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Abstract

We give a general integral representation theorem (Theorem 6) for nonadditive functionals
defined on an Archimedean Riesz space X with order unit. Additivity is replaced by a weak form
of modularity, or equivalently dual comonotonic additivity, and integrals are Choquet integrals.
Those integrals are defined through the Kakutani [8] isometric identification of X with a C (K)
space. We further show that our novel notion of dual comonotonicity naturally generalizes and
characterizes the notions of comonotonicity found in the literature when X is assumed to be a

space of functions.

1 Introduction

Consider the following classical integral representation theorem in the space of real valued, bounded,

and F-measurable functions B (Q, F) where F is a o-algebra of sets.!

Theorem 1 Let X = B(Q,F) and V a functional from X to R. The following statements are

equivalent:

(i) V is monotone and additive;

(i) there exists a unique finitely additive measure p: F — [0,00) such that
V (x) :/x(w)d,u(w) Vo e X. (1)
Q

This paper aims at extending the above Riesz representation result along the following lines:
1. the domain X of the functional will be a general Archimedean Riesz space with (order) unit;
2. the functional V : X — R will neither be assumed monotone nor additive.

In turn, X is identified with a C' (K) space and the integral in (1) is a Choquet integral (see Choquet
[5]) with p being a suitable nonadditive set function defined on a lattice of sets. Several partial exten-

sions in this direction have already been established. For instance, when X = B (Q, F), Schmeidler
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[14] introduced comonotonic additivity, for a functional, in place of additivity: a property actually
shared by Choquet integrals.” Along the same lines Zhou [16] generalized X to be a Stone vector
lattice while Cerreia-Vioglio, Maccheroni, Marinacci, and Montrucchio [4], among the others, also

removed the monotonicity assumption and considered Stone lattices.?

Theorem 2 (Schmeidler 1986) Let X = B (2, F) and V a functional from X to R. The following

statements are equivalent:
(i) V is monotone and comonotonic additive;

(ii) there exists a unique capacity pu: F — [0,00) such that
V()= / z (w) dp (w) Vo e X. (2)
Q

In the above result there are two new elements: comonotonicity and the Choquet integral in (2).

Recall that two functions f and g from €2 to R are said to be comonotonic if and only if

(fw) = fW)(gw)—gW)) =0 Vww e (3)

Comonotonic additivity, in Theorem 2, means that the functional V is additive when restricted to
pairs of comonotonic functions. On the other hand, when g is a capacity, that is a monotone set

function, the Choquet integral (2) is defined as the sum of two improper Riemann integrals:
[eS) 0
[e@du)= [ peztd+ [ wezo-p@)e  veex (1)
Q

0 —o0

where (r >t) = {we Q:z(w)>t}. It is immediate to check that this definition can be easily
extended from capacities p to set functions of bounded variation.* This was done in [11], [10], and [4].
At the same time, also the representation Theorem 2 has been extended to the nonmonotone case but
always retaining the assumption that X is a space of functions. To state our main result, we recall

some definitions regarding Riesz spaces.

Definition 3 An Archimedean Riesz space with unit is a real vector space X with a partial order >
such that:

(i) (Ordered vector space) x >y implies ax + z > ay + z for alla > 0 and all z € X;
(i1) (Archimedean property) 0 < nz <y for all n € N implies x = 0;
(iii) (Riesz property) X is a lattice with respect to >;
(iv) (Ezistence of a unit) there exists an element e € X\ {0} such that

X = U{xeX:|x|§ne}.
neN

An element e satisfying (iv) is said to be a unit. We define X, = {z € X : > 0}. It is then well
known that ||-]| : X — [0, 00), defined by

|z = min{A>0:]z| < Xe}  VzeX, (5)

2Comonotonicity was already used under different names by many authors. See Denneberg [6] for more details as
well as for different characterizations of comonotonicity.

3See the Appendix for a definition of Stone vector lattice.

4See Section 1.1 for definitions, notation, and terminology.



is an M-norm over X.> Given an Archimedean Riesz space with unit X, we endow X with the norm
above and we denote by X* the norm dual. We endow X* and any of its subsets with the w*-topology.
The map (x,&) — (x, &) for all (z,£) € X x X* denotes the dual pairing. The positive unit sphere is

A={{eX":(e,&) =1and (z,£) >0 for all x > 0}. (6)

We denote by £ the set of extreme points of the compact and convex set A. The set £ is compact. By
Krein-Milman’s Theorem, A is the closed convex hull of £. We also endow £ with the Baire o -algebra:
Baire (£). Next, we list few special properties for functionals V' : X — R.

Definition 4 Let X be an Archimedean Riesz space with unit. The functional V : X — R is:

(i) monotone if V (z) >V (y) whenever x > y;

(ii) of bounded variation if
Vary (0,2) = sup {Z [V (z;) =V (xi—1)|: 0=2p< ... <xpp =z andn € N} < oo Vo e X4,
i=1
(#i3) unit-additive if V (z + Xe) =V (z) + V (Xe) for allx € X and all A > 0;
() unit-modular if V(x Ade) + V (x vV Ae) =V () +V (Xe) for allz € X and all X € R;

(v) dual comonotonic additive if V (x +y) =V () + V (y) for all x,y € X such that
(@, 8) = (@, &) (5, 6) — w,€) 20 V¢ €&;
(vi) supermodular if V(z Ay)+V (xVy) >V (z)+V (y) forallz,y € X;
(vii) superadditive if V (z +y) >V (z) +V (y) for all z,y € X.
Next statement is a Choquet-Bishop-DeLeeuw variant of Krein-Milman’s theorem.

