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1 Introduction

Beginning with the seminal works of David Schmeidler, several choice models have been
proposed in the past twenty years in the large literature on choice under uncertainty that
deals with ambiguity, that is, with Ellsberg-type phenomena. As a result, there are now a
few possible models of choice under ambiguity, each featuring some violation of the classic
independence axiom, the main behavioral assumption questioned in this literature.

Our purpose in this paper is to put some order in this class of models by providing
a common representation that, through its properties, allows to unify and classify them.
Since a notion of minimal independence among uncertain acts is, at best, elusive both at
a theoretical and empirical level, the starting point of our analysis is that this common
representation has to be independence-free. That is, it must not rely on any independence
condition on uncertain acts, however weak it may appear.

This leads us to consider complete and transitive preferences that are monotone and
convex, without any independence requirement. Besides its unifying power, this is arguably
the most fundamental class of economic preferences that model decision making under un-
certainty. General equilibrium results are, for example, typically based on them, as well as
the classic arbitrage arguments of finance.!

Transitivity and monotonicity are fundamental principles of economic rationality. The
former requires that decision makers be consistent across their choices, while the latter
requires that they prefer acts that deliver better outcomes in each state. Convexity reflects a
basic negative attitude of decision makers toward the presence of uncertainty in their choices,
an attitude arguably shared by most decision makers and modelled through a preference for
hedging /randomization.? Finally, completeness — which requires decision makers to be able
to compare any pair of uncertain acts — is a common simplifying assumption that can then

be weakened in subsequent analysis.?

We call uncertainty averse the preferences that satisfy these properties, that is, the
complete and transitive preferences that are monotone and convex. In the paper we establish
a representation for uncertainty averse preferences which is, at the same time, general and
rich in structure. Specifically, in a standard Anscombe-Aumann set up, let F be the set of
all uncertain acts f : S — X, where S is a state space and X a convex outcome space, and

let A be the set of all probability measures on S. We show that a preference 7~ is uncertainty

!See, e.g., Rigotti, Shannon, and Strzalecki [45] and the references therein.
?See the classic discussions in Debreu [15, p. 101] and Schmeidler [51].
3 Along, for example, the lines of Bewley [6]. See also the discussion in Gilboa, Maccheroni, Marinacci,

and Schmeidler [28].



averse and satisfies some suitable technical conditions if and only if there are a utility index
u : X — R and a quasiconvex function G : u (X) XA — (—o0, 0], increasing in the first

variable, such that the preference functional

peEA

v =minG ([undnp)  vier 1)

represents -. We also show that u and G are essentially unique.

In this representation decision makers consider through the term G ( Ju(f) dp,p) all
possible probabilities p —i.e., all possible “models,” in the macroeconomics language — and the
associated expected utilities [ u (f)dp of act f. They then summarize all these evaluations
by taking their minimum. The quasiconvexity of G and the cautious attitude reflected by
the minimum in (1) derive from the convexity of preferences. Their monotonicity, instead,

is reflected by the monotonicity of G in its first argument.

Behaviorally, G can be interpreted as an index of uncertainty aversion, as Proposition 6
shows. In particular, higher degrees of uncertainty aversion correspond to pointwise smaller
indices G. Moreover, the index G can be elicited from choice data, that is, it is behaviorally

determined. In fact, we show that

Gt =sup{ular): [utap <t}

fer

where x¢ is the certainty equivalent of act f. As a result, once the utility function u is
elicited, something that can be done by standard methods, the quantity G (¢,p) can be
recovered from choice data by determining the certainty equivalents of the acts f such that
Ju(f)dp < t. In this way, the preference functional (1) itself can be behaviorally (e.g.,

through experimental analysis) determined and tested.

A fundamental feature of the representation (1) is the presence of probabilities and ex-
pected utilities, even though no independence assumption whatsoever is made on uncertain
acts. In other words, the representation (1) establishes a connection between the language
of preferences and the language of probabilities and utilities, in keeping with the tradition
of the representation theorems in choice under uncertainty pioneered by Savage [49] and
Anscombe and Aumann [3].

This connection is a key contribution of our derivation and is made possible by the dual
nature of our representation, detailed in Section 6, which generalizes the duality arguments
that since Savage underlie the representation results of choice under uncertainty. To illus-
trates the scope and explanatory power of this key connection, in Section 4 we show that

the properties of the representation (1), and in particular those of the index G, allow to fully
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characterize two important probabilistic features of a preference relation under uncertainty,

that is, probabilistic sophistication and revealed ambiguity.

1.1 Generality and Structure

Representation (1) is at the same time general and rich in structure. Due to its generality,
(1) is able to unify, as special cases, many of the choice criteria commonly used to model
choices under uncertainty, even when prima facie they may appear unrelated. Thanks to its
structure, this unification is insightful since all special cases can be regarded as the result
of suitable specifications of the uncertainty aversion index G. Moreover, novel specifications
can be suggested by the properties of G and their derivation can be significantly simplified
by having the representation (1) at hand. For the same reason, also the derivation of known

specifications can be simplified.*

All this can be seen in Section 5, where we illustrate the scope of the representation
(1). In particular, we show how (1) provides a common framework for two general classes of
preferences under ambiguity, the variational preferences studied by Maccheroni, Marinacci,
and Rustichini [38] and the smooth ambiguity preferences studied by Klibanoff, Marinacci,
and Mukerji [34].5

We first consider variational preferences. The main issue in studying a special case of (1)
is to determine the appropriate form of the uncertainty aversion index G. Proposition 12
shows that variational preferences correspond to additively separable functions G. Indeed,

variational preferences are characterized by

G(t,p) =t+c(p)

where ¢ : A — [0,00] is a convex function, and in this case (1) reduces to the variational

representation

v —mipf [undp+cm}. )

pPEA
As [38] shows, the variational representation (2) includes as special cases the multiple priors
model of Gilboa and Schmeidler [29] and the multiplier preferences of Hansen and Sargent
([32], [31]), which can therefore be viewed as particular specifications of an additively sepa-

rable uncertainty aversion index G.°

4For example, this is the case for the variational representation (2), whose derivation becomes easier when

based on the representation (1).
5See Ergin and Gul [21], Nau [43], and Seo [52] for works related to [34].
6See Strzalecki [54] for conditions on variational preferences that characterize multiplier preferences (see

also Subsection 5.2.5 below).



Smooth ambiguity preferences are represented by

vin=ot ([o( [ur©ame)am) 3)

where ¢ is a continuous and strictly increasing function and p is a probability measure on
A. As in standard statistical decision theory, the first-order probabilities p are interpreted
as possible models that govern states’ realizations, while the second-order probabilities . are
priors over such models. As discussed by [34], because of ambiguity the function ¢ may not
be linear. In particular, the concavity of ¢ reflects ambiguity aversion and in this case - is
an uncertainty averse preference.

Theorem 19 shows that smooth preferences with concave ¢ correspond to the uncertainty
aversion index given by

G (t,p) =t+ min L; (v || p) (4)
vel'(p)

where I; (- || i) is a suitable statistical distance function that generalizes the classic relative
entropy, and T (p) is the set of all second-order probabilities v that are absolutely continuous
with respect to 1 and that have p as their reduced, first-order, probability measure on S.

As a result, the uncertainty averse representation (1) of smooth preferences is

vin=o (Lo [ena)aw) =i ([urdo+ min It 10) ©

or, equivalently,”

vin=, i ([ ([o0a) @i upmeating. ©

Representation (6), established in Proposition 20, is especially interesting. In fact, as we
discuss in detail in Section 5.2.2, it suggests a novel prior uncertainty interpretation of the

smooth model in which each prior v is considered via its expected utility

/Su(f)dp:/A</SU(f)dQ>dV(Q)

suitably weighted through its distance I S (Js () da) (o) (v || ) from the reference prior pu.

The resulting term

/A (/Su(f) dq) dv (q) + ]fA(fsu(f)dq)du(q) | w

is then minimized over all priors v in A7 (B(A), ), in keeping with the uncertainty averse

nature of the representation.

TA? (B(A), ) is the set of all second-order probabilities v that are absolutely continuous with respect
to p.



In the important exponential case ¢ (t) = —e~%, Corollary 22 shows that (4) takes the
form

r .
G(t,p)=t+5yrg;g)3(v I 1)

that is, I; (- || ) reduces to the relative entropy R (- || 1£).® In this case the uncertainty averse

representations (5) and (6) take the form

pEA

= A ([uta) avia+ grong

This preference functional is also variational, with ¢ (p) = § min,erg) R (v || p). The expo-

v =uin{ [0+ g min 70} 7)

nential case thus turns out to be both smooth and variational. Our last result on smooth
preferences, Theorem 23, shows that the overlap between these two classes of preferences is
indeed characterized by functions ¢ that are constant absolute risk averse (CARA), that is,
that have either the form ¢ (t) = —ae™% + 3 or ¢ (t) = at + 3, with a,0 > 0 and 3 € R.
Inter alia, all these results shed light on the relations between smooth and variational
preferences by showing that, first, (1) is the general representation that encompasses them

as special cases, and, second, that the CARA case can be regarded as their overlap.

Since variational preferences feature additively separable uncertainty aversion indices, a
natural class of uncertainty averse preferences to consider are those characterized by multi-
plicatively separable uncertainty aversion indices. To further illustrate the flexibility of the
representation (1), in Section 5 we carry out this exercise, which is related to the analysis of
Chateauneuf and Faro [10].

1.2 Final Remarks and Organization

Our setting admits a game against Nature interpretation, where decision makers view them-
selves as playing a zero-sum game against (a malevolent) Nature. This is discussed in Section
7.

The analysis of this paper is static and its dynamic extension is a natural future research
topic, along the lines of Epstein and Schneider [20] and Maccheroni, Marinacci, and Rusti-

chini [39]. In this regard, it is also important to notice that Siniscalchi [53] and Hanany and

8Recall that

dv |, (d—”)d if v <
R(Vllu)={ Jaitow (a1t v <
00 otherwise.



Klibanoff [30] have recently studied in depth updating rules for uncertainty averse prefer-
ences. Specifically, Hanany and Klibanoff [30] show how the representation (1) can be used

to characterize dynamically consistent update rules for uncertainty averse preferences.

Finally, to derive the results of this paper we had to establish some novel duality results
for monotone quasiconcave functions. This is a further contribution of this research project,
developed in Cerreia-Vioglio, Maccheroni, Marinacci, and Montrucchio [7]. In Appendices
A and B we report some of these results on quasiconcave functions and we adapt them to
the needs of our derivation. These quasiconcave methods are altogether different from the
concave duality methods that Maccheroni, Marinacci, and Rustichini [38] use in their study

of variational preferences.

The rest of the paper is organized as follows. Section 2 presents some preliminary no-
tions, needed to establish in Section 3 the main representation results, the proofs of which
are sketched in Section 6 and found in Appendix C. Section 4 discusses probabilistic sophis-
tication and revealed ambiguity for uncertainty averse preferences. Section 5 studies some

special classes of uncertainty averse preferences.

2 Preliminaries

2.1 Decision Theoretic Set Up

We consider a set S of states of the world, an algebra > of subsets of S called events, and a
set X of consequences. We denote by F the set of all the (simple) acts: functions f: S — X
that are Y-measurable and take on finitely many values.

Given any = € X, define x € F to be the constant act such that xz(s) = z for all s € S.
With the usual slight abuse of notation, we thus identify X with the subset of the constant
actsin F. If fe F,xe€ X, and A € ¥, we denote by zAf € F the act yielding x if s € A
and f(s) if s ¢ A.

We assume additionally that X is a convex subset of a vector space. For instance, this
is the case if X is the set of all the lotteries on a set of prizes, as it happens in the classic
setting of Anscombe and Aumann [3]. Using the linear structure of X we can define in
the usual way, for every f,g € F and a € [0,1], the act af + (1 — a)g € F; it yields
af(s)+ (1 —a)g(s) € X for every s € S.

We model the decision maker’s preferences on F by a binary relation 7~. As usual, > and
~ denote respectively the asymmetric and symmetric parts of 7Z. For f € F, an element

x5 € X is a certainty equivalent for f if f ~ x.
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2.2 Mathematical Preliminaries

We denote by By (X) the set of all real-valued ¥-measurable simple functions —so that u (f) €
By (3) whenever u : X — R and f € F —and by B (X) the supnorm closure of By (X). If T" is
a nonsingleton interval of the real line, set By (X,7) = {1 € By (X) : ¢ (s) € T for all s € S}.

As well known, the dual space of By () (or equivalently of B (X)) can be identified with
the set ba (X) of all bounded finitely additive measures on (S,¥). The set of probabilities
in ba (¥) is denoted by A and is a weak™ compact and convex subset of ba (X). Elements of
A are denoted by p or ¢. Finally, we denote by B (A) the Borel o-algebra generated by the
weak™® topology on A.

When ¥ is a o-algebra we denote by A” the set of all countably additive probabilities in
A. In particular, given ¢ € A%, we denote by A’ (q) the set of all probabilities in A7 that
are absolutely continuous with respect to ¢; i.e., A7 (q) = {p € A7 : p < ¢}.

Functions of the form G : T'xA — (—o00, 00|, where 7' is an interval of the real line, will

play a key role in the paper. We denote by G (T'xA) the class of these functions such that:

(i) G is quasiconvex on T'xXA,
(ii) G (-,p) is increasing for all p € A,
(iii) inf,en G (t,p) =t forallt e T.

