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12.3.4. Transformation of the A matrix

Given the above background concerning eigenvalues and eigenvectors we are now in a
position to address the issue of stability using our linear homogenous system z, = Az;_;
with the general solution z,=A'z,. First let’s be more explicit about the diagonalization
or the Jordon canonical decomposition referred to above.

Theorem (2-variable case)

If the eigenvalues of the matrix A are r and s obtained from det(A—AI) = 0 such
that r # s then there exists a matrix V=[v",v*] composed of the eigenvectors associated

with r and s respectively, such that

0
D= [r ] — VAV, (12.14)
0 s
where v = U and v® = !
(%) v3

According we can see that A can be decomposed into Jordan canonical form which

is comprised of its eigenvalues and eigenvectors, e.g.

D = VAV
VDV! = V(VAV)V
= A.

Moreover it follows that

A2 = VDV 'VDV!=vVvD?*V!
A = VDV 'VD?>V ! = VvDD?V ! =VD3V~!

Al = VDV 'VD"'V ' =VvDD"'V! = VD'V L
Therefore our general solution z; = Az, can be reexpressed as

7z, = VD'V gz,

t O N
-V [g y ] V1%, (12.15)
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We can simplify z; = A'Zy even further by pre-multiplying both sides by V!

V'z, = V1A'Z,
V1A'VV 7y, where VV 1 =1

z; = V 'A'VZ,, wherez, =V 'Z, and z, = V'7,
= D'z,
Tt 0 =
= ZO
0 s
or equivalently
= . =
Ty = r'xg
= . =
Y = S¥Yo-

Since z; = V™12, = 2, = VZ,, we can recover the solution to the original model as

follows
t
~ r 0 | x
VZt =V . Zg
0 s
or B
T (A Ty
-~ - r S tx
Ye Uy Uy $Yo
or equivalently
-~ _ ot~ st~
Ty = vrTo+visYq
~ ot~ st~
Yt = VT T + V38 Y.

To denote that the starting values or boundary conditions can take on any constant
value we can redefine Ty and g, as ¢; and ¢y respectively,
Ty = cuirt + cuist (12.16)

r,.t st
Yy = C1lUaT + CaUsys".

12.3.5. Stability conditions for two-variable systems

e Assuming that r and s are real and distinct, we can readily see that for any value
of ¢; and ¢y, if |r] < 1 and |s| < 1 then as t — oo, (rf,s* — 0) hence Z; — 0.
The same applies to 7;. Consequently the system tends to the fixed or equilibrium
point of zero established above and is dynamically stable.
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o If /| > 1 and |s| > 1 then (Z;,y: — =£o0) depending on the signs of r and s
and is dynamically unstable (unless ¢; = ¢o = 0, i.e. the system starts in the

steady-state).

e If |r| > 1 and |s| < 1 then the system is generally (i.e. for most boundary
conditions) dynamically unstable since the system will tend to be dominated by
the root which is greater than unity and will according tend to plus or minus
infinity depending on its sign. However there is one non-stationary solution known
as the saddle path which converges to the steady-state. To obtain it, we impose
a boundary condition to eliminate the impact of the explosive root, i.e. here we
would set ¢; = 0. Given this restriction our general solution given by (12.16)

becomes

Ty = couist (12.17)

U = coussh.

Eliminating cys* from (12.17) gives the equation of the saddle path

Saddle path solution are an important feature of rational expectations theory. In a
two variable context where say y is predetermined and z is not, there will only be one
unique initial value of x associated with a given initial value y for which the system will
converge to the steady-state. Since x is non-predetermined, under rational expectations,
it is free to ”jump” precisely to the value needed to put the system on the stable saddle
path.
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13. Review 4: State Space Models and the Kalman Filter

13.1. State space setup

Consider the general state space model'®

oy = Ttat,l +C + Rmt; (1311)

Vi :Ztat—l—dt—i—st; t= 1,...,N (1312)

where «; is the unobservable m x 1 state vector at time ¢, y; is the n x 1 measurement
vector of observations, 17, and €; are g x 1 and n x 1 vectors of serially uncorrelated
Gaussian disturbances with mean 0 and covariance matrices Q; and H,.'? The system
matrices are comprised of the m x m transition matrixz T;, the m X g matrix Ry, the
n X m matrix Z;, the n x 1 and m x 1 non-stochastic vectors c; and d;, and the covariance

matrices Q; and H;. Note that the matrices T, c;, Ry, Z; and d; are non-stochastic.