Theorem 5 Let X be an Archimedean Riesz space with unit and V' a functional from X to R. The

following statements are equivalent:

(i) V is monotone and additive;

(i1) there exists a unique measure ji on Baire (E) such that
Vi(z) = /g (@, du(§)  VozelX. (7)

The above result can be viewed as an abstract Gelfand’s integral representation theorem.® The
goal of this paper is to provide a nonadditive and, not necessarily, monotone version of the above

representation result:

Theorem 6 Let X be an Archimedean Riesz space with unit and V a functional from X to R. The

following statements are equivalent:

5That is, ||z V y|| = max {||=||, |y||} for all z,y € X4.
6Since £ is compact, it is worth noticing that the existence of a measure g, in Theorem 5, when V € A, is merely a
consequence of [12, Proposition 1.2]. By [12, Corollary 10.9] and since A is a Choquet simplex and £ is an Fy set, also

the uniqueness of y follows.



(i) V is dual comonotonic additive and of bounded variation;
(i) V is unit-additive, unit-modular, and of bounded variation;

(7ii) there exists an outer continuous set function v : U (£) — R of bounded variation such that
V)= [waae  veex

Moreover, v is unique and V' is monotone if and only if v is.
Here U (£) denotes the lattice of upper level sets generating Baire (£), that is,
UE) ={f=z1): feC (), teR}.

It is apparent the close relation of Theorem 6 with Theorem 5. Actually, Theorem 6 collapses into
Theorem 5 whenever V' : X — R is monotone and additive (see also Section 4) and 7 also admits a
unique extension to Baire (£). It is also worth emphasizing that the equivalence between (i) and (ii)
of Theorem 6 is novel also in the standard case X = B (2, F) where dual comonotonic additivity and
comonotonic additivity coincide. This equivalence is obtained in Theorem 19 in the Appendix. This
latter theorem extends all the existing representation results in the literature when X is assumed to
be a space of functions.

Section 2 is entirely devoted to the proof of Theorem 6. Behind the definition of dual comonotonic
additivity established in Definition 4, there is the property of two elements x and y in X to be dually
comonotonic, that is, such that

({2, ) = (@, &) (1. 6) = W, &) =0 VL ek (8)

Section 3 provides a careful analysis of this notion and, among the others, shows how dual comonotonic-
ity naturally generalizes and characterizes the notions of comonotonicity found in the literature when
X is assumed to be a space of functions.

Finally, Section 4 is dedicated to the special case in which the functional V' has the further property
of being either supermodular or superadditive. We study the close relation of these two properties in
view of their integral representation. Moreover, we show that superaddivity is crucial in guaranteeing
the uniqueness of v in Theorem 6 also when + is extended to Baire (£).

1.1 Notation

We close this introductory section by adding few further definitions that were and will be used in the
paper.

If ¥ is a lattice of subsets of a set  such that (), 2 € X, a function v : ¥ — R is a set function if
v (@) = 0. In particular, a set function is:

)
(i) monotone or a capacity if v (A) <+ (B) whenever A C B;
(i) supermodular if vy (AN B)+~v(AUB) >~ (A)+~(B) for all A,B € %;
(iii) ~ is outer continuous at A € 3 if lim,, v (Ay) = v (A) whenever A4,, | A;
)
)

(iv) ~ is outer continuous if «y is outer continuous at each A € ¥;

(v) = is of bounded variation if

sup i) — i—1)]:F9=AgC....CA,=Nand n € < 0.
{ZW(A) 7 (Ai)] A Ap = Q and N}
i=1



Submodularity and inner continuity are defined similarly. We say that a set function is continuous
(resp., modular) if and only if it is inner and outer continuous (resp., submodular and supermodular).
The notion of set function of bounded variation goes back to Aumann and Shapley [3]. The space of
set functions of bounded variation on ¥ is denoted by bv (X).7 It is immediate to see that capacities
are set functions of bounded variation. Finally, if F' is a Stone vector lattice, we denote by X the
lattice of upper level sets, that is, Xp = {(f >t): f € F and t € R}. Given a subset A C Q, we
denote by x4 the indicator function of A.

2 Proof of the Main Theorem

Let X be an Archimedean Riesz space with unit endowed with the supnorm (5). Let &€ be the set
{£ € A: ¢ is an extreme point of A}. By [2, Theorems 3.14 and 4.28], we have that

0 #E={e A:Eis alattice homomorphism and (e, &) = 1}.

For this reason, &£, endowed with the w*-topology, is Hausdorff and compact. We define by C (£) the

space of all continuous functions over £ and we endow it with the supnorm. Define T': X — C (£) by
x+— T (z) = & where & (§) = (x,€) VE e & Ve € X. (9)

By the classical Kakutani-Bohnenblust-M. Krein-S. Krein theorem (see for instance [2, Theorem 4.29]),
T turns out to be an isometric lattice homomorphism such that T' (e) = xg. Thus, X is lattice isometric
to C = T (X).8Y By [1, Theorem 9.12], the latter is uniformly dense in C (€). Then, we consider
T :X — C. In this way, T is an isometry, a lattice isomorphism, and the same applies for its inverse

T~'. Both maps are positive.

Proof of Theorem 6. (i) implies (ii). Let z € X and A € R. Since ((z,&) — (z,£")) ((Xe, &) — (Xe, &) =
0 for all £,£ € &€, z and Ae are dually comonotonic. Since V is dual comonotonic additive, we have
that

V4 Xe) =V (z)+V (Xe), (10)

proving, in particular, that V is unit-additive. Since T is a lattice isomorphism such that T (e) = x¢,
we have that T (z A de) = EAAxe and T (x V Ae) = £V Axe. By [10, Lemma 4.6], £ A Axe and &V Axe
are comonotonic in C. This implies that z A Axe and z V Axe are dually comonotonic. By (10) and

since V' is dual comonotonic additive, it follows that
VeAre)+V(evie)=V(eAde+zVie)=V(r+de) =V (z)+V (Ae),

proving that V is unit-modular.

(ii) implies (iii). Suppose V is unit-additive, unit-modular, and of bounded variation. Given T as
defined in (9), define V:C - Rby V=V oT 1.

The set C C C (£) is a Stone vector lattice. Since T~! is a positive operator such that T-1 (yg) = ¢
and V is unit-additive, we have that

V(f+Mxe) =V (TN f+Mxe) =V (TN +xe) =V (TH)) +V (D)
=V(f)+V(Axe) VFfeCVA20,

TA detailed study of the space of set functions of bounded variation can be found in [4, Section 3].