We denote by H (T'xA) the class of functions in G (T'xA) such that:

(iv) G is lower semicontinuous on T'x A,

(v) G (-, p) is extended-valued continuous on 7T for each p € A.°

Set domG (-,p) = {t € T : G (t,p) < 0o} and domaG = U {peA:G(t,p) <oc}. We
teT
denote by £ (T'xA) the set of functions in H (7T'xA) that satisfy the following stronger

version of (v):

(vi) G (-, p) is extended-valued uniformly equicontinuous on T w.r.t. p € A.1°

9That is, lim;_, G (t,p) = G (to,p) € (—o0,00] for all ty € T and p € A. For instance, G (t,p) = oo for

all t € T is continuous in this sense.
0That is, for every € > 0 there is § > 0 such that ¢,#' € T and t < #' + § imply G (t,p) < G (', p) + ¢ for

all p € A.



This amounts to say that the functions G (-, p) are either real valued or constant at oo
(that is, either domG (-,p) = T or domG (-,p) = () and, when real valued, the functions

G (-, p) are uniformly equicontinuous on 7.

A function G : TXA — (—00, 0] is linearly continuous if the map

¢H;Q£G(/wdp,p>

from By (X, T) to [—00, 00] is extended-valued continuous. Next we show that a function is
linearly continuous if it belongs to H (7'xA), something easily verified with a routine real

analysis check.

Lemma 1 If G € H(TxA), then it is linearly continuous.

3 Uncertainty Averse Preferences

3.1 Basic Axioms

Our analysis relies on the next three main behavioral assumptions on the preference -, which
formalize the requirements of completeness, transitivity, monotonicity, and convexity that

we discussed in the Introduction.

Axiom A. 1 (Weak Order) The binary relation 7 is nontrivial, complete, and transitive.
Axiom A. 2 (Monotonicity) If f,g € F and f(s) 7= g(s) for all s € S, then f 7 g.
Axiom A. 3 (Convexity) If f,g€ F and a € (0,1), f ~ g implies af + (1 —a) g f.

These classic axioms are all falsifiable through choice behavior. In Axiom A.1, nontrivi-
ality means that f = g for some f,g € F. Axiom A.2 is a monotonicity assumption, which
requires that an act is preferred if, state by state, delivers a preferred outcome. Axiom
A.3 is the Uncertainty Aversion Axiom of Schmeidler [51], whose interpretation in terms of

negative attitude toward the presence of uncertainty dates back to Debreu [15].
Definition 2 A binary relation 7~ is an uncertainty averse preference if it satisfies A.1-A.3.

As argued in the Introduction, uncertainty averse preferences are the most fundamental
class of preferences that model decision making under uncertainty and exhibit a negative

attitude toward uncertainty.

The next assumption is peculiar to the Anscombe-Aumann setting and imposes a stan-
dard independence axiom on constant acts, that is, acts that only involve risk and no state

uncertainty.



Axiom A. 4 (Risk Independence) If z,y,z € X and o € (0,1),
r~y = o+ (1l-a)z~ay+(1—a)z.

We now introduce some technical assumptions, which make possible the mathematical

derivation in our very general set up.

Axiom A. 5 (Continuity) If f,g,h € F, the sets {a € [0,1] : af + (1 — a)g 7= h} and
{a€]0,1]:hZ af + (1 —a)g} are closed.

Axiom A.5 is a standard continuity assumption, which along with Axioms A.1 and A.2
implies the existence of a certainty equivalent x; for each act f € F (see, e.g., [38, p. 1478]).

The next assumption requires that there are arbitrarily good and arbitrarily bad out-
comes. In the representation this implies that the utility function v : X — R is onto; i.e.,
u(X)=R.

Axiom A. 6 (Unboundedness) For every x =y in X, there are z,2' € X such that

1 1 1 1
- —y = - —
2z+2me>—yN2x+22.

For some results we use an additional continuity condition.

Axiom A. 7 (Uniform Continuity) For every z’ < z in X, there are y’ <y in X such
that

1 1 1 1 1 1 1 1
f,gE]:andgf(s)—l—gy’;jig(s)—l—ﬁy Vse S = §xf+§z';j§xg+§z. (8)

Together, Axioms A.5 and A.7 form a uniform continuity condition. Axiom A.5 implies
A.7 under minimal independence assumptions on acts and for this reason it is normally
enough to assume A.5 in derivations that maintain some form of independence.

We close with a standard monotone continuity condition, due to Arrow [4], which will
ensure in our representation results that only countably additive probabilities matter. In
applications this is a convenient property because countably additive probabilities are much
better behaved than probabilities that are merely finitely additive (see [11] and [38] for more
on this).

Axiom A. 8 (Monotone Continuity) If f,ge F,x € X, {E,},.y € X with £y O Ey D
. and (,en En = 0, then f = g implies that there exists ng € N such that zE,,f > g.
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3.2 The Representation

We now derive our general representation (1) for uncertainty averse preferences. It relies
on Axioms A.1-A.5, that is, on the original axioms of Gilboa and Schmeidler (1989), with
the key exception of their independence assumption on uncertain acts, here replaced by the

much weaker Axiom A.4, which applies only to constant acts.
Theorem 3 Let 7 be a binary relation on F. The following conditions are equivalent:

(i) 7 is an uncertainty averse preference and satisfies Azxioms A.4 and A.5;

(ii) there exists a nonconstant affine u : X — R and a linearly continuous G : u (X) xA —

(—00, 00| that belongs to G (u (X) xA) such that, for all f and g in F,

ftgﬁgggG(/U(f)dp,Q2;2£G</U(9)dp,p>. (9)

The function u is cardinally unique and, given w, there is a (unique) minimal G* in
G (u(X) xA) satisfying (9), given by

G*(t,p):sup{u(xf):/u(f)dpgt} V(t,p) € u(X) x A. (10)

ferF

Moreover, 7= has no worst consequence if and only if infu (X) ¢ u(X). In this case G*

is lower semicontinuous on u (X) x A

Recall that z; is a certainty equivalent of act f. Hence, thanks to (10) the function G*
in Theorem 3 can be derived from behavioral data. In fact, once the utility function u is

elicited (by standard methods), the quantity

f}elg{u(mf) : /U(f) dp < t}

is determined by the certainty equivalents x; of the acts such that [u (f)dp < t.
As a result, Theorem 3 guarantees that, given an uncertainty averse decision maker that

satisfies the Axioms A.4 and A.5, we can elicit the precise form of the representation

pEA

V(f)ziﬂfG*(/u(f)dp,p) VfeF (11)

of his preference, by using purely behavioral (e.g., experimental) data.

" Recall that = has no worst consequence if for each z € X there is y € X such that x = y, and that lower
semicontinuity of G* implies that inf,ea G* (fu (f) dp,p) = minyea G* (fu (f) dp,p) for all f € F.

11



By Theorem 3, uncertainty averse preferences - that satisfy Axioms A.4 and A.5 are
characterized by pairs (u, G*), which we call uncertainty averse representations of =-.'* Such

pairs have the following uniqueness property.

Proposition 4 Let (u,G) be an uncertainty averse representation of a preference 7-. Then
(ﬂ, G) is another uncertainty averse representation of 77 if and only if there exist o > 0 and
B € R such that i = au+ 3 and G (t,p) = aG (o™ (t — B) ,p) + B for all (t,p) € u (X) x A.

In Theorem 3 we establish the minimality, but not the uniqueness, of the index G.

The next important result shows that uniqueness holds when - satisfies A.6, that is, when
u(X)=R.

Theorem 5 Let 77 be an uncertainty averse preference that satisfies A.4-A.6. Then, G*
defined in (10) is the unique lower semicontinuous G € G (RxA) for which (9) holds.

3.3 Comparative Attitudes

Based on Ghirardato and Marinacci [26], given two preferences 7 and 7o, say that 77 is

more uncertainty averse than 7o if, for all f € F and x € X,

In other words, 7~; is more uncertainty averse than 75 if, whenever ~; is “bold enough”
to prefer an uncertain act f over a constant outcome x, then the same is true for 7.
Next we show that comparative uncertainty attitudes are determined by the functions

G. Here u; &~ us means that there exist & > 0 and 3 € R such that u; = aus + .

Proposition 6 Given two preferences 7= and 7=o with uncertainty averse representations

(u1,Gh) and (ug, Gs), the following conditions are equivalent:

(i) 71 is more uncertainty averse than 7,
(i1) uy = uy and G < Gy (provided u; = us).

Given that u; &~ us, the assumption u; = wus is just a common normalization of the

two utility indices. Therefore, Proposition 6 says that more uncertainty averse preference

12Tn other words, denoting by U (X) the set of all nonconstant affine functions from X to R, a pair
(u,G) e U (X) x G (u(X) xA) is an uncertainty averse representation of 7~ if G is linearly continuous, and
(9) and (10) hold.

12



relations are characterized, up to a normalization, by pointwise smaller functions G. The
function G can thus be properly interpreted as an index of uncertainty aversion.

Notice that G; < G5 implies domaGy € domaG. In view of what we will momentarily
show in Section 4.2, this means that higher uncertainty aversion entails larger sets of priors
that the decision makers deem relevant. More uncertainty averse decision makers can thus

be viewed as perceiving more model uncertainty.

We close by characterizing minimal and maximal uncertainty averse indexes. Assume
u(X) = R. Since inf,ea G (t,p) = t, the maximally uncertainty averse index is given by
G (t,p) =t for all t € R and all p € A. Therefore, the preference functional

V() = min [ () dp = minu(f (5)

pEA seS

represents preferences that are maximally uncertainty averse.

Subjective expected utility preferences are, instead, minimally uncertainty averse. In
fact, suppose 7 is a subjective expected utility preference represented by V (f) = [ (f) dg,
for some ¢ € A. Its uncertainty index is G (t,p) =t + d, (p) for all (¢t,p) € RxA, where 4,

denotes the indicator function

0 =
6q<p>:{oo ;’#qq

Suppose G’ € G (R x A) is such that G’ > G. To prove that 7 is minimally uncertainty
averse we need to show that G' = G. We have G’ (t,p) = G (t,p) = oo for all t € R if p # g,
while t < G (t,q) < G’ (t,q) for all t € R. Then, G’ (t,q) = minyea G’ (t,p) =t for all t € R,
and so t = G (t,q) = G' (t,q) for all t € R. We conclude that G = G’, as desired.

3.4 More on Continuity

As we already observed, Axiom A.7 is a uniform continuity condition when added to Axiom
A.5. Since Axiom A.5 implies A.7 under minimal independence assumptions on acts, Ax-
iom A.7 is redundant in derivations that assume some form of independence (in fact, even
very weak forms of independence ensure the Lipschitzianity of the representing preference
functional).

In our independence-free setting, Axiom A.7 delivers an interesting version of the repre-
sentation, in which the index G belongs to € (T'xA) and thus features stronger (and easier

to check) continuity properties.

Theorem 7 Let =~ be a binary relation on F. The following conditions are equivalent:

13



(i) 7= is uncertainty averse and satisfies Azioms A.4-A.7T;

(ii) there exist an affine u : X — R, with u(X) =R, and a G : RxA — (—o00, 0] that
belongs to € (RxA) such that, for all f and g in F,

rroeswnG( [unine) zme ([e@anp). 0

The function u is cardinally unique and, given u, the index G is unique and satisfies

G(t,p):sup{u(xf):/u(f)dp:t} V(t,p) € R x A. (14)

feFr

If, in addition, X is a o-algebra, then 7, satisfies Axiom A.8 if and only if there is g € A
such that G (-, p) = oo for allp ¢ A7 (q); in particular A can be replaced with A7 (q) in (13).

Observe that, inter alia, we now have an equality sign in (14), something that simplifies
the elicitation of G since less acts f have to be considered. Moreover, inspection of the proof
shows that A.1-A.6 suffice to have this equality sign, and that A can be replaced with A7 (q)

provided X is a o-algebra and 77 satisfies Axiom A.8.

4 The Role of Probabilities

As we observed in the Introduction, an essential insight provided by our representation results
is the connection between preferences and beliefs given by (9). To illustrate the explanatory
power of this connection, in this section we show how probabilistic sophistication and revealed

ambiguity can be related to the properties of G.

4.1 Probabilistic Sophistication

In this subsection we characterize uncertainty averse preferences that are probabilistically
sophisticated, an important property of preferences introduced by Machina and Schmeidler
[40] that some authors, notably Epstein [19], identify with ambiguity neutrality (or absence
of ambiguity altogether).

In particular, Theorem 8 will show that the properties of symmetry of the uncertainty
index that guarantee probabilistic sophistication in the special case of variational preferences
(see [38, Th. 14]) remarkably turn out to be necessary and sufficient for probabilistic sophis-
tication also for the much more general class of uncertainty averse preferences. This is also
surprising mathematically since we are moving from the realm of convex analysis, where the

theory of rearrangement invariant Banach spaces — key for the results of this section — was
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originally developed by Luxemburg [37] and Chong and Rice [12], to that of quasiconvex

analysis.

Given a countably additive probability ¢ on the o-algebra ¥, a preference relation - is

probabilistically sophisticated (w.r.t. q) if, for f and g in F,
g(seS:f(s)=z)=q(s€S:g(s)=x) forallz € X = f ~yg,

while - satisfies the stronger property of stochastic dominance (w.r.t. q) if, given f and g
in F,
g(seS:f(s)Zr)<q(seS:g(s)Zx) foralz e X = f g

As discussed at length in Machina and Schmeidler [40], these properties capture the fact
that in comparing acts the decision maker only cares about their distribution w.r.t. ¢. In
order to characterize these properties in terms of the dual representation (9) we need to
borrow some concepts from the theory of stochastic orders. Specifically, the convex order
= on A% (q) is defined by

d dp’
p e iff /w(di;)dqz/w(d—z)d

for every convex function 1) on R. Importantly, the symmetric part ~., coincides with the
identical distribution of the densities w.r.t. q.
A function J : A — (—o00, 00| is rearrangement invariant (w.r.t. q) if domJ C A7 (q)

and, given p and p’ in A7 (q),
Pap = J(p)=J0)
while it is Shur convex (w.r.t. q) if dom J C A% (¢) and, given p and p’ in A (g),
PZapl =J(p)=JF). (15)

Finally, we say that ¢ in A? is adequate if either ¢ is non-atomic or S is finite and q is

uniform.

