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Mock Question 6 (5 points)
Time Advised: 20-22 minutes (for this questions)
Difficulty Level: MEDIUM-EASY

Question 6.A (3.75 points)

Define what is an indifference curve in a (u,0) Cartesian plane. What are the possible
foundations/motivations for the typical monotone increasing, convex shape of standard mean-
variance indifference curves? Make sure to carefully justify what you may mean by “plausible
predictions” of behavior also providing, if useful, some examples.

Debriefing.

MV Indifference Curves and Their Meaning Optimal MV Portfolio Selection
= Itis normally assumed that the indifference curves are convex . For each investor, the optimal MV investor lies at the tangency btw. the
. G, 4 G a Gs highest indifference curve and the CML; as a result all investors will
convex G, | linear G, G, demand a unique, risky tangen.Lty ptf., the separation theorem
. Gy (4) Because linear or concave indifference curves would otherwise lead to
! G predictions that are inconsistent with observed behavior
= Ready to assemble all the MV machinery:

concave - L . . . N
L : The minimum-variance frontier and the efficient set

» > > Indifference curves describing MV-type preferences
= The justification for this type of convexity is: = The optimal MV ptf. forone u 4
(1) Plausibility, reasonable that, at higher levels of risk, the increments to :iI'Wf‘:flt(ll' lies then on thl‘-' highest
expected return needed to compensate for increments in risk are larger indifference curve attainable | [ 7 e
(2) As an implication of quadratic VNM utility: g, [I(W,,,)] = fipr — =K 03¢ s.t. being feasible == on or
dpps d2 e 2 below CML
_— =Kap >0 =k>0 fas ;
dopel ;s PF d(apr )|, = The tangency condition gives
" . il o iy at 2 y i i st be gr
i.e., provided the investor is risk-averse, indifferences curves are convex that at the “p“mug‘f't must be g
- g i o g i 5 L —
3) As an implication of a negative exponential VNM U(-) when returns are a(Gy) = Hr = 5Ry
jointly normally distributed f ar s
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Optimal MV Portfolio Selection
* The FOC leads to the expression: oo E{(Rr,rﬂ _ Rf)]
=

Ka?

* The greater the excess expected return (risk premium), the larger
the holding of the risky portfolio

= The riskier the portfolio T, the lower the holding of the risky asset

= The greater the risk tolerance (i.e. the smaller is k), the higher the
holding of the risky portfolio

= [fone were not to assume convex indifference curves, an investor
will borrow an infinite amount of cash at the riskless rate and to
invest a share that diverges to infinity in T, which makes little sense

it

Rr
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2.2 Indifference curves in mean-variance space

To make sense and represent in a useful way the trade-off between ex-
pected returns and risk, assume that—whatever its micro-foundation—the
MYV objective functional is monotone increasing in the mean, 8G{upg, a,:}.),.-'
Bupr > 0, and monotone decreasing in risk, 8G(ups 07:)/ 805 < 0.
Equivalently, expected return is a “good” that gives happiness and risk is a
“bad” that hurts an s satisfaction. Consider now some small, coun-
tervailing changes in pp, and o that keep the total level of the MV satis-
faction index constant at some initial level G, or dG(upg, ofp) = 0:

AG(ppp. ofs) -
dups + %' doZe (4.22)
=& 9Py e=¢

(4.22) is just a total differential function equated to zero in correspond-
ence to some target level G. This means that the loci of combinations of ex-
pected returns and that keep MV unchanged is characterized by the follow-
ing slope:

8G(ppr, opr)

0 = dG(upr.a57) = —5

aG(EEE,agE)
dag,
(@) = Ler —_OPF __e=€ ¢ (4.23)
doge|._ (.' 3G (upr.oas)| |
Hpr =g

The positive sign derives from our earlier assumptions. So such a loci,
when drawn in the standard expected return/variance space will have a
positive slope: increasing risk must be rewarded by increasing expected
return to keep an investor equally satisfied, at an arbitrary level . Because
for positive o, aEp is a monotone increasing function of standard deviation,
if the slope of the loci is increasing as o3 increases, the same must be true
of increase in standard deviation, gpg. The loci of such combinations of
means and standard deviation also gets a very specific name:

MV indifference curve: The loci in the mean-standard deviation of space
of the infinite combinations (g, gpr) that yield some fixed level of identi-
cal MV [expected) utility as measured by the function G (upg, o,:,) =G is
called a MV indifference curve.
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ly distributed.
4. Because linear or concave indifference curves would otherwise lead
to predictions that are inconsi with « ly observed be-

havior, as we are about to show in section 2.3.