8From here on, all compact topological spaces are understood to be Hausdorff.

9Some of the results cited in [2] apply to the case when X is an AM-space and, in particular, it is norm complete.
Nevertheless, it is routine to check that they apply to an Archimedean Riesz space X with unit when endowed with the

supnorm.



proving that V is unit-additive. Since 7! is a lattice isomorphism such that 7! (xg) =eand V is

unit-modular, we have that

V(FAMe)+V(FVAXe) =V (T7H(f Adxe)) + V(T (f V Axe))
=V (T'(f)AXe) + V(T (f) V Xe)
=V(TH))+V )=V (f)+V(\xe) VfECVAER,

proving that V is unit-modular. Finally, consider 0 < f € C and a chain {fi}io such that 0 = fy <
fi <+ < fo=f. Define z and {x;},_, by x =T~ ' (f) and z; = T~ (f;) for i € {0,...,n}. Since
T~ is a positive operator, it follows that 0 = 2o < 21 < - - - < &, = 2 and

S|V =V ()| = oIV @) = V (@il < Vary (0,).
=1 i=1

Since V is of bounded variation, V is of bounded variation. By Lemma 18, we have that V:C—Ris
Lipschitz continuous. Since C' is uniformly dense in C (£), it follows that V : C — R admits a unique
Lipschitz continuous extension to C (£). We denote the extension by V. Since V is unit-additive,
unit-modular, and of bounded variation, it follows that V shares the same properties. Finally, consider
f € C(€) and a sequence {fn}, cy € C (£) such that f, | f pointwise. By Dini’s Theorem, we have
that {fn}, <y converges in supnorm to f. Since V is Lipschitz continuous, it follows that lim,, V (f,) =
V (f). By Theorem 19, there exists an outer continuous v € bv (S¢(g)) = bv (U (£)) such that

V(f):/gf(ﬁ)dv(ﬁ) VieC ().

In particular, we have that

V() :/5<x,s> (€ VreX.

(iii) implies (i). Assume there exists an outer continuous «y € bv (U (£)) such that

V(a:)z/g(m,@d’y(f) Vo € X. (11)

We start by considering the case when + is a capacity. Consider x and y in X such that > y. Since
T is positive, it follows that & > §. By (11) and the monotonicity of the Choquet integral when = is
a capacity, we have that

V<:c>=/£fe<£>dv<s> 2/@(£)d7(£)=V(y),

&

proving that V is monotone. Let now x and y be dually comonotonic, that is,

(<(E,€> - <$,£/>) (<y7£> - <ya£/>) >0 véag/ S

It follows that the two functions, & and g, are comonotonic. Since Choquet integrals are comonotonic
additive, we have that

V(a:—i—y):/

£

(&(6) +(6) dv (€) =/

£

i(é)dv(i)Jr/z)(é)dv(&)=V(w)+V(y)7

£

proving that V' is dual comonotonic additive according to (v) of Definition 4. Next, consider the case
when v is of bounded variation. By [4, Proposition 7] and since U (£) is a lattice of sets, there exist
two capacities 1,72 : U (£) — [0,00) such that v = v; — 7. By (11), this implies that V =V} — V5
where
Vi (2) :/@,g)d% ©  VreX,i—1.2
£



By the previous part of the proof, V7 and V5 are monotone and dual comonotonic additive. Conse-

quently, V' is dual comonotonic additive and of bounded variation.

We are left to prove the uniqueness of v and the characterization of monotonicity. We start by the

uniqueness of 7. Consider two outer continuous set functions 1,2 € bv (U (£)) such that
Vi(z) = / (z, &) dy (&)  VxeX,ie{l,2}.
£

For i € {1,2} define V; : C — R by V; (f) = Je [ (&) dvi (§) for all f € C. By Theorem 19, it follows
that v1 (A) = 12 (A) for all A € ¢ C U (E). On the other hand, if A € U () then there exist
feC(€) and t € R such that A = (f >t). Since C is uniformly dense in C (£) and xg¢ € C, there
exists a sequence {fy},cy € C such that f,, > f,11 > f for all n € N and || f,, — f[| — 0. Tt follows

that (fn, >t) | (f >t). Since 1 and 2 are outer continuous and they coincide on ¥, we have that

NnA) =n(f>t)= limy, (fn>t)= lim (fn=t) =7 (f>1t) =7 (A),

proving uniqueness.

Finally, we prove the characterization of monotonicity. Consider V=VoT!:C—RandV the
Lipschitz continuous extension of V from C to C (£), as in (i) implies (iii). Since 7' is a positive
operator, if V' is further monotone then V is also monotone and so is the extension V. By Theorem 19,
there exists a unique outer continuous capacity v : U (£) — [0, 00) such that V (f) = [, f (§) dv () for
all f € C(€). In particular, we have that V (z) = [, (z,&) dy (§) for all z € X. On the other hand, if
~ is a capacity that satisfies (11) then V is monotone, as proved in the initial part of (iii) implies (i).
[ |

3 Dwual Comonotonicity

In this section we study the dual comonotonicity relation contained in (8). Notice that two elements
and y in X are dually comonotonic if and only if the functions & (-) and § (-) in C (€) are comonotonic
in the usual sense. At the same time, to check that two elements are dually comonotonic, it suffices
that the relation in (8) holds for all £,&’ € I' C £ where I is dense in &.

When X is a space of functions we thus have two notions of comonotonicity: the traditional one
and the dual one. We show that these notions coincide. This confirms that the new notion of dual
comonotonicity we propose is a legitimate generalization, of the standard notion of comonotonicity,

to Archimedean Riesz spaces with unit.