Theorem 8 Let 7~ be an uncertainty averse preference that satisfies A.4-A.6, A.8, and let
(u, G) be an uncertainty averse representation of 7. If ¢ € A7 is adequate, then the following

conditions are equivalent (w.r.t. q):

(i) 7 satisfies stochastic dominance;
(i) 7 is probabilistically sophisticated;
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(iii) G (t,-) is rearrangement invariant for all t € R;
(iv) G (t,-) is Shur convex for all t € R;
Moreover, (iv) implies (i) even if q is not adequate.

The proof of Theorem 8 can be found in [8], which provides a general analysis of prob-
abilistic sophistication and uncertainty aversion. Here it is important to observe the equiv-
alence between properties (ii) and (iii), that is, between probabilistic sophistication and a
symmetry property of the index . This shows that a suitable property of the index G

characterizes uncertainty averse preferences that are probabilistically sophisticated.

4.2 Revealed Ambiguity

Uncertainty averse preferences are, by definition, characterized by a preference for hedging.

Thus, in general, the preference f 7~ g does not imply
af+(1—a)hzag+(1—a)h (16)

for all acts h and for all v in (0, 1], unless 7~ is a subjective expected utility preference.
As argued by Ghirardato, Maccheroni, and Marinacci [25], when this implication holds it
means that the preference for f over g is “strong enough” to make uncertainty aversion
considerations of secondary importance.!® In this case, [25] says that f is unambiguously

preferred to g, written f =* g; formally,
fr9g=af+1l-—a)hzag+(1—a)h  Vaec(0,1],Yhe F.

Though [25] concentrates its analysis on preferences satisfying the Certainty Independence
Axiom of Gilboa and Schmeidler [29], the meaning of 7~* remains unchanged in our independence-
free setting. Moreover, it is easy to check that [25, Propositions 4 and 5] hold for any pref-
erence that satisfies A.1, A.2, A4, and A.5 (as independently observed by Ghirardato and

Siniscalchi [27]). In particular, 7=* is well defined and admits a representation a la Bewley.

Proposition 9 Let 7~ be an uncertainty averse preference that satisfies A.4 and A.5, and
(u, G) be an uncertainty averse representation of 7. There exists a unique nonempty, closed,

and convez set C* in A\ such that

fz*g<=>/u<f>dpz/u<g>dp Wpe ", (17)

13See also the recent [28].
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The next important result shows that C* is, up to closure, the set of priors that the
decision maker deems relevant according to the representation (1), that is, the effective
domain domaG of the index G (these are the priors that the decision maker considers in

forming the ranking 7).

Theorem 10 Let 77, be an uncertainty averse preference that satisfies A.4-A.6, and (u, Q)

an uncertainty averse representation of 5. Then, C* = cl (domaG).

The equality C* = cl (domaG) is an important consistency check for our analysis. For,
the set C* is derived and interpreted directly in terms of the preference 77, without any use
of the representation (1). This equality is therefore conceptually remarkable and further

clarifies the interpretation of G as an uncertainty index.

We conclude by providing a differential characterization of C*. Beyond its intrinsic
interest, it connects unambiguous preferences with the families of beliefs commonly used
in the study of uncertainty averse preferences and their applications (see, e.g., Hanany and
Klibanoff [30] and Rigotti, Shannon, and Strzalecki [45]). If u : X — R and f € F, set

m(f) = {peA:/a(f)dpz/u<g>dpimpnesfzg}.

The set 7, (f) consists of the beliefs that rationalize the preferences of the decision maker
at f.'* Mathematically, it is the normalized Greenberg-Pierskalla’s superdifferential at u (f)
of any functional I : By (3, u (X)) — R such that f = g <= I (u(f)) > I (u(g)).

Proposition 11 Let 7 be an uncertainty averse preference that satisfies A.4-A.6, and (u, Q)

be an uncertainty averse representation of 7-. Then:

(i) 7, (f) = arginfyea G ([ uw(f) dp,p) for all f € F.

(ii) C* = cl (CO (Uﬂ'u(f)>)
fer

Up to closed convex closure, C* can thus be viewed as the collection of all beliefs that

“locally” rationalize the decision maker’s preferences.

14See [45, pag. 1169] for a similar interpretation of m,. More precisely, in their paper X is a set of
monetary payoffs and the set of supporting beliefs is computed at f, while here X is generic and the set of

supporting beliefs is computed at w (f).
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5 Special Cases

Uncertainty averse preferences are a very general class of preferences and in this section we
present important special cases that can be obtained by suitably specifying the uncertainty

aversion index G.

5.1 Variational Preferences

We begin with the variational preferences of Maccheroni, Marinacci, and Rustichini [38]. A
pair (u, ¢) is a variational representation of a preference 7~ if u : X — R is an affine function
and ¢ : A — [0,00] is a lower semicontinuous convex function, with minyea ¢ (p) = 0, such

that

rzg =] [uniprcm}zu] [v@dew] (18)

pEA peEA
for all f and g in F.
As shown by [38], a preference admits a variational representation if and only if it is an
uncertainty averse preference that satisfies both Axiom A.5 and the following weak indepen-

dence axiom, discussed in detail in [38].
Axiom A. 9 (Weak Certainty Independence) If f,g € F, z,y € X, and o € (0,1),
af+(l—a)zzag+(l—a)z=af +(1—a)y Zag+ (1 —a)y.

In this case, 77 is said to be a variational preference. A variational preference 77 satisfies
A.4 (which is implied by A.9) and, setting

G(tp)=t+c(p), (19)
the pair (u, G) clearly represents 7~ in the sense of (9). More is actually true:

Proposition 12 Let u : X — R be affine with u (X) = R. If (u,c) is a variational repre-

sentation of -, then, setting
G(t,p)=t+c(p) V(,p)eRXA (20)

the pair (u, G) is an (additively separable) uncertainty averse representation of 7.
Conversely, if (u,G) is an additively separable uncertainty averse representation of -,
1.€.,

G(t,p)=~()+c(p) V(,p)eRXA

for some v : R — R and ¢ : A — [0,00] with infyca c(p) = 0, then 7y is the identity and

(u,c) is a variational representation of 7.
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Variational representations are thus nothing but additively separable uncertainty averse
representations. Moreover, for variational preferences dompaG = dome, and so C* =
cl (dom ¢) by Theorem 10.

5.2 Smooth Ambiguity Preferences

The smooth ambiguity preferences studied by Klibanoff, Marinacci, and Mukerji [34] provide
another example of uncertainty averse preferences. In this subsection we study the properties
of their uncertainty averse representation.

A triplet (u, ¢, 1) is a smooth (ambiguity) representation of a preference =~ if u: X — R
is an affine function, ¢ : R — R is a strictly increasing function, and p is a countably additive

Borel probability measure on A such that

rroes [o [etae)aw = [o [ooede)nm e

for all f,g € F.1?

Throughout the paper we will consider the ¢ concave case that, as mentioned in the Intro-
duction, corresponds to the case when the smooth representation (21) is uncertainty averse.
In order to establish the uncertainty averse representation of these smooth preferences, we

need to introduce a family of statistical distance functions.!®

5.2.1 A Family of Statistical Distance Functions

Denote by A7 (B (A), i) the set of all (second-order) countably additive Borel probability
measures on A that are absolutely continuous with respect to x. In particular, given a v €
A% (B(A), i), denote by dv/du the Radon-Nikodym derivative of v with respect to . More-
over, ¢* : R — [—00, 00) is the concave conjugate of ¢, given by ¢* (2) = infyer {kz — ¢ (k)}.

For all t € R, define I; (- || ) : A7 (B(A), pu) — [—00, 0] by

ol fo(Bul)

The function I; (- || i) is a statistical distance on A7 (B (A), 1), as next we show.

5Tn richer settings (whose specification is beyond the scope of this paper), Ergin and Gul [21], Klibanoff,
Marinacci, and Mukerji [34], Nau [43], and Seo [52] provide behavioral conditions that underlie the repre-
sentation (21). Observe that, when needed, ¢ and ¢~! denote the extended-valued continuous extentions of
¢ and ¢! from [—o0, 00 to [—o0, 00]. See (63) in Appendix B.

16See [36] for a thorough study of statistical distance functions. Because of their ancillary nature for our
analysis, for brevity we omit the proofs of the results on these functions given in Section 5.2.1. They are

available upon request.
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Proposition 13 For allt € R,

(1) L (pll ) =0 and I (v || p) = 0 for allv € A7 (B(A), p);
(i) I (- || 1) is quasiconvex;

(iii) I, (- || p) is lower semicontinuous and coercive, i.e., the lower contour sets {v € A7 (u) :
I (v || p) < c} are weakly compact in A7 (B(A), p) for all ¢ > 0.

Example 14 When ¢ is the identity, i.e., ¢ (t) =t for all t € R, then

0 ifv=op
ft(VHM)—{

+o00 else.

That is, I; has a discrete form where all v # 1 are infinitely distant from p. A

Example 15 The classic relative entropy R (v || 1) is an example of function [;. For, con-
sider ¢ (t) = —e~%, with > 0. Simple algebra based on Proposition 18 below shows that

1
L(vlp=ZRWlp  VteR.

In particular, when 6 = 1 we get I; (v || u) = R (v || u) for all ¢ € R. Notice that in this

special case I; does not depend on ¢. A

In a different context, this family of statistical distances has been considered in Mathe-
matical Finance by Frittelli [23] and Bellini and Frittelli [5]. There is an interesting relation

between the degree of concavity of ¢ and the magnitude of the induced distance I;.

Proposition 16 Suppose ¥ is nontrivial. Then, given two strictly increasing and concave

functions ¢1,¢o : R — R, the following conditions are equivalent:

(i) é1 is more concave than ¢o;"
(i) I | ) < T2(- || p) for all p € A (B(A)) and t € R.

In particular, ¢; &~ ¢ implies I} = I?. This means, inter alia, that in terms of I the
functions ¢ are unique up to positive linear transformations, and can therefore be normalized.
We now introduce a class of functions for which it is relatively easy to compute ;. Here

it is convenient to normalize ¢ by setting ¢ (0) = 0 and ¢’ (0) = 1.

17That is, there exists a strictly increasing and concave h : ¢ (R) — R such that ¢; = h o ¢s.
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Definition 17 A normalized function ¢ : R — R s order Orlicz if it is strictly increasing,
strictly concave, differentiable, and there exists a > 1 such that k¢' (k) /¢ (k) > o/ (o — 1)
for k < 0 small enough and k¢' (k) /¢ (k) < o/ (a+ 1) for k > 0 large enough.

Order Orlicz functions are thus characterized by “tail” conditions on the elasticities
ko' (k) /o (k) of ¢. The normalized negative exponential is an example of order Orlicz func-

tion.

Proposition 18 If ¢ is order Orlicz, then
dv
el =6 ([@on (k)5 )dn) 1 WeRvedmn(ln) (2

where ¥ = (¢') " and k (1) € (0,00) is the only solution to the equation

/w(du) =t 249

In other words, when ¢ is order Orlicz, the index I; can be computed in two stages. First,
k (v) is determined via (24), and then it is used to determine I; via (23). This procedure is

known (see [33]), our contribution is to identify a class of functions in which it works (see

also [50]).

5.2.2 Uncertainty Averse Representation

We can now state the announced representation. A piece of notation: p = [ A qdv (q) means

p(A) = /A ¢(A)dv(g) VAES, (25)

Theorem 19 Let u : X — R be an affine function with u(X) =R, ¢ : R — R a strictly
increasing and concave function, and p a countably additive Borel probability measure on A.

The following conditions are equivalent:

(i) (u,¢, ) is a smooth representation of 2,

(ii) (u,G) is an uncertainty averse representation of -, where, for all (t,p) € R x A,

G(t,p) =1+ min I (v | p) (26)
vel'(p)
with
L) ={vea B@ = [}
under the convention G (-,p) = oo when I' (p) = (.

The important part of Theorem 19 is (26), which provides an explicit formula for the
uncertainty aversion index G in the smooth case. We now discuss this formula, which leads
to a novel “prior uncertainty” interpretation of the smooth representation, illustrated by

Proposition 20. We first consider the key element I' (p).
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Interpretation of I' (p) The term I' (p) has a very simple decision theoretic interpretation
in terms of the standard operation of reduction of compound lotteries (i.e., of averaging of
second-order probability measures, in our general setting). In fact, I' (p) is nothing but the
set of all second-order probabilities v that are absolutely continuous with respect to 1 and
that have p as their reduced, first-order, probability measure on S. This is best understood
when the support of p is finite, say supp i = {q1, ..., gn}. In this case we can identify p with
a vector (i1, ..., bn) € Ay, where A,, denotes the simplex in R". Thus, A? (B (A), i) can be
identified with A,,, and so

I‘(p):{VEAn:p(A):Zqi(A)l/iforallAEZ} Vp € A.
i=1

In other words, T" (p) is the set of all possible weights v = (14, ..., 14,) € A, such that p can be
written as a convex combination of the probabilities ¢; in supp . Hence, each v € T' (p) can
be regarded as a second order probability that, through the standard reduction operation
(25) —i.e., p =Y., q;v; in this finite support case — reduces to the first order probability p.