Question 6.B (0.75 points)

Mary is characterized by a power utility function, such that Uy, (W) =
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Figure 4.2(a) Figure 4.2(b) Figure 4.2(c)

Figure 4.2 shows a few such indifference curves. In the plots, as the index
of G increases, we face increasing levels of satisfaction/utility. Clearly, the
issue one faces concerns the type of concavity of the indifference curves,
because the earlier definition fails to rule out any case and simply implies
that the curves only need to be ically incr Yet, it is normally
assumed that the indifference curves are convex as in figure 4.2(a). The
justification for this type of convexity is advanced on several grounds:

1. Intuitive plausibility, because it seems reasonable that, at higher
levels of risk, the greater are the increments to expected return
ded to comg te for incr ts in risk if the decision maker’s
utility is kept constant; of course this sounds a like the DARA prop-
erty stated in section 1.
2. As an implication of a quadratic von Neumann-Morgenstern utility
function that is increasing in wealth, because as we know, in that
case we have

1
E[U(Wey)] = ppp — e oBr (4.24)

and clearly 9E.[U(W,4,)]/ 8puppr = 1 while 8E [U(W4,)]/ dope =
—x gpp < 0, s0 that

dupg dppp
=k app >0 =x>0, (4.25)
dapplo-pg e dlope)?| s

i.e., provided the investor is risk-averse, the indifferences curves
are also convex.

3. As an implication of a i ial von N
Morgenstern utility function when asset returns are jointly normal-

_ E[Rppess] — BT
xVar[Rer.rea]

1]

(4.32)

confirms the standard intuition that: (a) the greater the excess expected
return (risk premium), the larger the holding of the risky portfolio; (b) the
riskier the risky portfolio, the lower the holding of the risky asset; and (c)
the greater the risk tol (i.e. the 11 is x). the higher the holding
of the risky portfolio.

Figure 4.5(a) Figure 4.5(b)

Finally, one may wonder what would happen to these results if one were
not to assume convex indifference curves. Figures 4.5(a)-(b) show such
cases. In figure 4.5(a), the indifference curves are concave and as we travel
up in the map of the indifference curves, new optima can be found as inter-
sections between higher curves and the CML, both to the right and to the
left of the tangency portfolio. This means that an investor will have the in-
centive to borrow an infinite amount of cash at the riskless rate and to in-
wvest a share that diverges to infinity in T.1°2 In figure 4.5(b), the same oc-
curs with linear indifference curves, but in this case the intersection points
only occur to the right of T. Also in this case, the investor has an incentive
to borrow an infinite amount of cash at the riskless rate and to invest a
share that diverges to infinity in T.11 Of course, both these solutions to the

0 It may appear that in figure 4.5(a). the op
CML and the map of indifference curves also travels to the left. in direction of portfoli-
o3 which invest more than 100% In cash. However. such portfolios would imply nega-
tive risk if we prolong the CML below the point & and this makes no sense.

i If we had drawn the linear indifferences curves to be steeper than the CML (as op-
posed to flatter as in 4.5(b)). then the intersection point would have apparently
moved towards the south west. down and to the left. Yet. as explained in the previous

point of intersection b the

Wlth y.Her initial

wealth is W = $1000. Mary has told to her friend John, that she would accept to enter in a bet
in which she may gain or lose $10 she would require a probability of winning the lottery higher
or equal than 0.525. Compute Mary’s coefficient of risk aversion, y, making sure to show your
work. John claims that he has the same preferences as Mary, but he would accept a bet in which
he may gain or lose $10 if the probability of winning was higher or equal than 0.51. Are these
two claims compatible? Carefully explain your reasoning.



Debriefing.
We know that for small bets, the following approximation holds:

nMary(W; h) = E + ZWh
Therefore,
4 x 1000

The two claims about John are not necessarily incompatible. Indeed, we do not have
information about John's wealth. Indeed, power utility investors are characterized by a
constant relative risk aversion, but a decreasing absolute risk aversion: if John is richer than
Mary, then 7;4p, (W], h) <M pary(Wy; h) for the same size of the bet.

Question 6.C (0.5 points)

Mary is a non-satiated, risk-averse mean-variance optimizer characterized by a MV risk-
aversion coefficient k = 0.5. You know that Mary’s optimal portfolio is characterized by a
standard deviation of 25% and that she is investing 20% of her wealth in the risk-free asset.
Her brother, John, is also a non-satiated, risk-averse mean-variance optimizer, but he is
characterized by a risk aversion coefficient k = 1. What can you say about the composition—in
terms of weight assigned to riskless cash investments and the risky tangency portfolio—of
John'’s optimal portfolio?

Debriefing

Optimal MV Portfolio Selection
* The FOC leads to the expression: E[(erm . R*’)]

Wy =

kot

* The greater the excess expected return (risk premium], the larger
the holding of the risky portfolio

= The riskier the portfolio T, the lower the holding of the risky asset

= The greater the risk tolerance (i.e. the smaller is k), the higher the
holding of the risky portfolio

= [fone were not to assume convex indifference curves, an investor
will borrow an infinite amount of cash at the riskless rate and to
invest a share that diverges to infinity in T, which makes little sense

o 3
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[t is possible to obtain the risk premium based on what we know about Mary’s asset allocation.
Indeed, we have that

0.8 = ZBren=Rrl _ g8« 0.5 % 0.252 = 0.025

0.5%0.252
This can be then used to compute w, for John:
0.025
Wy = =04

0.252