We start by considering a o-algebra F of subsets of a nonempty set Q. B (2, F) is a Banach lattice
with unit xo. The norm dual of B (2, F) is lattice isometric to the set of bounded and finitely additive
set functions ba (2, F). In this case, the dual pairing is such that (f, u) — fQ fdu. A is the set of
finitely additive probabilities on F and & is the set of {0, 1}-valued probabilities. Next proposition
shows the coincidence of comonotonicity and dual comonotonicity in this setting.

Proposition 7 The functions z,y € B (Q, F) are comonotonic if and only if are dually comonotonic.

Proof. For each w € Q define the Dirac measure d,, on (£, F) by

b4y =d L TwEd e F
0 fwegA



The set T' = {4, : w € Q} is dense in €. If 2 and y are dually comonotonic, in particular, we have that

(z () =z (@) (¥ (w) —y (W) = (2,00) = (2,00r)) (¥, 00) = (¥, 0ur)) 20 Vw,u' € Q,

proving that = and y are comonotonic. Conversely, if  and y are comonotonic then

0< (z(w) =2 (W) (y W) —y W) = ({,00) = (#,00) ({1, 00) = (¥,00r))  Yw,u' €9,

proving that the relation in (8) is true on the dense subset I' of £. This implies that = and y are
dually comonotonic. |

In light of Proposition 7, given a comonotonic additive functional V' : B (Q, F) — R of bounded
variation, we have two representations . The first one is a specification of Theorem 6 if X is assumed to
be B (2, F). The second one is the direct representation according to Schmeidler’s result as generalized
to the nonmonotone case by [11] and [10]. It is interesting to realize their relation. More specifically,
it V: B(Q,F) — R is comonotonic additive and of bounded variation then there exists a unique set
function n € bv (F) such that

Vi(z)= /Qw(w) dn (w) Ve e B(Q,F). (12)

On the other hand, Theorem 6 implies that there exists a unique outer continuous set function
v € buv (U (£)) such that

V(2) = /5 FE)dv(€) VreBWQF). (13)

Next proposition clarifies the relationship among the objects £, C (£), n, and v. By definition,
Z (&) = (z,€) for all € € £ and z € X. To this purpose, if A is an element of the o-algebra F, define
the following subset of £:

A={pe&:pnld)=1}.

That is, A is the collection of {0, 1}-valued probabilities having the set A as carrier. Set F =
{d:aerF}.

Proposition 8 For the representations (12) and (13), the following properties hold:

(i) the space £ can be identified with the compact, Hausdorff, and totally disconnected Stone space
of the Boolean algebra F;

(i1) F is the o-algebra of clopen sets of € which is a base of the topology in &;
(iti) C (&) = B (F) and T (xa) = x4

(iv) ’y(A) =n(A) for all A€ F.

Proof. Before starting we denote by 71 the topology on £ induced by the w*-topology and by 75 the
topology generated by F.

(i) and (ii). Define the map h : F — F by A~ A for all A € F. It is routine to check that it is
a lattice isomorphism as in [13, Definition 1.4.4]. This implies that Fis an algebra. Next, consider

{An} . C F, it follows that there exists {An},en € F such that Ay ={pe&:n(A,) =1} foral
ne

n € N. Since F is a o-algebra, it is immediate to see that ﬂ,,LeNfln ={pef:u(Npeni,) =1} € F,
proving that Fisa o-algebra. It is routine to check that each set in F is a 7-clopen set. Since F is
closed under intersection and complementation, F is a base for 7 and each 7o-closed set is intersection

of sets in F. It follows that 7 C 7. Consider the identity idyg : (€,11) — (€,72). Since 75 C 11, idg is



a continuous bijection. (€,71) is compact and Hausdorff while (£, 72) is Hausdorff. In fact, consider

1 and pg in €. By contradiction, assume that pq # o and that for each C € F
€ C = pyeC.

Since p1 and po are {0, 1}-valued, this implies that pg (A) = pa (A) for all A € F, that is, p1 = po,
a contradiction. It follows that if pq, e € € and p1 # po then there exists C' € F such that pq € C
and ps & C. Since F is closed by complementation, we have that u; € C and ps € C° and 75 is
Hausdorff. We can conclude that idg is an homeomorphism. Thus, 7 and 75 coincide, proving that
(€, 7) is compact, Hausdorff, totally disconnected, and F is a base for 7. It is routine to check that
any clopen set of (£,7) belongs to F.

(iii) Clearly, for each A € F we have that T (ya) = x4 € C(&). Since T is linear, this implies
that By (S,ﬁ) cCcE)cB (E,f'). Since C' (€) is a Banach space, the statement follows.

(iv) By (12) and (13), we have that for each x € X

[a@ane) = [a©ar©. (14)

£
Setting x = x4 in (14), we get the relation n (A) = (A) [ |
Next result though interesting in itself will be useful in the sequel.

Proposition 9 Let X and Y be two AM -spaces with units ex and ey and let J: X —'Y be a lattice

homomorphism such that J (ex) = ey. The following statements are true:
(i) If z and y in X are dually comonotonic then J (z) and J (y) in'Y are dually comonotonic.
(ii) If J is further injective, x and y are dually comonotonic if and only if J (x) and J (y) are.

Proof. Since X and Y are two AM-spaces, Kakutani’s maps Tx : X — C (éx) and Ty : Y — C (&y)
are isomorphisms. Define the lattice homomorphism J : C' (Ex) — C(€y) by J =Ty o J o 5 . J is
such that J (xe, ) = xey . It follows that J o T = Ty o J. From a general result on homomorphisms
between spaces of continuous functions (see for instance [1, Theorem 14.23]), it follows that there

exists a continuous map h : &y — Ex such that

J(f)=feh VfeC(&).

(i). By contradiction, assume z and y in X are dually comonotonic and that J (z) and .J (y) are not.
It follows that there exist £ and & in &y such that

0> [Ty (J (#) (&) = Ty (7 (2)) (©)] [Ty (7 1) (&) — T (7 (3) (£2)]
= [J(Tx @) (@) = T (Tx () ©)] [T (Tx () (&1) = J (Tx () (&)
= 7@ (€)= J @) (&)] [T @) &) - T (3) (€)] = 7 (h () ~ & (b (€[5 (h (&) - § (h (&),

a contradiction with the hypothesis that « and y are dually comonotonic.