Summing up, I" (p) is the set of all second order probabilities associated, via the reduction
operation (25), to each given first order probability. It is easy to see that to distinct p;

and py correspond disjoint sets of second order probabilities that reduce to them; that is,
I'(p1) NI (p1) =0 if p1 # pa.

Prior Uncertainty As mentioned in the Introduction, in the smooth model the second
order probabilities are viewed as priors on the first order probabilities, which in turn describe
all possible probabilistic models that stochastically determine acts’ outcomes.

The priors in I" (p) enter formula (26) through their distance I; (v || ) from the reference
prior p. In particular, the least among these distances — that is, min,ere) £; (v || 1) — is con-
sidered. This minimum can be viewed as the distance according to I; between the reference
prior p and the set T' (p) of the priors that reduce to p.!® Notice that, by (22), the function
¢ plays a key role in determining the distance [; (v || ) for all v. In other words, here the
role of ¢ is to induce a suitable distance of each prior v relative to the reference prior p.

The index G (t,p) in (26) is, up to a shift ¢, exactly the distance min,cre) I (v || 1)

between the reference prior 1 and the set of priors I' (p).

By (26), the uncertainty averse version of the smooth representation is, for all f € F,

'8In Probability Theory min, e It (v || ) is called the I; distance of p from I (p). An element of T (p)

where the minimum is achieved is called the projection of p on I' (p) (see Csiszar [13]).
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vir=ot (Lo [t anw) =min ([ utrrdps min 1000 10))
21)

This equality can be written in the following more interesting form.

Proposition 20 For each f € F,

vin= min [ ([o0a) a1 e 00} @)

This result gives the prior uncertainty interpretation of the smooth model. In fact, recall

that without ambiguity the standard Bayesian model with a single prior p is given by

AUUMWjA<LuUM0dM®- (29)

The left hand side (lhs, for short) is the reduced form of the model, while the rhs is the
“extensive” form. Under ambiguity, the decision maker has not enough information to
quantify his beliefs with a single prior over the models in A. With this “prior uncertainty,”
he is only able to specify a reference prior p on A that, for some reason, stands out among all
possible priors. In the rhs of (28) all other possible priors v in A% (B (A), ) are considered

via their expected utilities

Lwﬁ@=4<éwﬁ@)w@. (30)

Each prior v is then weighted through its distance

[fA(fSu(f)dq)du(q) (V H M) (31)

from the reference prior p. In particular, the smaller this distance is, the more relevant the
prior v is. The weight is minimal when v = ;1 and maximal when / I (S u)da)dvta) (v || p) =
oo. In the latter case, the prior v is “too distant” from the reference prior i, and is therefore
not taken into account. For example, when ¢ is the identity, then all priors v distinct from
w are dismissed for this reason (see Example 14), and (28) reduces to the classic Bayesian
equality (29).

Summing up, equality (28) thus shows that the smooth representation can be seen as a
generalization of the classic Bayesian equality (29) that takes into account prior uncertainty.
In fact, (28) considers all possible priors v, evaluated through their expected utilities (30)
and weighted through their distances (31) from the reference prior p. Proposition 20 thus
clarifies the prior uncertainty interpretation of the smooth representation, which is a novel

insight that our analysis, and in particular Theorem 19, delivers.
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5.2.3 Revealed Ambiguity

By showing what form Theorem 10 takes in the smooth case, the next important result
confirms a key intuition of the smooth representation, that is, that the support supp p of

is the set of probabilistic models that the decision maker considers relevant.

Theorem 21 Let (u, ¢, 1) be a smooth representation of 7. If u(X) = R, ¢ is concave,

and p1 admits support,'® then
C" = cl(domaG) = cl (co (supp p))
provided at least one of the following conditions holds:

(i) ¢ is bounded above;
(i) limy_, o ¢ (t) = c0.

Since a concave and strictly monotone function ¢ is unbounded from below, condition
(i) suggests that, as t gets larger, utility losses carry more and more weight than utility
gains. On the other hand, condition (ii) is automatically satisfied by order Orlicz functions.
Inspection of the proof shows that the concavity of ¢ can be replaced by a weaker condition,
still in the spirit of loss aversion. Hence, the equality C* = cl(co (supp p)) holds more

generally even for some smooth representations that do not feature a concave ¢.

5.2.4 Exponential Case and Overlap

Consider the important exponential case ¢ (t) = —e~%, which corresponds to constant am-
biguity aversion (see [34, p. 1866]). In this case we have the following version of Theorem

19, where I; (+||1) reduces to the relative entropy R (-||x).

Corollary 22 Let u : X — R be an affine function with u (X) = R, 8 > 0 a real number,
and |1 a countably additive Borel probability measure on A. The following conditions are

equivalent:

(i) (u,—e™%0), 1) is a smooth representation of 77,

(i1) (u,G) is an uncertainty averse representation of -, where

~)

1
G(t,p)=t+ - min R(v | ) V(t,p) € R x A.
0 ver(p)

YSee, e.g., [2, Ch. 12].
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(ii) (u,c) is a variational representation of 7, where ¢ (p) = 3 minyery) R (v || p) for all
peA.

Hence, here (27) and (28) become:

V()= tog [l ) =i { [ (7 (9)dp )+ g min R )0}

= veallBia { /A ( / u(f) dq) av(g) + 4R (v | u)} .

Corollary 22 thus shows what we already observed in the Introduction: the exponential case
is thus both a smooth and a variational representation. Next we show that the exponential

case is also, basically, the extent to which these two representations overlap.

Theorem 23 Let v : X — R be affine with u(X) = R and ¢ : R — R be a strictly
increasing and concave function. The triplet (u, ¢, 1) represents a variational preference for

all countably additive Borel probability measures pn on A if and only if ¢ is CARA.

5.2.5 Quasi-Arithmetic Representation and Multiplier Preferences

We close this subsection by briefly considering preferences 7~ that correspond to an objective

e V()= o ( / (@ow)(f) dq) vfeF (32)

where u : X — R is an affine function, ¢ : R — R is a strictly increasing and continuous
function, and ¢ € A is a (countably additive) probability on S. We call (u, ¢, q) a quasi-
arithmetic representation of 7, and we refer the interested reader to Strzalecki [54] for a

recent discussion of this setting (see also [8] for some further properties of this setting).

When ¢ is the negative exponential —e~%, the representation (32) takes the variational

form

vin=mn { [uas rolo) (53

PEA(q)
with the relative entropy 0 'R (p || q) as cost function. This variational representation cor-
responds to the Hansen and Sargent multiplier preferences ([32] and [31]). In particular,

Strzalecki [54] provided behavioral conditions on variational preferences that characterize
(33).

When ¢ is a general concave function, not necessarily exponential, the quasi-arithmetic
representation (32) is uncertainty averse but, in general, no longer variational. The next

result, based on the techniques that we just developed to represent smooth preferences,

25



establishes the general uncertainty averse representation of (32), thus generalizing its varia-

tional representation (33) obtained for the ¢ exponential case.?

Theorem 24 Let u : X — R be an affine function with u(X) =R, ¢ : R — R a strictly
increasing and concave function, and q € A° a probability measure on S. The following

conditions are equivalent:
(i) (u,¢,q) is a quasi-arithmetic representation of -,

(ii) (u,G) is an uncertainty averse representation of 7-, where for each t € R,

~)

Cltp) = { t+1(pla) ifpei(o

(34)
00 else.

In particular, ¢ (t) ~ —e™%, with 6 > 0, if and only if I; (p || ¢) =0 'R (p || q).

By (34), we thus have, for all f € F,

¢! (/S (¢ou)(f) dq) Ipeng}}gq){/U(f) dp + Iy ucyap (| q)}

which is the counterpart here of (28). In this case, C* = cl (Udom[t (- | q))

teR

We close with a result, first proved by Strzalecki [54], that parallels Theorem 23.

Proposition 25 Let u : X — R be affine with w(X) = R and ¢ : R — R be a strictly
increasing and concave function. A triplet (u, ¢, q) represents a variational preference for all
probabilities ¢ € A% if and only if ¢ is CARA.

In other words, the multiplier representation (33) is basically the overlap between varia-

tional and quasi-arithmetic representations.

5.3 Homothetic Preferences

Proposition 12 showed that variational preferences correspond to additively separable un-
certainty indices. Next we study the multiplicatively separable case. A related model has
been studied by Chateauneuf and Faro [10], as we detail below.

Behaviorally, this case turns out to be characterized by the following weak independence

axiom with respect to a reference outcome z, (think for example of the agent endowment).

20We omit the proof of this result because it is essentially an elementary version of the more complicated
Theorem 19 and Corollary 22. Similarly, we omit the proof of Proposition 25, which is a simpler version of
that of Theorem 23.
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Axiom A. 10 (Homotheticity) If f,g € F and o, 5 € (0,1],
af+(I-a)r. Zag+(1—a)z. = Bf + (1= B) 2. Z Bg+ (1= 5)z..

Relative to Axiom A.9, here the weights o and [ can differ, while the constant act x, is
fixed. Axioms A.9 and A.10 can thus be regarded as symmetric weakenings of the Certainty
Independence Axiom of Gilboa and Schmeidler [29] (see the discussion in [38, pp. 1454-
1455]). In particular, a preference satisfies the Certainty Independence Axiom if and only if
satisfies both Axioms A.9 and A.10.

Theorem 26 Let 7, be an uncertainty averse preference that satisfies Axioms A.4-A.7 and
(u, G) be an uncertainty averse representation of 7~ such that u(x.) = 0. The following

conditions are equivalent:

(i) 7 satisfies Aziom A.10;

(i) there exist a monempty, weak™ closed, and conver subset C' of A and two functions

c1,09 1 C'— [0, 00|, such that
(a) ¢ is concave and upper semicontinuous, with 0 < inf,cc ¢ (p) < max,ec 1 (p) =
1;
(b) ¢y is conver and lower semicontinuous, with min,ec ¢y (p) = 1;

(c) for all (t,p) € R x A,

CI#(M ift>0andpeC

G(t,p) =1 = ift<0andpeC (35)

c2(p)

00 ifpe A\ C,

(7ii) there exist v : R — Ry, with v (t) =0, if and only if t =0, and dy,dy : A — (—00, ]
such that, for all (t,p) € R x A,

G (t.p) = Y(t)di(p) ift>0andpecA
7 v(t)dy (p) ift<0andpe A

with the convention 0 - 0o = 0.

In this case, by (35), C* = C. Moreover, Theorem 26 implies the following representation

result.
Corollary 27 Let 77 be a binary relation on F. The following conditions are equivalent:
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(i) 7= is uncertainty averse and satisfies Axioms A.4-A.7, and A.10;

(ii) there exist an affine u : X — R, with u(X) = R and u (z,) = 0, a nonempty, weak*
closed, and convexr subset C' of A, and two functions ci,ce : C'— [0,00] as in points
(a) and (b) of Theorem 26 such that, for all f and g in F, f 72 g if and only if

((IU(f)dp)+ (fu<f>dp)‘>>mm<(fu<g>dp)+ (fu(g)dp)‘)

e & (0) &2 ()

peC

c1 (p) c2 (p)

(36)
In this case, u is unique up to multiplication by a positive scalar, C', ¢1, and co are unique.

For example, if f(s),g(s) 77 z, for all s € S, then (36) becomes:
> min

d d
g e min LS Jelo)dp
peC  c1 (p) peC 1 (p)
This is the specification studied by Chateauneuf and Faro [10], who assume the existence of

a worst outcome with respect to which A.10 holds.

We close with two remarks. First, we already observed that a preference satisfies the
Certainty Independence Axiom of Gilboa and Schmeidler [29] if and only if satisfies both
Axioms A.9 and A.10. This means that a preference is both variational and homothetic if
and only if is multiple priors. This can be seen also from the properties of the uncertainty

aversion indices. In fact, by (20) and (35), an index G is both variational and homothetic if:

t+clp) =5 Ht>0andpeC
t+c(p) = s ft<Oandped
t+c(p)=00 ifpeA\C.

s)
&~
N

Q

It is easy to check that the unique solution is ¢(p) =0 and ¢; (p) = c2 (p) =1 for all p € C,
and ¢(p) = oo if p ¢ C. We thus get

ftg¢¢g%/UUﬁwzﬁg/uwwp (37)

which is the multiple priors criterion. Notice that for fixed v and C', by Proposition 6, the
agent using criterion (37) is the most uncertainty averse of those using criterion (36).

Second, observe that in the proof of Corollary 27 we show that, when 3 is a o-algebra,
then 77 satisfies Axiom A.8 if and only if there is ¢ € A” such that C' C A7 (q).
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6 Outline of the Main Proof

In this section we outline the arguments used in the proofs of Theorems 3 and 5, our main
representation results. Assume for convenience that S is finite and take ¥ = 2°. This makes
our setting finite dimensional since the collection of acts F can be identified with X° and
the utility profile u (f) of each act corresponds to the vector (u (f (s))),.q of R¥. We will
also assume the unboundedness Axiom A.6, which guarantees u (X) = R.

By the decision theoretic arguments of Lemmas 60, 61, and 63 in Appendix A (whose
proofs are unaffected by the dimensionality of the setting), a preference = on X satisfies
Axioms A.1-A.6 if and only if there exists an affine onto u : X — R and a function I : R® — R

normalized, monotone, quasiconcave, and continuous such that

fZge=1(u(f) =1(u(g)). (38)

Moreover, u is cardinally unique, and, given u, there is a unique normalized I that satisfies
(38).

Now, for any ¢ in R and p in the probability simplex A, let B (¢,p) = {v € RS : p-v < t}
and G (t,p) = Sup,epp) ! (v). The formal analogy with budget sets and indirect utilities
of consumer theory is evident. Clearly, ¢ < t' implies B (t,p) C B (t,p) for all p, and
B\ (t,p)+ (1 =N (t,p)) CB(t,p)UB(t,p) forall t,t,p,p’ and all A € [0, 1]. Therefore
G (t,p) is increasing in the first variable and jointly quasiconvex.