13.2. Elements of the system matrices

The transition and measurement equation systems in (13.1.1-13.1.2) are given by the
economic model under analysis with the former determining the dynamics of the m x 1
state vector, a;. Accordingly the T, and Z; matrices are comprised of 0's, 1’s and the
structural economic parameters of interest. If these parameters and those in the c¢; vector
do not vary over time then T;, Z; and c; are constant for ¢ = 1,..., N. The Ry matrix
controls the number of shocks entering the state vector and contains 0's and 1's. If we
do not allow for time-varying parameters on the non-stochastic variables (e.g. trends,
dummy variables, etc.) in d; then it will also be constant for all ¢. Finally, if the vectors
of error variances in the state and measurement equations are time invariant then the
covariance matrices Q; and H; will be constant over time. The optimally estimated

elements of Ty, c;, d;, Q; and H,; are known as the hyperparameters.

18The following treatment is based on Harvey (1992, pp. 100-130), Liitkepohl (1991, pp. 418-419,
428-435) and Woitek (2004, pp. 55-59).

More general formulations could easily allow for scalar and vector AR and MA error processes in

the measurement and transitions equations.
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13.3. Kalman filter

Consider the conditional distribution of the state vector a; given information at time s.

The mean, and covariance matrix, of this distribution can be defined as

ays = Ey(ay), (13.2.1)

Py, = B, (| (e —ay) (o —ans)|) (13.2.2)

where the expectations operator indicates that expectations are formed using the
conditional distribution for that period.

To obtain the one-step ahead mean, a,;—; and covariance, P;;_; of a; we use the
conditional distribution implied by setting s = ¢ — 1. This yields the following prediction

equations
at|t_1 = Et,l(at) (1331)
= T 1+ ¢y
Pt|t71 = ki [(at - at\tfl) (at - at|t71)/] (13-3-2)

= TP, T, + R QR;.

Derivations of (13.3.1) and (13.3.2) are given below.

To calculate the above prediction equations we need to assume initial values for the
elements of the state vector in the previous period, a;_; and for the system matrices
Ty, c;, Ry, and Q;. The second step in calculating the Kalman Filter is to revise the
estimation error from step-one using the updating equations which are based on actual

observations of y available at time ¢. The updating equations are given by

Vi1 = Zeag—1 +dy; 1-step ahead estimate of y; (13.4.1)
F, = Z,Py 17} + Hy; estimated cov matriz of v, (13.4.2)
v =Yt — Yijt—1; observation vector estimation error (13.4.3)
a; = a1 + Ky updating of the state vector (13.4.4)
K, = Pt|t,1Z;Ft_1; Kalman gain (13.4.5)
P, =Py — KiZPyy_1; updating of state-cov matrix (13.4.6)

Further details motivating v, and a; as well as derivations for y,;_1, F;, K; and P,
are given below. To undertake the calculations required in the updating equations we

need to assume initial values for the elements of Z;, d; and H;.
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13.3.1. Derivation of the conditional state mean a;;_;
The one-step ahead mean, a,;—; defined in (13.3.1) can be derived as follows
a1 = Eia(ow)
= B 1(Tioy—1 + ¢+ Rymy)

= TEi (1) + Eiic + RyEy 1 ()
= Ttat_l + ;.

13.3.2. Derivation of the conditional state covariance matrix P;;_,

The one-step ahead covariance matrix, Py;_1 defined in (13.3.2) can be derived as follows

Py Ei [(Oﬂt - at\t—l) (Oét - at|t—1)l]

= FE 1 [(Tiay 1+ +Rmy — Tray 1 — ) (Toy 1 + ¢ + Rymy, — Tray 1 — ¢p)']

= Ei 1 [(Tvoyy +Remy, — Tiay 1) (Troy 1 + Rym, — Tiay )]

= Fi {[Tt (1 —a 1) + R J[{Ts (1 —a 1)} + (Rtm)']}

= b { [T (ap—1 —as—1) + Rtnt][(atfl - at—l)/ T:& + WQR;]}

= TuBi [(@1 —a1) (1 —ar) | Ty + TiBp [(a1 — a1) ;] Ry +
R.E; 1 (0 (e 1 —a, 1)) T + ReE o () R,