(ii). If J is further injective then the map h : &y — Ex is onto. Necessity follows from point
(i). By contradiction, suppose that J (z) and J (y) are dually comonotonic but x and y are not. It
follows that there exist & and & in Ex such that [& (&) — 2 (&)] [y (&) — 9 (&2)] < 0. Since h is
onto, there exist & and &, in & such that & = k(&) and & = h(£). Since J (&) = Ty (J (z)) and

J () = Ty (J (y)), this implies that
0> [& (h (1) = & (A (€] [9 (b (1) = 5 (h ()] = [T (@) (€)= T (@) (&8)] [T (9) (¢1) — T (9) (&)
= [Ty (J (2)) (€)= Ty (J (2)) (€] [Ty (J () (€1) = Ty (J () ()],

a contradiction with J (z) and J (y) being dually comonotonic. |



The AM-spaces C, (X) and ¢ We give some immediate applications of Proposition 9. Let
Cy () be the space of all bounded and continuous functions on a topological space S. Cy (S), endowed

with the supnorm and the pointwise order, is a Banach lattice with unit yg.

Proposition 10 Two functions f and g in the AM-space Cy (S) are dually comonotonic if and only

if they are comonotonic.

Proof. Let Bg be the Borel o-algebra of S and consider the space B (S,Bg). Every continuous
function is Bg-measurable. Thus, the inclusion map J : C, (S) — B (S, Bgs) is an injective lattice
homomorphism. By Propositions 7 and 9, the statement follows. |
Consider the subspace c of [* where the latter is the space of all bounded sequences and the former
is the space of all convergent sequences
c= {x €l®:ry0 = Zlggomz exists in R}.
Notice that [* = B (N, P (N)) where P (N) is the power set of N. We endow ¢ with the supnorm
|z|| = sup;e |zi]. Clearly, ¢ is an AM-space with unit and its norm dual can be identified with the
AL-space I @ R via the lattice isometry £ — (y,\) with y € [' and X\ € R such that (see also [1,
Theorem 16.14])
)
(,8) = Mroo + Zylxt Vz € c.
i=1
We have that € = {e;},c U {eoo} Where (e;, 2) = x; for all i € N and (ec, ) = #oo. The elements x
and y in ¢ are functions defined over N thus comonotonicity means

(i — 2] lyi —y;] >0 Vi, jeN. (15)

By Propositions 7 and 9 and since the inclusion map J : ¢ — [*° is a lattice homomorphism, we have

that = and y in ¢ are dually comonotonic if and only if they are comonotonic.

The AM-space L (Q,F,N) Let (Q,F) be a measurable space where F is a o-algebra. Let
N C F be a proper o-ideal.!’ Define by L> (£, F,N) the space of all real valued F-measurable
functions that are essentially bounded. That is, for each f € L (2, F, ) there exists a scalar k such
that (|f| > k) € N. The function [|-||_ : L= (Q,F,N) — [0,00) defined by

[flloe = inf{k = 0: (If| > k) e N} VfeL>(QFN)
is a seminorm. By introducing the equivalence relation
f~gifandonlyif (|f—g| >0) e N if and only if |[f —g|| . =0

the quotient space £ (Q, F,N) = L= (Q,F,N) / ~ is an AM-space with unit.!!

By f we will denote an equivalence class in £ (2, F, ') and by f a representative element of the
class f. The norm dual of £ (2, F,N) is lattice isomorphic to ba (Q, F,N) and the extreme points
E of A are the set of all finitely additive probabilities on (2, F) that are {0, 1}-valued and take value
zero on sets belonging to A. If we consider a o-additive probability measure P : F — [0,1] and we
define N = {E € F: P(FE) =0} then £ (Q,F,N) becomes the standard space L (Q,F, P). On
the other hand, when A" = {0} we have that B (2, F) = L™ (Q, F,N) = L= (Q, F,N).

0That is, Q ¢ N; F 5 AC B e N implies A € N; Un2; An € N if {An}, oy is a sequence in V.
1 For a thorough analysis of the space £ (Q, F,N) and its norm dual see [13, pp. 137-140].
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If f € £°(Q,F,N) then we denote by f € C (£) the image of f under Kakutani’s map 7. That
is, f : &€ — R is such that f(u) = Jo fdp for all € £.1% Given two functions f,g € L™ (Q, F,N),
f~gifandonlyif [, fdu= [, gdu for all € € if and only if f = g. Therefore, we can also define
LX(Q,F,N)=L>(Q,F,N)/kerT.

Lemma 11 Let ¢ : R — R be continuous. If £ € L= (Q, F,N) then for each f € £

/Q(wf)du=<p</ﬂfdu> Vi e €. (16)

Proof. If f € £~ (9, F,N) then there exists a function f € B (Q,F) such that f ~ f. Since ¢ is
continuous, pof ~ wof. If f is a simple function, that is f € By (2, F), then it is immediate to see that
(16) holds for f. On the other hand, if f € B (€2, F) then there exists a sequence {f,,}, cy € Bo (2, F)
that converges in supnorm to f. It follows that

@ (/Q fdu> = </Q fdu) = (lirrbn/ﬂfndu> =lim (/Q fndu)
= lim o f)du = of)du= o f)d A g,
1 /Q(w fn) dp /Q(so f) dp /Q(w fdp Ve
proving the statement. |

Proposition 12 Let f,g € L (Q,F,N). The following statements are equivalent:

(i) £ and g are dually comonotonic;

(ii) there exist f € £, g € g, and N € N such that

[f (@)= f(W)]g(w)—g@)] =0  Vwuw €N (17)
(i1i) for each f € f and g € g there exists N € N such that

[f W) = f@)]gw) =g )] =0  Vw,w' €N

Proof. The canonical mapping J : B (Q,F) — L= (Q,F,N), such that f — £, is a lattice homo-
morphism.