For each vy in R¥ and all p in A, vy € B (p - vy, p) which implies I (vy) < G (p - vo, p) and
I'(vg) < gggG(p-vo,p)'

On the other hand, continuity, quasiconcavity, and monotonicity of I imply that C' =
{I > 1I(vy)} is an open convex set such that vg ¢ C' = C' + R3. A Separating Hyper-
plane Theorem guarantees that there exists pg € A such that pg - vy < po - v for all v € C.
In particular, B (pg - vo, po) C C°, that is, G (po - vo,po) < I (vo). Hence,

I (vg) = IpréiglG(p - Vg, P) -

This, together with (38) delivers formula (9) and the cardinal uniqueness of u. To complete
the proof that G € G (R x A) is enough to observe that I is normalized (that is, deci-
sion theoretically, that the decision maker is a von Neumann-Morgenstern expected utility
maximizer when only risk is involved).

Lower semicontinuity of G is proved in Lemma 32 of Appendix A. As to uniqueness, we
just sketch the main points of the proof. Let H be another lower semicontinuous element of
G (R x A) such that

I'(v) =min H (p-v,p) (39)
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indeed, we should consider an element H such that (9) holds, but it is possible to reduce
this case to (39). Fix pp € A and ¢y € R, then
G (to,po) = sup [I(v)= sup inf H(p-v,p)
vEB(to,po) veB(to,po) PEA
a nontrivial (see [7] for details) minimax argument allows to exchange the sup and the inf
delivering
Gtopo) = inf sup H(p-v,p). (40)

PEA 4eB(to,po)

It remains to study the program
S H O
If p # po, they generate different hyperplanes through 0, that is, there exists vy € R® such
that po-vo = 0 and p-vy # 0. Call e the unit vector of R®, p, - toe = t, and the straight line
{avy + toe : @ € R} is included in B (to, pp). Thus

sup H(p-v,p) >supH (ap- vy +to,p) =sup H (t,p) = 00
vEB(to,po) a€eR teR

where the last equality follows from normalization of the elements of G (R x A).
Else, if p = pyg, since H is increasing in the first component, we have
sup  H (po - v,po) = H (to, po) -
vEB(to,po)

In conclusion, sup,e g, po) H (P - v,p) = H (to,po) if p = po and oo otherwise. Hence,

inf sup H(p-v,p) = H (to,po)
PEA yeB(to,po)

which together with (40) delivers G = H.
When u (X) C R, only the usual minimax inequality holds. Thus, equality in (40) is

replaced by minorization, and only the minimality of GG follows.

It should be remarked that the main simplifying assumption here is not the finite di-
mensionality of the setting (which only eliminates some functional analytic subtleties), but
rather the assumption u (X) = R, which also in the finite dimensional case is hard to weaken.
To overcome this problem some extension techniques are used (see Theorem 37). Moreover,
the passage from the non topological assumptions of the preference axioms to the strong
continuity properties of I is also nontrivial and led us to study thoroughly the continuity
properties of monotone quasiconcave functions (see Section A.3 of Appendix A). A com-
plete duality for this class of functions is studied in [7] and is very different from the classical
Fenchel duality on which the results of [38] rest. This duality already proved its usefulness
in other applications such as risk management (see Cerreia-Vioglio, Maccheroni, Marinacci,
and Montrucchio [9]).
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7 A Game Theoretic Perspective

As mentioned in the Introduction, our setting admits a game against Nature interpretation,
where decision makers view themselves as playing a zero-sum game against (a malevolent)
Nature. Here f and p become, respectively, the strategies of the decision maker and of
Nature, and the interpretation of the axioms and of the results has to be suitably modified.

Begin with the representation: by Theorem 3 for every uncertainty averse preference

there exists a (suitably unique) game against Nature

F(ﬁp):G(/U(f)dp,p) V(f,p) e F xA

such that the agent behaves as if he were playing this game against Nature, and conversely
for every such game there is a unique corresponding uncertainty averse preference.
The structure of the game reflects the existence of two sources of uncertainty in the

Anscombe-Aumann model (see also Strzalecki [54]):

e [w(f)dp captures the objective risk preferences of the agent (once Nature has chosen
p, the expected utility of f is what matters to the agent); notice that, for fixed p,

G (-, p) is an increasing transformation of the expected utility.

e (G captures the presence of subjective uncertainty and has the standard properties of

convexity and continuity of a zero-sum game.

e The minimum — that is, the adoption of a maxmin strategy — captures the aversion of

the decision maker to such uncertainty.

In this perspective, the reason why in Axiom A.3 the decision maker prefers to randomize
among indifferent acts is because this makes more difficult for Nature (which has no control
on the randomizing device) to reply.

In turn, the fact that Nature has no control on the randomizing device is captured in the
representation by the normalization of GG, that is, by the fact that, for any constant act =z,

V(z) = infG(/u(x)dp,p) = inf G (u(2) ,p) = u ().

pEA

This normalization is natural: given a decision maker’s act f, Nature can affect the relative
likelihood of the act’s outcomes by choosing a probabilistic model p, unless f is constant, in
which case Nature has no power.

In a similar vein, if the decision maker 75 prefers an uncertain act f over a constant one

x whenever also 77; does, here this means that 75 is less worried than 77; about Nature’s
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ability to impair his acts’ outcomes. Accordingly, Proposition 6 on comparative uncertainty
aversion here says that -; is more uncertainty averse than =, if and only if u; ~ uy and
'y < T5 (provided u; = uy). In other words, relative to 7o, the decision maker 7-; behaves
as if he is believing to face a more powerful Nature, that is, a Nature that incurs in smaller

losses for her actions.

By Theorem 8, in this game theoretic perspective probabilistic sophistication corresponds
to a situation where for every move f of the agent the loss incurred by Nature in choosing
p is only determined by how much the masses dp (s) are scattered w.r.t the masses dgq (s),
that is, by how much the reference probability is “warped.” For example, if ¢ is uniform,
Nature losses will be independent of permutations of the states. In sum, the decision maker

is probabilistically sophisticated if and only if he thinks that also Nature is.

Finally, by Theorem 10, the set C* can be viewed as the closure of Nature’s conceivable

actions (for, she will never play an action inducing an infinite loss). In particular,

fb*g@/U(f)dpz/U(g)dp Vp € domaG

means that if f is unambiguously preferred to g, then, when regarded as strategies, f weakly
dominates ¢ in the game. Similarly, Proposition 11 implies that m, (f) is the set of best

replies for Nature to act f.

A Quasiconcave Monotone Functionals

In this Appendix we report the properties of a duality notion for monotone quasiconcave
functionals on which the results of the paper rest. This topic is studied in detail in [7], to

which we refer the interested reader.?!

Notation 28 In this section and in the next one we denote by X (resp., g : X — [—00,0])

an ordered vector space (resp., an extended valued function).

This makes it easier to refer to [7]. See [37] and [2, Ch. 9] for all notions on ordered

vector spaces used here.

A.1 Preliminaries
A.1.1 Set Up

The Space and its Geometry

21The nontrivial proofs that we omit here can be found in [7].
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Assumption 1 (X, ||-||,>) is a normed Riesz space with order unit e and ||-|| is its supnorm,
ie. ||z]] =inf{a € R:|z| < ae} forallz € X.

Recall that any norm on a normed Riesz space with order unit is equivalent to the
supnorm induced by the unit.

The most relevant example for this paper is the function space By (X), with order unit 15.
By (X) also has the following important property: for every ideal J of By (3), the quotient
space By (%) /J is Archimedean. Normed Riesz spaces with this property are called hyper-
Archimedean, and every hyper-Archimedean space is actually Riesz isomorphic to suitable
space By (X) (see, e.g., [37, Thm. 37.7]).

If y,z € X, [y, 2] is the order interval {z € X : y <z < z}. Notice that the closed unit
ball of X coincides with

[—e,e] ={r e X:—e<z<e}. (41)

Denoting by X, and X _ the positive and negative cones in X, then the positive and negative
unit balls are [—e,e] N X = [0,¢] and [—e,e] N X_ = [—e,0]. A subset Y of X is lower
open (resp., upper open) if for all y € Y there exists £ > 0 such that [y —ee,y] C Y (resp.,
[y,y + ee] CY). Clearly, open sets are lower and upper open (but, there are subsets of R?
which are lower and upper open, without being open).

For every x € X, set
esssup (z) =inf{a € R: 2z < ae} and essinf(z) = —esssup (—z).
By definition of supnorm, ||-|| = esssup (|-|). For any interval T' of the real line, set
X (T) ={z € X : [essinf (z),esssup (z)] CT}.

It is easy to check that X (7) is convex, and either lower open (if and only if inf7" ¢ T)
or upper open (if and only if supT" ¢ T') or it is an order interval ([(infT")e, (supT)e]).
Moreover, it is open if and only if 7" is open. If X = By (%), then X (T') = By (3, T) is the
set of functions in By (X) whose range is contained in 7.

We denote by X* the topological dual of X. Elements of X* are usually denoted by &, and
(€, ), with © € X, denotes the duality pairing & (). X7 the set of all positive functionals
in X*. Notice that, by (41), ||£]| = (£, e) for all £ € X7} . In particular the set

A={¢eXi: ¢ =1}
is (and weak* compact and) convex since it coincides with {& € X7 : (,e) = 1}.

Assumption 2 A is equipped with the weak™* topology.
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A subset C of X is evenly convez if it is the intersection of a family of open half spaces.??
Evenly convex sets are convex, and intersections of evenly convex sets are evenly convex. By
standard separation results, both open convex sets and closed convex sets are then evenly

convex. Moreover, for every interval 7' of R, X (T) is evenly convex.

Functions
FYCX,g:Y — [—00,00], and a € [—00,00], weset {g > a} ={y €Y :g(y) > a}, the
sets {g > a}, {9 < a}, and {g < a} are defined in the same way.

For functions g : X — [—00, 00|, the relevant notion of effective domain, dom (g) depends
on whether we consider the hypograph or the epigraph of g. In the former case we have
dom (g) = {g > —oco}, while in the latter case we have dom (g) = {g < oo}. For functions
g : X — [-00,00) it is natural to consider hypographs, and so dom (g) = {g > —o0}.
Symmetrically, we have dom (¢) = {g < oo} for functions g : X — (—o00,00]. In any other
case the definition of dom (g) will be explicitly given.

A function g : X — [—o00, 00] is:

e monotone if x > y implies g (z) > g (v);

o cvenly quasiconcave if the sets {g > a} are evenly convex for all o € R;
o cvenly quasiconvez if the sets {g < a} are evenly convex for all o € R;
e positively homogeneous if g (Ax) = Ag (z) for all A > 0 and z € X;

e normalized if g (ae) = « for all o € R;

e translation invariant if g (x + ae) = g (z) + o for all & € R.

Clearly, evenly quasiconcave functions are quasiconcave. Moreover, both lower and upper
semicontinuous quasiconcave functions on X are evenly quasiconcave.

Observe that when g is positively homogeneous on X, then ¢ (0) = Ag (0) for all A > 0,
so that either g (0) = 00 or ¢ (0) = 0. In particular, g (0) = 0 if it is finite.

If ¢ is defined on a subset Y of X the above definitions remain unchanged with the

additional requirement that all the arguments of ¢ (-) belong to Y.?

If {x,} is a sequence in X, write z, /" x (resp., ¥, \, x) if it is increasing (resp.,

decreasing) and it converges to x in norm. A function g : Y — R is:

22With the convention that such intersection is X if the family is empty. The notion of even convexity

and its basic properties are due to Fenchel [22].
Z3For example, positive homogeneity becomes: g (Az) = A\g (z) for all A > 0 and # € X such that \z,z € Y.
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o left (sequentially) continuous at x € Y if {x,} CY and z,, /" x implies g (x,,) — g (2);

o right (sequentially) continuous at x € Y if {x,}, C Y and x, \, « implies g (z,) —
g (x).

Upper (and Lower) Semicontinuous Envelopes
Given z € X, denote by N, the set of all neighborhoods of z in X. Given a function
g : X — [—00,00], its upper semicontinuous envelope g* : X — [—00,00] is defined by

9" (v) = infyen, sup,err g (y) for all x € X (see [14, Ch. 3]); and hence

{g" > a} = ﬂ{g>ﬁ} Va € R. (42)

B<a

Moreover, g* is the least upper semicontinuous function on X that pointwise dominates g.

Lemma 29 Ifg: X — [—00, 00| is monotone, then g* is monotone and g* (z) = inf,, g (z,)
for all x € X and every sequence x,, such that x, — x and z,, > x for alln € N.2* Moreover,

g is quasiconcave provided g 1s.

Proof. Let x € X. For each n > 1, set V,, = [20 — xp,x,] = [v — en, x + €,], where
e, = x, —x for all n € N. Belonging to the interior of X, e, is an order unit for all
n € N, and e, — 0. In particular, V,, € N, for all n € N. Therefore, infyep;, sup ey g (y) <
inf, sup,cy, g (y). Moreover, since e, — 0, for each U € N, there is ny € N such that
Vay € U” and we also have sup,e; g(y) > supyey, 9(y) > infnsupyey, g(y). Then
infyen, sup,er g (y) > inf, sup,ey, g (y), and g7 (v) = inf, sup,y;, g (y). By monotonicity
of g, supyey, g (y) = g (2n) and g* () = inf, g (zn).

If 2 € X and = < 2z, then g(z+n~'e) < g(z+nle) for all n € N, whence g (z) =
inf, g (x +n'te) <inf,g(z +n"te) = g* (2), thus g is monotone.