= Tt\E‘t 1 [(e1 —ap ) (oy—y — at—l)/lT; + R B [nmi R

-~

=P :Qt
— TtPtflT; + RtQtR;

Note that the two terms involving the error, n,, i.e. T;F;_ [(ay—1 — a;—1) i) R} and
R.E; 4 ('r;t (opq — at,l)') T}, are equal to zero since the expected value of the product
of two independent random variables is equal to the expected value of the first variable

times the expected value of the second and E;_; [n,] = 0.
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13.3.3. Derivation of the conditional measurement mean y,;

The one-step ahead measurement mean, y;—; defined in (13.4.1) can be derived as

follows

Yit—1 = E 1 (y,)
= B 1(Zioy +dy + &)
= Z/Ei1oy) + B 1di+E¢_q¢,
= Ziay 1 +d;.

13.3.4. Derivation of the conditional observation vector error covariance ma-
trix, F,
The error covariance matrix, F; defined in (13.4.2) can be derived as follows

F,

Ei :(Yt — Yt|t—1) (Yt - yt‘t_l)/}

) + &) ((Ztozt)’ — (Zoay1) + ei)]
oy — 1) + Et) (at’zg — ag\tqzé + 52)}

) +e0) (o — ayy_1)Z; + €;)]

(

=
L
®
~
—~
H.Q\
|
H.m\
~
L
~—r
N

2] + Et—l [€t€”
= Zt\Et,l (e — ays—1) () — ajy,_1)] Zi + Eyi €]

J/

Py H,
Ft - ZtPt|t71Z; + Ht'

13.3.5. Intuition underlying the Kalman filter

The Kalman filter provides the best linear approximation of the true state vector ay,
if the state vector estimation error, (a; — a;) is independent of the past and present
observations yy, i.e.

Cov|lay —a;),ys| =0; s=1,...,t. (13.5)
The Kalman gain, K, defined in (13.4.5) is derived to ensure that the above condition

holds. To understand how this works, we start by assuming that the state vector esti-
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mation error, (a; — a;) is equal to the difference between the true state vector, a;; and
the prediction of the state vector based on information in the previous period, a,;_; net

of a proportion, K; of the observation vector estimation error, (yt — yt‘t_l), ie.
(o —ay) = (o —ay1) — Kq (Yt - Yt|t71) . (13.6)
Equation (13.6) implies the state updating equation given by equation (13.4.4), i.e.
a; = a1 + Ky

where v; = (yt — yt|t,1), was defined in 13.4.3.
The above discussion also implies that for the observations y,, s =1,...,t — 1 and

any arbitrary matrix K; the following condition must hold

Cov [(a; — a;),ys] = Cov [{(at - at\t—l) - Ky (Yt - Yt\t—l)} ;YS} =0
— Cov [(at - at|t_1), ys] - KtCOV [(yt - Yt|t—1) ,ys] =0 (137)
s=1,...,t—1.
13.3.6. Derivation of the Kalman gain, K,

To derive K;, defined in (13.4.5) we require the condition given in (13.7) plus the fi-
nal condition that the state vector estimation error, (a; — a;) does not depend on the

observation vector estimation error (yt — Yt\t—1), ie.

Cov [(a — &), (y¢e — yip-1)] = 0.

Substituting for (a; — a;) using (13.6) the above condition becomes

Cov [{(at - at\t71> -K; (Yt - Yt\tfl)} ) (Yt - Yt\tfl)} =0,
and implies

Cov [(at - at|t—1)> (Yt - Yt|t71)] -
Kt?OV [(Yt - Yt\t—l) ) (Yt - Yt\t—l)} =0. (13.8)

-~

Fy

From subsection 13.3.4 we know Cov[(yt - yt‘t,l) , (yt — yt‘t,l)} = F,. Moreover it

can be show that the first term in (13.8) can be written as
Cov [(Oét - at|t—1)a (}’t - Yt|t—1)] = Cov [(Olt - at\t—l)a (at - at\t—l)] Z;-
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This result can be obtained by making use of (13.4.1): yy;,—1 = Zyay;—1 + d; and
(13.1.2): y; = Zyoy + d; + €, as follows:

Cov [(at —ay_1), (Yt — Yi|t— 1)}

N I

::aqkm ay-1) (Zoow, + dy + &1 — m%H—¢ﬂ

= B, [(at ag—1) (a’ — a;‘t \Z; + eg)}

= FE,, [(at — ay-1) ((a at‘t 1) Z; + st)]

= B [(w—ay) (o —ay, )] Zi+ By [(or — agy1)ey]
= Cov [(at —ay—1), (op — ay— 1)} Z, QED

Substituting this result and F; into (13.8) gives
Cov [(ay — ayy—1), (o —aye—1)] Z; — K,F, = 0.