(i) implies (ii). Let f and g be dually comonotonic. This implies that f and § are comonotonic.
By [6, Proposition 4.5], there exist two continuous and monotone functions ¢1, g2 : R — R such that
f = (f+g) and § = pq (erQ). Set h = f +g. By previous lemma, we have that f ~ ¢; 0h and
g ~ ¢20h. On the other hand, by [6, Proposition 4.5], the functions ¢; o h and 0 h are comonotonic.
This implies that @1 o h and 3 o h satisfy (17) for N = .

(ii) implies (iii). If f* € f and ¢’ € g then there exists M € N such that fl’Mc = fime and
g"MC = g|me- It follows that for each w,w’ € (NUM)® = N°N M*®

[ (w) = (@] 9" (@) =g (@] = [f (@) = f ()] g (w) =g ()] =0

and NUM € N.

(iii) implies (i). Let f € f, g € g, and N € A be as in (iii). There exist k¥ € R and two functions
f and g in By (9, F) that are further comonotonic in the standard sense and such that f ~ f + kxq
and g ~ g + kxq. By Propositions 7 and 9, J (f) =f+k and J(g) = g + k are dually comonotonic
and so are f and g. [

12Notice that if f1, f2 € f then [, fidu = [ fodp for all p € ba (Q, F,N).
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4 Superadditivity

When X = B (2, F), the relation between superadditivity and supermodularity is well known and the
results are simple and nice (see, e.g., [10, Corollary 4.2]). We shall extend this result to our general
setting. Moreover, superadditivity will be a key property in allowing us to provide a representation
where the set function v is defined and unique not just over the class U (£), but on the entire Baire

o-algebra, Baire (£), providing a complete generalization of Theorem 5.

Proposition 13 Let X be an Archimedean Riesz space with unit and V' a functional from X to R.

The following statements are equivalent:

(i) V is monotone, dual comonotonic additive, and supermodular;
(i) V is monotone, dual comonotonic additive, and superadditive;

(1i1) there exists a unique supermodular and outer continuous capacity, v : U (£) — [0,00), such that
V= [@od©  wex

Proof. Consider V: C — Rand V : C (§) — R as in the proof of Theorem 6. Recall that V = VoT~!
where T is Kakutani’s map and V is V Lipschitz continuous extension to C (£).

(i) implies (iii) (resp., (ii) implies (iii)). Since V is monotone, dual comonotonic additive, and
supermodular (resp., superadditive), and T is a lattice isomorphism, we have that V is monotone,
comonotonic additive, and supermodular (resp., superadditive). By Lipschitz continuity, the extension
V inherits the same properties. By Dini’s Theorem, V is outer continuous. By Theorem 19, it
follows that there exists an outer continuous supermodular capacity, v : U (£) — [0, 00), such that
V(f) = [¢f(©dy(&) for all f € C(&). It follows that V (z) = [ (z,£)dy(§) for all z € X.
Uniqueness follows from Theorem 6.

(iii) implies (i) (resp., (iii) implies (ii)). Consider a supermodular and outer continuous capacity
v:U(E) = [0,00). Define v* : Baire (£) — [0,00) by

v (A) =sup{y(B):U(E)> B C A} VA € Baire (£).

It is immediate to see that v* is a supermodular capacity which further coincides to v on U ().
Next, define W : B (&, Baire (£)) — R by f +— [, f(£)dy* (§). By [10, Corollary 4.2] and since
~v* is supermodular, W is monotone, comonotonic additive, supermodular, and superadditive. Since
V =W oT and T is a lattice isomorphism, it follows that V' is monotone, dual comonotonic additive,
supermodular, and superadditive. |

In the next result we assume that V satisfies an extra property of continuity but is not necessarily

monotone. Its proof is heavily dependent on the Daniel-Stone extension theorem given by [4].

Theorem 14 Let X be an Archimedean Riesz space with unit and V' a functional from X to R. The

following statements are equivalent:

(i) V is dual comonotonic additive, superadditive, sequentially weakly continuous, and of bounded

variation;

(it) V is dual comonotonic additive, superadditive, sequentially weakly continuous at x = 0, and of

bounded variation;
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(i1i) there exists a unique supermodular and continuous v € bv (Baire (£)) such that
V(x)z/(z,f)d’y(s) Vo € X.
£

Moreover, V' is monotone if and only if v is a capacity.

Proof. Again consider V : C — R as in the proof of Theorem 6. Recall that V =V o T~ where T
is Kakutani’s map.

(i) implies (ii). It is obvious.

(ii) implies (iii). Since V is dual comonotonic additive, superadditive, and of bounded variation
(resp., monotone), we have that V' is comonotonic additive, superadditive, and of bounded variation
nen S C such that f, — 0
nen © X, defined by @, = T~ (f,) for all n € N, is

bounded and it weakly converges to 0. Since V is sequentially weakly continuous at x = 0, we have

(resp., monotone). Next, consider a uniformly bounded sequence {f,}

pointwise. It follows that the sequence {z,}

that V (0) = V (0) = lim, V (2,,) = lim,, V (£,), proving that V is bounded pointwise continuous at
0. By [4, Theorem 22], it follows that there exists a continuous and supermodular v € bv (¢ (Z¢))
(resp., capacity) such that

V(f)=/€f(£)dw(£) vfec.

Since C is uniformly dense in C (£), the o-algebra generated by X coincides to Baire (£), that is,
v € bu(Baire(€)). Finally, since V.= V o T and given uniqueness of v in [4, Theorem 22], the

statement follows.