Finally, if g is quasiconcave, (42) implies that g% as well is quasiconcave. [

Totally analogous results hold for lower semicontinuity: Given a function g : X —
[—00, 0], its lower semicontinuous envelope g~ : X — [—00,00] is defined by ¢~ (z) =

supgren, infyep g (y) for all € X; and hence {g~ > a} = U {g > B}° for all a € R.

B>a
Moreover, g~ is the greatest lower semicontinuous function on X that is pointwise dominated

by g.

24

Zn > x means that x, — x belongs to the interior of X (while x,, > x means that z,, > x and z,, # z).

>~

2 There exists § > 0 such that [x — de,x + de] C U, but e, — 0 implies that eventually —e,,, e, C [—de, Je],
and [z — e,, x4+ €,] C [x — de,z + de] CU.
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Lemma 30 Ifg: X — [—o0, 0] is monotone, then g~ is monotone and g~ (z) = sup,, g ()
for all x € X and every sequence x,, such that x,, — x and x > x, for all n € N. Moreover,

g~ 18 quasiconcave provided g 1.

A.1.2 A Key Auxiliary Function

Let 0 #Y C X and g : Y — [—00,00]. Set
Ge (t) =sup{g(x):x €Y and (£, z) <t}

for all (¢,£) € RxA, with the usual convention sup ) = —oc.

This function, plays a key role in what follows, it can take values on [—o00, 0o|. Since, for
our analysis, the set where it can take on value oo is more relevant than that where it takes
on value —oo, throughout the appendix we set dom (G¢) = {G¢ < oo},

The function G¢ is monotone, thus, denoting by Ggr the upper semicontinuous envelope of
G, by Lemma 29, G (t) = inf {G (') : ' > t}. The next lemmas give some basic properties
of the function G¢ (the proofs, when omitted, can be found in [7]).

Lemma 31 For any function g : Y — [—00, 00|, the map (t,§) — G¢ (t) is quasiconvex over

R x A. Moreover, limy .o, G¢ (t) = supgca sup,eg Ge¢ () = sup,cy g (x) for all § € A.

Lemma 32 Let Y be lower open and g : Y — [—00,00] be monotone and lower semicontin-

uous. Then, the map (t,£) — Ge¢ (t) is lower semicontinuous on R x A.

Proof. Let A € R and (£,€) € R x A be such that G¢ () > X\. We want to show that
Ge (t) > X for all (£,€) in a suitable neighborhood of (£, ).

Since SUP, ey (g )<t 9 (y) > A, there is yo € Y such that (£,y0) <t and g (yo) > A. Since
Y is lower open, eventually the sequence ¥, = 3o — n ‘e belongs to Y and vy, /" 9. As g
is lower semicontinuous, there exists 7 € N such that y; € Y and ¢ (yz) > A. Moreover,
(& yn)y=(E o) —n (& ey <t—dford=n"".

The set U = {£ € A: (§,yn) < (&, yn) + 6/2} is open in the induced weak* topology of
A, and for all (¢,£) € (f—6/2,00) x U we have (§,yz) < ({,yn) +6/2 <t —6+0/2 =
t—0/2 <t. Hence, G (t) = sup ey e <: 9 (¥) = g (yn) > A, as wanted. |

Remark 33 In particular, for all € € A, the map t — G¢ (t) is lower semicontinuous and

monotone, therefore it is left continuous.

In the next Lemmas we assume Y = X.
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Lemma 34 Ifg: X — [—00, 00| is monotone, then G¢ (t) =sup{g (z) : v € X and (§,x) =t}
for all (t,&) € RxA.

Lemma 35 Let h : X — [—00,00], ¢ : h(X) — [—00,00] be extended-valued continuous
and monotone, and g = p o h. Then, G¢ (t) = ¢ (He (t)) for all (t,€) € R x A.

A.2 General Representation
A.2.1 A Theorem of de Finetti and its Extension

The next result shows that a function g can be recovered from the scalar function Gg (¢) as
long as ¢ is quasiconcave. Here we only consider the monotone case, and we refer the reader
to [7] for a general version and for a proof. An early version of this result can be found
in de Finetti [16, p. 178], while a closely related general formulation can be found in [44,
Theorem 2.6]. Notice that versions of this result play an important role in microeconomic

duality theory (see, e.g., Diewert [18]).

Theorem 36 A function g : X — [—00,+00] is evenly quasiconcave and monotone if and

only if

9(r) = mf Ge(E2)  Vre X, (43)

Moreover, if g is lower semicontinuous, then the infimum in (43) is attained, while if g is

upper semicontinuous, then G¢ can be replaced with Gz.

The next result considers the representation (43) for a monotone function defined on a
subset Y.

Theorem 37 Let g:Y — R be a quasiconcave and monotone function defined on a convex
subset Y of X. Then,

9(y) = {igg Ge((&y) WyeY (44)

provided at least one of the following conditions hold:

(i) g is lower semicontinuous and Y is lower open;

(ii) g is upper semicontinuous and Y is either upper open or it is an order interval.

Moreover, under condition (i) the infimum is attained.
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Proof. (i) Suppose that g is lower semicontinuous and that Y is lower open. We want to

prove (44) with min in place of inf. The function §: X — [—o0, 00| defined by

g(z) =sup{g(y): Y 3y <} (45)

is the minimal monotone extension of g to X (with the usual convention sup ) = —c0).

Assume first that Y is open. Since {r € X : g(z) >t} = {y €Y :g(y) >t} + X, for
all t € R, the function ¢ is quasiconcave and lower semicontinuous. By Theorem 36, § (z) =
mineea Ge ((€,2)) for all z € X. Hence, given y € Y, there is &, € A such that §(y) =
Ge, (6 1) = Ge, ((§,9)) = 9 (y) = § (). Hence, g (y) = mingea Ge (£, 9))-

If Y is only lower open, consider the lower semicontinuous envelope g~ of ¢, simply
denoted by §. Since ¢ is monotone and quasiconcave so is § (see Lemma 30). More-
over, g extends g. In fact, for all y € Y, g(y) = sup, ¢ (y —n~te) = lim, g (y —nte) =
lim,, g (y — n~te) since eventually y — n~'e € Y, and, by monotonicity and lower semiconti-
nuity of g on Y, ¢g(y) > lim, g (y — n'e) > g (y). By proceeding as in the first part of the
proof, we can then prove that (44) holds.?

(ii) Suppose that g is upper semicontinuous and that Y is either upper open or it is an
order interval [w, z]. Consider the function § : X — [—00, 00| defined in (45). From point
(i) we know that ¢ is the minimal monotone extension of g to X, and that ¢ is quasiconcave.
By Lemma 29, its upper semicontinuous envelope §* is monotone and quasiconcave too.

Denote it by g. Next we show that g extends g.

e If YV is upper open. Let y € Y, then g(y) = inf, g (y +nte) = lim, g (y + n"te) =
lim,, g (y + n~'e) since eventually y +n~'e € Y, and, by monotonicity and lower semi-

continuity of g on Y, g (y) <lim, g (y + n"te) < g (y).

o If Y = [w, 2], for some w, z € X. We show that g is upper semicontinuous on X, then
g =3g" = g, and g extends g, since § does. Let x € X, + w. For all y € Y such
that y <z, theny <z Az <zand w <y <z Az < zimply that t Az € Y and
g(y) <g(xAz),thusg(y) < g(zAz)<g(z). Since thisis true for all y € Y such that
y <z, then g (z) =sup{g(y): Y 32y <z} <g(xAz)<j(x);butthe choice of z was
arbitrary, hence g (z) = g(z A z2) forall x € X, +w. If z,,2 € X; +w and z, — =z,
then x, A z — x A z and limsup,, § (z,) = limsup,g(z, Az) < g(zAz) = §(z).
This shows that ¢ is upper semicontinuous on the closed set X, + w. Together with

g (z) = —o0 for all x ¢ X, 4+ w, this shows that ¢ is upper semicontinuous on X.

26By Theorem 36, § () = mingea Ge ((€, ), for all z € X. Hence, given y € Y, there is £, € A such that
9(y) = Ge, (1) > Ge, (&) > g(y) = §(y). Hence, g (y) = mingea Ge ((€,1))-
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Forall (t,£) € RxA, Ge (t) =sup{g(z):z €Y, ({,z) <t} =sup{g(x):z €Y, (&
< sup{g(z):z € X,(x) <t} = G¢(t). By Theorem 36, for all y € Y, g(y) =
= infeen Ge ({€,y)) > infeen Ge ((€,9)) > g (v), as desired. |

Q
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Corollary 38 Let g : X (T) — R be quasiconcave and monotone. If g is continuous, then
g (z) = infeep Ge ((€,x)) for all x € X (T). In particular, the infimum are attained if T' is

lower open.

A.2.2 Concavity

The next two corollaries of Theorem 36, proved in [7], give some characterizations of con-

cavity. Here g* : X* — [—00, 00] denotes the classic (concave) Fenchel conjugate of g, given

by ¢* (¢) = inf,ex {(&,2) — g (x)} for all £ € X*.

Corollary 39 Let g : X — R be evenly quasiconcave and monotone. The following facts

are equivalent:
(i) g is concave;
(11) Ge is concave for each & € A;
(iii) Ge (t) = infyer, {At — g* (AE)} for each (t,§) € R x A.
In particular, dom (G¢) € {0, R} for all § € A.
Next we consider normalized functions.

Corollary 40 Let g : X — [—00,00] be monotone and evenly quasiconcave. g is normalized

if and only if infeep Ge (t) =t for allt € R. Moreover, the following properties are equivalent:

(i) g is concave and normalized;
(i) g is translation invariant and g (0) = 0;

(117) Ge(t) =t —g* (§) for eacht € R and € € A.
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A.2.3 Topological Representation

Next we give a topological version of Theorem 36. Also in this case we only consider the

monotone case, and we refer to [7] for the general case and for a proof.

Theorem 41 A function g : X — R is uniformly continuous, quasiconcave, and monotone
if and only if g (x) = mingea Ge ((€,2)) for all z € X, dom (G¢) € {0, R} for all { € A, and

G i o are uniformly equicontinuous.?”
3 &GA.dom(Gg)—R Y

A.2.4 Uniqueness

Theorem 5 is based on the following result, proved in [7].

Lemma 42 Suppose g : X — [—00,00] and G : R x A — [—00, 00| satisfy the following

conditions:
(i) imy o G (t,€) = limy .o, G (t,£') for all §,& € A;
(ii) G (-, &) is increasing for each & € A;
(iii) G is lower semicontinuous and quasiconvexr on R x A;
() g(x) =infeen G ((€, ), &) for allz € X.
Then, G (t,§) = Sup,ey.en<t 9 (¥) = Ge (t) for all (t,§) € R x A,
Remark 43 Since £ — G ((§,x),&) is lower semicontinuous, the inf in (iv) is attained.

A.2.5 Positively Homogeneous Functionals

As proved in [7], Theorem 41 takes a special form for positively homogeneous and quasicon-

cave functionals such that g (x) # 0 for some € X ;. Begin with a lemma.

Lemma 44 Let A be a nonempty, closed, and convex subset of A, ¢ : A — (0, 00) concave

and upper semicontinuous, and cy : A — (0, 00| convex and lower semicontinuous. Let

6125) ift >0 andﬁeﬁ
G(tE) =1 =5 ift<0and &€ A

o ifEeA\A

2TThat is, for every € > 0 there is § > 0 such that [t — | < § implies |G¢ (t) — Ge (t')| < e, for all t,¢’ € R
and all £ € A such that dom (G¢) = R.

40



and
g(x)zgiggG«é,x%f) Vr € X. (46)

Then g s finite, monotone, upper semicontinuous, positively homogeneous, quasiconcave and

€0 (&)
(q@>‘cxa> Ve X 47

g (z) = min
ceA

Moreover:

o Ge(t) =G (t,€) for all (t,€) € R x A;

. sz is a nonempty, closed, and convex subset of A, dy : I — (0,00) is concave and

upper semicontinuous, dy : I' — (0, 00] is convex and lower semicontinuous, and

€0 (6
<¢@>‘dxo) vreX 43

g (x) = min
el

then (f, dl, d2> = (3, C1, CQ) Py
e ¢ is non-negative and concave on A® = {x e X:({x)>0 foral€ e ﬁ},
e g concave on X if and only if ¢1 (&) > 3 (§) for all § € A.

We can now state the announced version of Theorem 41.

Theorem 45 Let g : X — R be such that g (x) # 0 for some x € X . Then g is monotone,
quasiconcave, uniformly continuous, and positively homogeneous if and only if

9(0) =minGe ((6.2)  Voe X (49)

and there exist a nonempty, closed, and convex subset A of A, ¢ : A — (0,00) concave

and upper semicontinuous with inf,_x ¢ (&) > 0, and ¢ : A — (0, 00] conver and lower

semicontinuous, such that

s ift>0and £ € A
5 ift<0and & €A (50)
oo iféeA\A.

o

Ge (1) =

Moreover, g is normalized if and only if max,. 3 c1 (§) = min, x 2 (§) = 1.
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A.3 Continuity of Monotone Functionals
A.3.1 Lower and Upper Continuity

Lemma 46 Let Y be lower open and convex. For a monotone function g : Y — R the

following conditions are equivalent:
(i) g is left continuous;
(ii) g is lower semicontinuous;
(iii) for any c € R and z,y € Y, the set {a € [0,1] : g (ax + (1 — ) y) < ¢} is closed;

(i) for any ¢ € R and z,y € Y withy < x and g (z) > ¢, there is a € (0,1) such that
glax+(1—a)y) > c.