Moreover from subsection 13.3.2 we know Cov[(at —ay—1), (o — at|t,1)] =Py

Accordingly the above expression can be further simplified to give the Kalman gain
Pt\t—lzé - KtFt - O
KF, = Py_.Z
K, = Pt|t71Z:§(Ft)_1

as defined in (13.4.5).

13.3.7. Derivation of the updating covariance matrix
The updating formula for P, defined in (13.4.6) can be obtained as follows

P, = Var|o; — ay
— Var o — 2t — Ke (v~ yars)]
(et = aye1) = Ko (ye = yuer)]”
= B { [(at — At 1) — K (Yt Yt\t—l)} [(at - at\t—l) - K (Yt - :Yt\t—l)},}
= B [(ew —aga)(en —ay)] =K [(vi = yoer) (@ —ag)] -
B {len—ave) [Ke ey )} B {1 () (K ()]}
= Ea [(ou —age) (o —aga)] = KB [(vi = yuer) (o —agea)] =
Ei [(at —ay-1) (yi — yue1) } K, +K.E 4 [(Yt — Yije-1) (ye — Yt\tfl)/} K,

FF
H
r
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Given E;_4 [(at - at\t—l) (Yt - Yt|t—1)/] ECOV[(at - at\t—l)a (Yt - Yt\t—l)};

Ei 1 [(Yt - Yt\t—l) (Yt - Yt\t—l)/i| EV&T(Yt - Yt|t—1) and from (13.8)
Cov[(at —ay—1), (yt — Yt\t—l)} = KtVar(yt — }’t\t—1), we can rewrite the
last two lines in the above expression as

P, = Ei, [(at - at\t—l)(at - at\t—l” — K;Cov [(Yt - Yt\t—l) , (o — at|t—1)] -
K, Var (Yt - yt|t—1) K; + K Var (Yt - Yt|t—1) K;
= ki [(Oét - at\tfl)(at - at\tfl),} — K;Cov [(Yt - Yt\tfl) (o — at|t71)] .

Finally from subsection 13.3.2 we know E; [(at — at|t,1) (at — at‘t,l)l} =Py

Accordingly the above equation can be written as

P, = Py — K;Cov [(Yt - Yt|t71) (o — at|t71)}
= Py — K;Cov [(Ztat +di+e - Yt\t—l) , (o — at|t—1)]
= Py — K Z,Cov [, (ay — ayy—1)] — K, Cov [dy, (o —aye—1)] +
K,Cov (e, (ay — ayu—1)] — KiCov [ay;_1, (0 — ags—1)]
= Py —KiZ,Cov (o, o) + K, ZCov (0u, ay1)
= Py — KiZiVar (o)
= Py —KZPy

as defined in (13.4.6).

13.4. Maximum likelihood estimation
13.4.1. Unconstrained maximum likelihood

At time t = 1,...,T, the Kalman filter provides the optimal estimate for the state

vector. The joint density function of the 71" vectors of observations is given by

N

In L(y, ) = [ [ (| Yi), (13.9)

t=1
where ) is a vector of hyperparameters and p(y;|Y;_1) is the distribution of y;, condi-
tional on the information set, Y at time t — 1. Given the information set Y;_1, the true
state vector is normally distributed with mean a; and covariance matrix P;. Hence, y,

is also normally distributed with mean y,;—; = Z;a;;—1 +d; and error covariance matrix
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F,;. Accordingly the the log likelihood function is given by

In L(y, %) = — "o In27 — = Zln Fy| — = Z VFw, (13.10)

which has to be maximized with respect to the vector of hyperparameters 1 (defined in
Section 13.1)