(iii) implies (i). By Theorem 6, it follows that V' is dual comonotonic additive and of bounded vari-
ation (resp., monotone if v is a capacity). Define W : B (£, Baire (£)) — R by W (f) = [ f (&) dv (§)
forall f € B (€, Baire (£)). Notice that V' = WoT. By [10, Corollary 4.2] and since v is supermodular,
we have that W is superadditive. Since T is a positive operator, V is superadditive. Finally, consider
nen € B (€, Baire (€))
is bounded and it converges pointwise to Z. By [4, Theorem 22] and since v is continuous, it follows

that

a sequence {zy}, .y C X such that x,, — x. It follows that the sequence {%,}

Viz)=W (&) =limW (&,) =limV (x,),

n n

proving that V is sequentially weakly continuous. |

Remark 15 Notice that we could have provided a version of Theorem 14 where superadditivity was
replaced by subadditivity and supermodularity by submodularity. If V is both monotone and additive
then it is immediate to see that V€ X*. Thus, V is sequentially weakly continuous. By previous
observations, it further follows that Theorem 14 guarantees the existence of a unique continuous and
modular capacity v on Baire (£). This delivers that v is a o-additive measure and that Theorem 5 is

a corollary of Theorem 14.

5 Appendix

In this appendix, we provide a nonadditive integral representation theorem (Theorem 19) for func-

tionals defined over a Stone vector lattice L.!*> This result is ancillary in proving Theorem 6. Theorem

13 A Stone vector lattice is a vector lattice, wrt the pointwise order, of real valued and bounded functions on a set
which further contains xq. L is endowed with the supnorm. The main statement in Theorem 19 could be proven when
L is a subset of B (2, P (Q)) such that if f € L then af, fAB, fVB, f+B €L forall o« € Ry and B €R.
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19 is closely related to Sipos’s approach [15] (see also Greco [7]). We denote by F a c-algebra of sets
of  such that L C B(,F). In the sequel, with a small abuse of notation, given k € R, we will
denote by k both the real number and the constant function on 2 that takes value k. Moreover, we set
Ly ={fe€L:f>0}. Inview of Definition 4, given a functional V' : L — R and two points f,g € L
such that f < g, we define

Vary (f,9) = SUPZ WV (fi) =V (fi-1)| € [0,00],

where the supremum is taken over all finite chains f = fo < fi < ..+ < f,, = g contained into L. The
notions of monotonicity, unit-additivity, unit-modularity, bounded variation are the ones of Definition
4 applied to this setting where the unit is the function yq. Moreover, we say that V is outer continuous
if lim,, V (f,) = V (f) whenever f, | f and the convergence is pointwise. It is immediate to check
that if V is the difference of monotone functionals then V is of bounded variation. Unit-modularity
is very close to the following property introduced by Sipos [15] (see also [7]):

V(I =VAB)+V (V=) VfeLVBeR (18)

We next report some simple relations among the above properties. Their proof follows from standard

arguments.

Proposition 16 Let V be a functional from L to R. The following statements are true.
(i) If V is unit-additive then V (0) = 0.
(ii) If V is unit-additive then V (o)) = aV (1) for all o € Q.

(ii5) If V' is monotone and unit-additive then V (o) = oV (1) for all @ € R and V is Lipschitz
continuous.

() If V is unit-additive then V (f + «) =V (f) + V («) holds for all f € L and all a € R.
(v) Given V unit-additive, V' is unit-modular if and only if it satisfies (18).

Next proposition delivers a nonadditive integral representation theorem when the functional V is
further monotone and it is fundamentally due to Greco [7]. It is ancillary to prove Theorem 19. The
proof of Proposition 17 consists in checking that all our assumptions on V allow us to apply Greco’s
result. We omit it.

Proposition 17 Let V be a functional from L to R. The following statements are equivalent:

(i) V is monotone, unit-additive, and unit-modular;

(ii) there exists a capacity v : X, — [0,00) such that

0

V(f)=/Qf(w)dv(w)=/ooo”/(f>t)dt+/ W2ty @ldt VfeL. (19)

— 00
Next lemma is crucial to extend Proposition 17 to nonmonotone functionals.
Lemma 18 Let V be a functional from L to R. The following statements are equivalent:

(i) V : L — R is unit-additive, unit-modular, and of bounded variation;
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(i) V is the difference, that is V.= Vi — Vi, of two monotone, unit-additive, and unit-modular

functionals V1,Vo : L — R. In particular, V is Lipschitz continuous.

Proof. (ii) implies (i). The proof of this implication is trivial and details are omitted.

(i) implies (ii). We will proceed by Steps. We start by defining V4 : Ly — R by
Vi(f)=Vary (0, f) Vfe L.

Step 1. V1 is monotone and unit-additive on L .

Proof of the Step.

The proof follows from the arguments contained in the proof of [4, Lemma 14]. O
Step 2. V7 is unit-modular on L.

Proof of the Step.

Fix f € Ly and a € R;. It is immediate to see that 0 < a < fVa, 0 < fAa < f, and

Vary (0, f Va) > Vary (0,a) + Vary (o, f V «) (20)

and

Vary (0, f) > Vary (0, f ANa) + Vary (f Ao, f). (21)

Next, we show that also the converse inequalities hold implying that the above relations are indeed
equalities. Let £ < Vary (0, f V «). It follows that there exists a chain 0 = fo < f1 <--- < f, = fVa
such that

¢ < ZW(fi)—V(fi_m-

Since V' is unit-modular, we have that

£< Z WV (f) =V (fi-))l = Z [V (fi) + V()] = [V (fi-1) + V()]

I
NE

[V (fiva) =V (fiaVva)l+[V(fina) =V (fi-1Na)|

<.
Il

WV (fiva) =V (fioaVa)+ > [V (fina) =V (fim1 Aa)|

1 i=1
<Vary (o, f Va) +Vary (0,a)

-

?

where the last step follows from the fact that {f; V a}._, is a chain from « to fV «, while {f; A a}._,
is a chain from 0 to «. This implies that

Vary (0, f Va) <Vary (0,a) + Vary (a, f V).
By (20), it follows that
Vary (0, f Va)=Vary (0,a) + Vary (o, f V a). (22)

Next, we show that Vary (o, f V&) = Vary (f Aw, f). First, consider a chain {f;};_, such that
fra=fi<fi<--- < f,=f. Since V is unit-modular, it follows that

n

Z|V(fi)_v(fi—1)| =Z|V(fi\/0<)—v(fi—1 Va)+V(fina) =V (fic1 Aa)l.