Proof. (i) implies (ii). Let ¢ € R, S(g,¢) = {r €Y :g(x) <c}. We want to show
that, {z,},cy € S (9,¢) and 2, — = € Y imply x € S(g,c). There is g5 > 0 such that
r—ee €Y forall ¢ € [0,g9]. Let £, > 0 be such that {e,,},.. € [0,€0] and &, | O.
Then x — ¢,,e € Y for all m € N. Since z,, — =z, for all m € N there is n,, € N such
that = — e,,e < x,,,, and monotonicity implies g (x — g,,€) < g (x,,,) < ¢, and left continuity
guarantees ¢ () = lim,, g (z — e;ne) < ¢. (This implication does not require convexity.)

(ii) implies (iii). Let ¢ € R and =,y € Y. Since Y is convex, az + (1 —a)y € Y for all
a € [0,1]. Let {an},cy € [0,1] be such that o, — ap and g (x4 (1 — ay,) y) < ¢. Then
ant+(1—ay,)y € S(g,¢) and az+(1 — ) y — gz +(1 — ap) y € Y, lower semicontinuity
implies apz + (1 — ap)y € S(g,¢) (i.e. g(pzr + (1 — ap)y) < ¢). (This implication does not
require lower openness.)

(iii) implies (iv). Let c € Rand z,y € Y (with y < x) and g (z) > ¢. Assume, per contra,
glax+ (1 —a)y) <cforalla € (0,1). By (iii) theset A={a € [0,1] : g(ax + (1 — a)y) < ¢}
is closed, thus (0,1) C A implies [0,1] = A and (for &« = 1) we have g (z) < ¢, which is
absurd. (This implication does not require lower openness.)

(iv) implies (i). Let x,, /" x¢ in Y. Monotonicity guarantees g (z,) T ¢ < g (zo). Assume,
per contra, g (z9) > c¢. By (iv), for each y € Y with y < =, there is a,, € (0,1) such
that ¢ ((1 — o) o+ oyy) > ¢. Take gg > 0 such that 2o —gpe € Y. Set y = 9 — goe
and notice that Y 3 (1 — o) 2o + ay = 29 — o + g — auege = Tp — yepe. Since
T, — g, there is n € N such that x, > x¢ — ayee = (1 — o) 19 + oy for all n > 7 and

g (z,) > g((1 — o) zo+ ayy) > ¢, which is absurd. [

If X is hyper-Archimedean, and Y is replaced by a (non-necessarily lower open) set of

the form X (T') the above results still hold; more indeed is true:
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Proposition 47 Let X be hyper-Archimedean. For a monotone function g : X (T) —
R, conditions (i)-(iv) of Lemma 46 are equivalent. Moreover, lower semicontinuity is also

equivalent to the following conditions:

(v) forany k € T, c € R and x € X (T), the set {a € [0,1] : g (ax + (1 — a) ke) < ¢} is

closed;

(vi) for any k € T, ¢ € R and x € X (T) with g(x) > ¢, there is a € (0,1) such that
g(ar+ (1 —a)ke) > c.

(vii) for any k € T, c € R and x € X (T) with ke < x and g (x) > ¢, there is a € (0,1)
such that g (ax + (1 — a) ke) > c.

Lemma 48 Let X be hyper-Archimedean. If x,,xo € X (T), x, — xo, and essinf (z9) =
inf T, then for all « € (0,1) there is i = n, € N such that ©,, > axe + (1 — ) (inf T') e for

alln > n.

Proof. Wlog, X = By(5,%Y) and e = 1g. The condition essinf (rq) = inf7 implies
infT'eT.

Let inf 7" = 0. There exists a partition {Ag, A1,..., A} of Sin ¥ and 0 = fy < (1 <
exists n € N such that

To—ce<x, <xo+c€e Yn > n.

In particular, for all n > @, if s € Ag, axg (s) =0 <z, (s), else there is i € {1,...,m} such
that s € A; and
Tn (8) > 20 (s) —€ 2> B + afi — Bi = af = axg (s)

and x, > axg, as wanted.

Let inf T = t, then x,, — te,xo —te € X (T' — t), x, —te — xo — te, and essinf (zg — te) =
essinf (zg) —t = 0 = inf (T' — t). By what we have just shown, for all o € (0, 1) there exists
n € N such that z,, —te > a(zg—te) + (1 —a) (inf T —t)e = axg+ (1 — ) (inf T) e — te
and z,, > axg+ (1 — «) (inf T') e for all n > n. |

Proof of Proposition 47. If T is lower open, then X (7) is lower open too, and Lemma

46 delivers the equivalence of (i)-(iv). Assume ¢t = inf T € T.

(i) implies (ii). Let ¢ € R, S(g,¢) = {x € X (T) : g(z) < c¢}. We want to show that,
{zn}en € S(g,¢) and x, — = € X (T) imply z € S(g,c). Let &, > 0 be such that
em | 0 and set y,, = (x —epe) V te for all m € N. {y,,} C X(T) and yp, /" z. In

meN
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fact, T' > t < essinf ((z — ene) V te) < esssup (((z — ene) Vite)) = esssup ((z —epne)) Vi<
esssup (z) € T, moreover, (z —epe) < (r — epqre) implies (z —epe) < (2 —gpp1e) Ve
and (x — ene) Vie < (z — gpi1€) Ve, thus y,, is increasing and z —e,e < (x — g,e) Vie < x
implies y,, — z. Since z,, — x, for all m € N there is n,, € N such that x — ¢,,e <z, and
Tp,, € X (T) implies te < z,, , whence vy, < z,,, and g (ym) < g (zn,,) < ¢, left continuity
guarantees ¢ (r) = lim,, g (y,,) < ¢.*8

(ii) implies (iii) and (iii) implies (iv) are proved in exactly the same way as in Lemma
46.

(iv) implies (i). Let x, /" zo in X (7). Monotonicity guarantees g (z,) T ¢ < g (o).
Assume, per contra, g (zo9) > c¢. By (iv), for each y € X (T") with y < z, there is o, € (0,1)
such that g (1 — o) o + ayy) > c. Ifessinf (x¢) > inf T', there is g9 > 0 such that z¢o—¢egpe €
X (T'). Set y = xg—epe and notice that X (1) 3 (1 — ay) xo+ayy = To—ay,To+0y,To—ayc0e =
xo — ayepe. Since z,, — xg, there is 7 € N such that z,, > zo — oyee = (1 — o) o + oy for
all n > n and g (x,) > ¢ ((1 — ay) o + ayy) > ¢, which is absurd.

Else if essinf (x9) = inf T'=t. Set y = te, by Lemma 48, there is 7 = 7, € N such that
Tp > ayro+ (1 —a)yforalln > n, and g (z,) > g ((1 — o) o + oY) > ¢, which is absurd.

We have shown that (i) = (ii) = (iii) = (iv) = (i).

Clearly (iii) implies (v), the proof of (v) implies (vi) is almost identical to the one of (iii)
implies (iv), and obviously, (vi) implies (vii). It only remains to show that (vii) implies (i),
which is almost identical to (iv) = (i):

(vii) implies (i). Let x, /" %o in X (7). Monotonicity guarantees g (x,) T ¢ < g (zo).
Assume, per contra, g (z9) > ¢. By (vii), for each k € T with ke < zy, there is oy € (0, 1) such
that g ((1 — o) o + axke) > c. If essinf (zg) > inf T', choose k € T such that essinf (xy) >
k > inf T, and set € = essinf (o) —k > 0. Then g —ce € X (T') and xy — axce € X (T') too.
In fact, inf 7' < k = essinf (zg) — € = essinf (zg — ce) < esssup (zg — ee) < esssup (zg) € T
Therefore there is m € N such that x, > zg — agee = g — agessinf (zg) e + agke >
xo — oo + agke = (1 — ay,) o + ake for all n > 1 and g (x,) > g (1 — ag) o + arke) > ¢,
which is absurd.

Else if essinf (z9) = inf 7" = ¢. Set k = t, by Lemma 48, there is 7 = i1, € N such that
Ty > ogxg + (1 —ag) ke for all n > A, and g (z,) > g ((1 — ax) zo + axke) > ¢, which is
absurd. n

28Notice that we did not use the hyper-archimedean assumption. Therefore a monotone function g :
X (T) — R is left continuous if and only if it is lower semicontinuous. (For the “if” part, observe that
Zpn — ¢ in X (T) and z,, < z,41 for all n € N imply z,, < z for all n € N. Monotonicity of g implies

g(xn) T ¢ < g(z) and lower semicontinuity delivers ¢ = lim,, g (x,,) > g ().
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Very similar results hold for upper semicontinuity: just observe that g (z) from X (7°) to
R is lower semicontinuous and monotone if and only if —g (—x) from X (=7') to R is upper

semicontinuous and monotone.

A.3.2 Uniform Continuity and Lipschitzianity

Proposition 49 For a monotone g : X (T')) — R the following properties are equivalent:

(i) g is uniformly continuous on X (T');

(ii) for every e > 0 there is § € (0,supT — inf T') such that
g(z+de) < g(x) + (51)
for all x € X (T') with x + de € X (T).

Notice that if 7" is bounded and 6 > sup 7" — inf 7", then (iii) is vacuously satisfied since
there is no x € X (T') such that z + de € X (7).

Proof. (i) implies (ii). Fix ¢ > 0 and let &' > 0 be such that ||z —y| < ¢ implies
lg(z) —g(y)| <e. Setd =2"'min{d, supT — inf T}. If z,z+de € X (T), then g (z + de) —
9(2) < lg(z+8e) — g (@)] < =

(ii) implies (i). Fixe > 0 and let 0 € (0,sup T — inf T') be such that g (x + de) < g (z)+¢
for all x € X (T') such that  + de € X (T'). Notice that if x and = — Je belong to X (T'),
then (z — de) and (z — de) + de € X (T'). Thus, g(x) = g((x — de) + de) < g(z — de) + ¢
and g (r — de) > g (x) —e. Let z,y € X (T) be such that ||z — y|| < . Then

x—de <y <zx+de. (52)

Moreover:

Claim. There exist t,7 € T such that t + § < 7 and te < z,y < Te.

Proof of the Claim. Set t’ = essinf(z Ay) = essinf (z) A essinf (y) € T and 7 =

esssup (z Vy) = esssup (z) Vesssup(y) € T. Clearly ' < 7/ and t'e < z,y < 7'e. If

7 —t >0 sett =t and 7 = 7. Otherwise, consider the following cases: (i) if 7" is

unbounded above, set t =t' and 7 = 7' + 4; (ii) if T is unbounded below, set t = ¢’ — § and
/

7 = 7’5 (iii) if T is bounded consider two sequences t! and 7/ in T such t| = ¢/, 71 = 7/,

t, L infT, 7/ T supT. Foralln > 1,te <z,y <7leand 7, —t/ — supT —infT > 4.

n

Hence there is 7 € N such that 7, — ¢, > §; set t =t/ and 7 = 7/. O
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Since

t <essinf ((x — de) V te) < esssup ((z — de) V te) < esssup (z) <

t < essinf (r) < essinf ((z + de) A Te) < esssup ((z +de) ATe) <7

(
(z) <

t <essinf (z) <essinf (xV (t+d)e) <esssup(z V (t+d)e) =esssup(z)V (t+9) <7
() A

t <essinf (z) A (1T —9d) =essinf (z A (T —0)e) <esssup (z A (T —d)e) <esssup(z) <7

then (z — de) Vite, (x4 de) ATe, zV (t+ ) e, A (T —0)e € X (T), as well as

(xV(t+0d)e)—de= (v —de)Vtee X (T) and (x A (T —9)e)+de = (v + de)ATe € X (T).

(53)
From (52) we have (z —de) Vte < y < (x+ de) A Te. By monotonicity, (53), and the
choice of 6, g(z) —e < g((xV (t+d)e) —e<g((zV(t+9)e) —de) = g((z — de) Vite) <
g(W) <g((zx+de)ATe)=g((xAN(T—=05)e)+de) <g((zA(T—0d)e)) +e < g(z)+e, and
sog(z) —e<g(y) <g(z)+e, as desired. |

A similar argument, can be used to prove the following variation:

Proposition 50 A monotone g : X (T') — R is {-Lipschitz on X (T) if and only if
g(z+de) <g(x)+4d for allx € X (T) and all § > 0 such that x + de € X (T).

A.3.3 Linear Continuity

Lemma 51 If G € G (T x A), then g(x) = infeea G ((§, ), &) for all x € X (T) is finite,
(evenly) quasiconcave, monotone, normalized, and G (t,£) > G¢ (t) for all (t,€) € T x A.

Proof. We only assume G : TxA — (—o00, 00| is increasing in the first component and
inf,ea G (t,p) =t forall t € T.

We first prove monotonicity: if z > y, then (£, z) > (£, y) for all £ € A, and monotonicity
of G (-,€) implies that G ((£,z),&) > G ((£,y),&), and hence g (z) > g (y).

As to normalization: ¢ (te) = infeen G ((€,te) , &) = infeen G (,€) =t forallt € T.

Finiteness follows from monotonicity and normalization, in fact, for all z € X (T),
essinf (x)e <z < esssup (z) e implies essinf () < g (x) < esssup (z).

Next we show (even) quasiconcavity: Let a € R. As observed, X (T') is evenly quasicon-
vex, thus the set

L=X(T)N N € > b]
(§:b)EAXR:[E>D2{ye X (T):g(y)>a}

is evenly quasiconvex and contains {y € X (T) : g (y) > a}.