13.4.2. Constrained maximum likelihood

To constrain the parameter estimates, the log likelihood function, In L(y, ) can be
maximized subject to restrictions on the parameter vector, 1. The constraints can be
expressed in equality G(¢) = 0 and inequality, H(¢) > 0 terms with the G and H
functions encompassing both nonlinear and linear forms. Boundary restrictions, e.g.
P, < <1, where the subscripts [ and u refer to the lower and upper bounds respec-
tively, can simply be treated as a linear inequalities. Moreover, inequality constraints
can be re-expressed at equality, i.e. H(1p) > 0 becomes H(1p) = ¢* where ( is a con-
formable vector of slack parameters. The Kuhn-Tucker (1951) conditions require that
a distinction is made between active and inactive inequality constraints. Active con-
straints, Hg (1)) have non-zero Lagrangians, v; and zero slack parameters (; while the
reverse holds for inactive constraints, Hs(#). To impose both equality and inequality

restrictions the following augmented log-likelihood function would be maximized
J K L
La=WL(y,¥)+ > Ng); + > whe() + Y ha(ih) — (F (13.11)
j=1 k=1 =1

where In L(y, 1) is given by (13.11).
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14. MATLAB programs by Peter Ireland

Peter Ireland has made MATLAB programs (i.e. both scripts and functions) available
so the econometric work in his paper ” A Method for Taking Models to the Data,” in the
March 2004 issue of the Journal of Economic Dynamics and Control can be replicated.
These programs can be found at: http://www2.bc.edu/~irelandp/#programs. A brief

taxonomy of the programs according to the tasks performed include:
Estimation

e est.m: Maximizes (minimizes negative) log-likelihood function for Hansen’s RBC
model to obtain the parameter estimates where some have been transformed to

comply with theoretical restrictions.
e estse.m: Computes standard errors for the transformed parameter estimates.
e estseq.m: Recursive estimation of est.m with variable end dates.

o lifn.m: MATLAB function called by est.m and estseq.m. Uses the Kalman

filter to evaluate the log-likelihood function based on the transformed parameters.

o lifnse.m: MATLAB function called by estse.m. Uses the Kalman filter to eval-

uate the log-likelihood function based on the untransformed parameters.
Solution & Simulation
e solv.m: Solves Hansen’s RBC model.

e check.m: Checks the solution found by the script solv.m.

e ksmooth.m: Provides smoothed estimates of the shocks in Hansen’s model (i.e.
technology plus measurement errors). Also calculates the correlation between the

technology shock and the measurement errors.
Stability Tests

e stabtest.m: Performs parameter stability tests for the Hansen model (break point
occurs at 1973:1).
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Impulse Responses & Variance Decompositions

e imp.m: Computes impulse responses for Hansen’s model using the solutions pro-

vided by solv.m.

e vardec.m: Uses the parameter estimates and standard errors provided by estse.m

to calculate variance decompositions and standard errors for Hansen’s model.

e vardecfn.m: MATLAB function which does the same as vardec.m (less the

standard errors) for a given set of parameter estimates.
Forecasting

e fork.m: Generates k-step-ahead forecasts from four competing models: Hansen’s
model with vector AR(1) and scalar AR (1) errors plus a UVAR(1) and a UVAR(2)
model.

o forkfn.m: MATLAB function which uses the Kalman filter to generate k-step-

ahead forecasts for the non-predetermined variables in Hansen’s model.
Extra MATLAB Programs

e The MATLAB programs briefly described above and fully listed below are relevant
for the estimation and analysis of Ireland’s full model (i.e. with vector AR(1)
measurement errors). His model can also be estimated with scalar AR(1) errors
(i.e. by assuming that the covariance matrix of his measurement equations, D and
the covariance matrix of his measurement equations errors, Va2 are diagonal). His
MATLAB scripts estdse.m and estseqd.m perform the same tasks as the above
described programs estse.m and estseq.m except Vo and D are diagonal. This
also applies to the MATLAB functions llfnd.m and llfndse.m which correspond to
lIfn.m and llfnse.m. The program stabtst2.m performs the same stability tests
as stabtest.m except the break point is 1980:1. Finally the functions l1fn2.m &
lifnse2.m and 11fn3.m & llfnse3.m correspond to llfn.m & llfnse.m except the
time trend is adjusted to accommodate the post 1973 and post 1981 sub-samples

respectively.
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