=1 i=1
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At the same time, we have that f; Aa = f Aafor alli € {0,...,n} and (f; V @), is a chain from «
to f V «. This implies that

Z |V(f1) - V(fl,1)| = Z |‘/Y(fZ V Oé) - V(fi,1 \/a)| < Vary (a,f\/a),

i=1
proving that Vary (f Aa, f) < Vary (o, f V a). The converse inequality follows from a similar argu-

ment. By the same methods, we obtain that
Vary (0, f) =Vary (0, f Aa) + Vary (f Ay f). (23)
Finally, given (22) and (23), we have that

Vi(fva)+WVi(fAa)=Vary (0,fVa)+Vary (0, f A )
=Vary (0,a) + Vary (a, f Va)+ Vary (0, f) = Vary (f Ao, f)
=Vi(a)+ Vi ()

and V; is unit-modular over L. O

Step 3. The functional Vo : Ly — R, defined by Vo = Vi3 — V, is monotone, unit-additive, and
unit-modular. Moreover, V (f) = Vi (f) — Va (f) for all f € L.

Proof of the Step.
Consider Vo = V) — V. It is immediate to see that V =V; — V5. If 0 < f < g then we have that

Vi(g) =V (/) <IV(g) =V (Nl <Vary (f,9) <Vi(g) = Vi(f),

proving that V5 is monotone. Consequently, by Step 1 and Step 2 and since Vo = V3 —V, the functional
V3 is also unit-additive and unit-modular over L. O

Step 4. V is the difference of two monotone, unit-additive, and unit-modular functionals Vi, Vs :

L — R. In particular, V is Lipschitz continuous.
Proof of the Step.

Given a monotone and unit-additive functional on Ly, it is a routine argument to show that
such a functional admits a unique monotone and unit-additive extension to L. Moreover, if such a
functional is unit-modular then the extension is also unit-modular. In light of this fact, we consider
Vi,Vo ¢ Ly — R, as defined in the previous part of the proof, and, without loss of generality, we
denote their unique monotone, unit-additive, and unit-modular extensions by the same symbols. It is
routine to check that V' = V; — V5 over the entire space L and that V' is Lipschitz continuous in light
of Proposition 16. g

Step 4 concludes the proof. [ |

We can state the main result of the appendix:

Theorem 19 Let V : L — R be a functional over a Stone vector lattice L. The following statements

are equivalent:

(i) V is comonotonic additive and of bounded variation;
(ii) V is unit-additive, unit-modular, and of bounded variation;

(i11) there exists v € bv (Xr) such that

V(f) = /Q f@dy(w) VieL (24)
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Moreover, V' is outer continuous if and only if v can be chosen to be outer continuous. Given ~y outer

continuous then
1. v is unique.
2. V is monotone if and only if v is a capacity.
3. 'V is supermodular if and only if v is supermodular.

4. 'V is superadditive only if v is supermodular.

Proof. (i) implies (ii). Consider f € L, a € R, and § € R. It is immediate to check that f and «
are comonotonic and also f A 8 and f V 8 are comonotonic (see also [10, Lemma 4.6]). Since V is

comonotonic additive, this implies that

VI+a)=V(f)+V(a) and V(fAB)+V (VB =V (f+B)=V())+V(B),

proving that V' is unit-additive and unit-modular.

(ii) implies (iii). By Lemma 18, there exist V4,V2 : L — R where V; and V3 are monotone, unit-
additive, and unit-modular and such that V' = V; — V5. By Proposition 17, there exist 71,72 : X1 —
[0,00) that represent, respectively, V; and V5 as in (19). The set function v = 3 — v, represents V as
in (24).

(iii) implies (i). By [4, Proposition 7], v is the difference of two capacities 1 and -2 on X,. Define
7+ F = [0,00) by

vi (A) =sup{v;(B): F>BC A} VAe F.
Since ~; is a capacity, v} is a capacity for ¢ € {1,2} and v} (A) = v; (A) for all A € ¥. It follows that
v* =~} — 73 belongs to bv (F) and extends ~. Define W : B(Q,F) — Rby W (f) = [, f (w) dv* ().
By [11] or [10], it follows that V (f) = W (f) for all f € L and the latter functional is comonotonic
additive and of bounded variation, proving that also V is.

Moreover, by [4, Theorem 13], V' is outer continuous if and only if v can be chosen to be outer
continuous. Similarly, provided ~ is outer continuous, points 1., 2., and 3., follow from the same
result. We just need to prove 4. Assume V is superadditive and consider A, B € ¥. By [4, Lemma
16], there exists {fn},cns19ntnen © L4 such that f, | 14 and g, | 1p pointwise. It follows
that {fn + gn},eny € Ly and fr +gn | 14 + 15. Moreover, we have that lim,, V' (f,) = v (4) and
lim,, V (g,) = v (B). Define k = || f1|| + ||g1]| + 2. Observe that (f, + gn >1t) | (14 + 15 >t) for all
t € [0,k]. Since X, is a lattice, for each ¢ € [0, k]

(la+1p>t)e{0,ANB,AUB,Q} C 3.
Define h,, : [0,k] — R by
B () =7 (fa+gn>t)  Vte[0,k],VneN.
Since v is outer continuous and of bounded variation, we have that for each ¢ € [0, k]
|h ()] = |7 (fn + gn > 1)] < 00 and hy, (£) — v (1a+ 15 > 1).

By (24) and Arzela’s Theorem (see [9]), it follows that

k k k
nglv(fnﬂ/n)=11719f1/0 hn(t)dt:/o [im b, (1) dt:/o Y (la+1p > t)dt =~ (AN B)+v(AUB).

n
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Since V is superadditive, it follows that V' (f, + gn) > V (fn) + V (gn) for all n € N. Passing to the
limit, we obtain that

V(AUB) +7(ANB) =mV (f + gn) 2 im V' (fn) +im V' (gn) = v (4) +7(B) .
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