46



Let 7 ¢ {y € X(T):g(y) >a}. Then, either z ¢ X (T) and so z ¢ L; or z € X (T)
and a > g(_) = infeen G ((€,7),€), then there is £ € A such that G ((,7),€) < a,
and g (y G ((€, > §) < G((&7),§) < aforall y e X(T) such that £ (y) < £(z),
thatls{yGX(T) y) <&@} C{ye X(T):g(y) <a}and {y € X(T):g(y) > a} C
{ye X(T):¢ y)> (7)} C [€ > &(7)]. Thus

(£E@) e AxR:[€>E(@)] 2{ye X (T):9(y) > a}.

But, Z ¢ [£ > £(Z)], and so @ ¢ L. Therefore, L is contained {y € X (T) : g (y) > a}, and
the two sets coincide.
Moreover, for all (£,£) € T x A, and all y € X (T) such that (£, y) <, then g(y) =

infeen G ((€,y),€) < G ((§y).§) < G(£,€). Therefore, G¢ (t) = supyeX(T):<§—7y>gg(y)
G (7.9).
Lemma 52 IfG € H (T x A), then g : X (T) — R defined by g (z) = infeen G ((€, x) ,§) is

continuous and the inf is attained for all x € X (T).

VA

Proof. The proof is divided into several claims that are used in different parts of the paper.
Let G : T x A — [—00, 00] be lower semicontinuous. Define I' : X (T') x A — [—o00, o0
I'(z,8) =G (& x),€) for all (z,£) € X (T') x A.

Claim 1. I is lower semicontinuous on X (7") x A.

Proof of Claim 1. Consider a net {(z,,&,)} in X (T') x A such that (z,,&,) — (x,§) €

X (T)xA. This is equivalent to x, — x and &, — &. It follows that (£,,z,) — (£, x). In fact,

[{€ar Ta) = (& )] < [(Ear a) = (Cas ) [+|(€ar #) = (6, 2)| = [(Car Ta — 1) [+[(Ear #) — (§,2)] <

1€l 1z = zll + [(€a, 2) — (&, 2)| = 70 — 2] + [{€a, ) = (€, 2)] — 0. Since G is lower semi-

continuous, it then follows that iminfT" (z,,&,) = UminfG (({,, a) , &a) > G (€, x) ,€) =

[ (x,€), as wanted. i i O
In particular, T'(z,-) : A — [—00, 0] is lower semicontinuous on A for all z € X (T)

thus

g(x) =L (z,§) =min[(z,§) = min G ({¢, 7)., €) (54)

that is the inf is attained.

Claim 2. ¢ is lower semicontinuous on X (7).

Proof of Claim 2. Consider a sequence {z,} in X (T) such that x,, — z € X (T'). Then,
there exists a subsequence {z,, } such that liminf, g (z,,) = limy g (z,,). Furthermore, by
(54), for each k there exists &,, € A such that ¢ (x,,) = ' (z,,,&, ). Since A is compact,
there exists a subnet {fnka} such that &, —— € € A. By Claim 1, liminf, g (z,) =
limy, g (z,,) = lim, g (a:nka) = lim, T (xnka,fnka) >T (:c,g) > mingea I' (2,€) = g (), as
wanted. O
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Now assume G € H (T x A), since G (-, &) is extended-valued continuous on 7" for each
¢ € A, then it is upper semicontinuous on 7' for each £ € A. Therefore I' (+,¢) : X (T) —
[—00, o0 is upper semicontinuous on X (T) for all £ € A?? finally g (-) = infeea ' (+,€) is

upper semicontinuous too. |

Lemma 53 If G € £(T x A), then g(x) = infeen G ((§,2),&) for all x € X (T) is uni-

formly continuous.

Proof. By definition, given £ > 0, there is 0 > 0 such that |G (¢,&) — G (¢,&)| < € for all
¢ € A with dom (G (+,£)) =T, and all t,¢' € R with |t — /| <.

Take z,y € X (T) such that ||z —y| < 6. Since g(z) € R (see Lemma 51), there is
& € A such that g (z) > G ((&,x),&:) — €, and it must be the case that dom (G (-, &,)) =
T. Moreover, since ||z —y| < 4§, then [(&, z) — (&, y)| < ||&] |z — ]| < 6. By uniform
equicontinuity |G (&2, %) , &) — G ({62, y) , &a)| < €, and 50 G (&, ), &) =G (&, @) &) < €

thus g (z) > G (&, 2) , &) —€ 2 G (&, 9) , &) — 26 Z infeea G ((§,9) . §) — 26 =g (y) — 2=
Exchanging the roles of x and y, we get |g (x) — g (y)| < 2¢ for all z,y € X (T') such that

|z — y|| <6, and so g is uniformly continuous. |

A.3.4 Monotone Continuity on Function Spaces

Theorem 54 Let ¥ be a o-algebra, and I : By (¥) — R be such that

I(¢) = inf G ( / sodp,p) (55)

where G : RxA — (—00,00] is jointly lower semicontinuous, grounded,*® and increasing in

the first component. The following conditions are equivalent:

(i) I is monotone continuous (i.e., I (¢n) T1(p) if on T );

(ii) if o, € By (X), k € R, and ¥ 3 E,, | 0, then I () > I(p) implies that there exists
n € N such that I (klg, +¢1g:) > I (p);

(iii) G (-,p) = oo for all p ¢ A°;

(iv) there is ¢ € A such that {p € A: G (t,p) < a} is a weakly compact subset of A (q)
for all t,a € R.

(v) there is ¢ € A7 such that G (-,p) = oo for all p ¢ A (q);

BLet € € A, if {x,} in X (T) and x, — 2 € X (T), then (£, 2,) — (£,2) and limsup,, G ({§,2,),&) <

G ({€,7),¢).
30That is, such that inf,ea G (t,p) =t for all ¢ € R.

48



Proof. We will use the following claim.

Claim. Let P be a subset of A. The following statements are equivalent:
(a) G(-,p) =oc forall p ¢ P;

0) | ped:Gp) <atcP;

t,a€R

(c) G {peA:G(m,p) <n} CP.

m,n=1

Proof of the Claim. If there exists p ¢ P such that p € U {pe A:G(tp) <a}, then
t,a€R
G (t,p) < @ for some t,a € R and G (+,p) #Z oo. That is not (b) implies not (a), and (a)

implies (b).

Clearly (b) implies (c).

If there exists p ¢ P such that G (-, p) # oo, then there is ¢ € R such that G (¢,p) < oo,
therefore there is 7 € N such that G (¢, p) < and, by monotonicity of G (-, p), for all m <,
G (m,p) < n, thus exists p ¢ P such that p € U {pe A:G(m,p) <n}. That is not (a)

m,n=1

implies not (c), and (c) implies (a). O

(i) implies (ii). Suppose first that & < min. Set 1, = klg, + ¥1ge, then ¥, T ¢
and I (v,) T I (). Therefore there is ng such that I (¢,,) > I(p). If & > min, then
klg, + ¢1p. > (mine) 1g, + ¢1ge, but there is ng such that I ((min@b) lg,, + le%O) >
I (¢), by monotonicity [ (klEno + le%O> > 1 ((min Y)1g,, + le%) > 1 (¢).

(ii) implies (iii). By the Claim, it is enough to show that {p € A: G (¢t,p) < a} C A”
forall t and « in R. Let E, | 0 andr € {pe A: G (t,p) < a}. Set p = o and ¢p) = 3 with
B > aV0. For each k > 0 thereisn; > 1suchthata =1 (p) < I <—k1Enk + 61E5k>'31 Thus,
since —klg, + BlEgk < —klg, + Blge for all n > ny, it follows o < 1 (—klEn —1—51]35) =
infpen G (<p, —klg + 51E5> ,p) for all n > ny. If <7’, —klp, + 51E5> < t for some n > ny,
monotonicity of G (-, r) implies inf,ep G (<p, —klg, + 51E3> ,p) <G (<r, —klg, + 51E5> ,r)
< G (t,r) < «, which is absurd. Conclude that <7“, —klg, + 51E5> > t for all n > n; hence
r(E,) <k (8 —t) and so lim, 7 (E,) < k= (8 —t) for each k > 0, finally lim,, r (E,) = 0,
ie., re A°.

(iii) implies (iv). By (iii) and the Claim, {p € A: G (t,p) < a} C A for all t,a € R,
moreover it is weak™ compact (by lower semicontinuity of (), and so, being included in A?,

weakly compact (e.g., [24, Prop. 2.13]). Then, for all m,n € N, there is ¢, m) € A7 such

31 The first equality descends from the normalization of I that corresponds to the groundedness of G.
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that p < q(n,m) whenever p € A and G (m,p) < n. Given an enumeration i : N x N — N of

N XN, set ¢ =23, . enxn 27"m) g ). Then, U {peA:G(m,p) <n} CA7(q). Let
m,n=1

t, € R, and choose m < t and n > «, then G (¢, p) < a and monotonicity of G (-, p) implies
G(m,p) < G(t,p) < a < n, that is {pe A:G(t,p) <a} C {peA:G(m,p) <n} C
A7 (q)-

(iv) implies (v) descends immediately from the claim.

(v) implies (i). Let ¢, T ¢o. For each n > 0, define 7,, : A — (—o00,400] by 7, (p) =
G ( f ©ndp, p). Each 7, is weak® lower semicontinuous, and the sequence {~,} is increasing.
Moreover, 7,, pointwise converges to 7o, i.e., ¥, T Y. For, if p € A7 (¢), then [ ¢,dp T [ ¢odp
by the Levi Monotone Converge Theorem (notice that ¢; is bounded below), and so, since
G (-, p) is lower semicontinuous and increasing on R, lim, G ([ ¢ndp,p) = G ([ podp, p). If
p ¢ A% (q), then ~, (p) = oo for all n € N.

We conclude that v, pointwise converges (and so, by [14, Rem. 5.5], I'-converges) to 7o.
By [14, Thm. 7.4], min,ea v, (p) — minyea Yo (p), that is I (¢,,) — I (¢o), and monotonicity
of I delivers: I () T I (¢o)- |

B Integrals which are Concave Functionals

Let ¢ : R — R be an increasing and concave function. Motivated by the study of smooth

preferences, we are interested in the concave functionals g : X — R given by

g(z) = /A bE ) du(e) VreX (56)

where ;1 is a countably additive Borel probability measure on the simplex A, ie. pu €
A% (B(A)).

To study the functional (56) we need some notation: ca (B (A)) is the set of all countably
additive elements of ba (B (A)), cay (B(A)) = ca(B(A)) Nbay (B(A)) is its positive cone.
Moreover, ba (B(A),u) = {v €ba(B(A)): Be€ B(A) and p(B) = 0 implies v (B) = 0} is
(isometrically isomorphic to, e.g., [55, Ch. IV.9]) the dual of L™ (u) = L* (A, B(A), )
and ca (B(A),pn) = ca(B(A)) Nba(B(A),u) is (isometrically isomorphic to) L (1) (via
the Radon-Nikodym derivative v +— dv/du).

Consider the mapping A : X — L™ (u) defined by Az = (-, z) for all z € X. A is well
defined since (-, x) is affine and continuous on the compact set A, then it belongs to L (u). A
is linear, in fact, for all z,y € X and a € R, A (ax +y) (§) = (£, ax +y) = a (&, 2)+ (£, y) =
a(Ax) (&) + (Ay) (&) = (aAz + Ay) (&) for all £ € A, hence A (ax+y) = Az + Ay. A
is bounded, in fact, |Az (§)| = (& z)] < |[£]| [|z]] = ||z] for all £ € A and = € X, thus
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Az || ooy < 1]l for all 2 € X, and [[|A[| < 1. Then A is continuous, and obviously
positive.

Its adjoint is A* : ba (B (A), ) — X* is defined, for all v € ba (B (A), ) by A*v = VA,
that is

(A*'v,x) = (v, Az) = /AAxdu = /A (&, x)dv (&) Vo e X. (57)

A* is continuous and A*v is denoted by [, {dv (€) in view of (57).

Moreover, A* is obviously positive, and it preserves the norm between the positive cones
ba; (B(A)) and X7. In fact, if v € bay (B(A), ), then ||V, 5y, = v (A) = SAldv =
fu 6:e) dv (€) = (Aw,€) = | A% ..

For € € X7, set I'(€) = (A7) (§) Neay (B(A),p) = {v € cay (B(A),p) : Av = ¢} =
{veca (B(A),p): [y ¢dv(¢) =&} T'(€) is a (possibly empty) closed and convex (hence
weakly closed) subset of ca; (B(A),u) and v (A) = £ (e) for all v € T'(£).%* In particular,
if € € A, then I' (§) = {y € A7 () = [y Cdv(() = f} Finally, in this case, for all £ > 0,
I' (k&) = kT (), and the same is true for k = 0 if ' (§) # 0, while I' (k&) = {0} £ kT (&) =0
if k=0and I" () = 0. In fact,

o if £ > 0, then v € cay (B(A),n) and A*y = &, implies ky € cay (B(A),u) and
A*ky = k€, that is kT (&) C T (k€), conversely, if v € cay (B(A),p) and A*v = k€,
then v = k™ 'v € cay (B(A),u) and A*y = Ak~ v = k7' A*v = &, and v = kv, that
is T' (k&) C kT (8);

o if k=0, then v € cay (B(A),p) and A*v = 0 imply |[v|ly5(a),) = AV
v =0, that is T' (k&) = {0}, while kT (&) = {0} if T (&) # 0 and kD (&) =0ifT (&) = 0.

v+ = 0 and

Theorem 55 The functional (56) is finite, concave, continuous and monotone on X. Its

conjugate is g* (§) = sup {fA o* (j—: (C)) du(¢) v el (f)} for all £ € X*, with the conven-
tion g* (§) = —oo0 if T' (&) = 0. Moreover, for all (t,£) € RxA,

Ge (t) =
“OY supon o () ifT ()

{ inf {infiso [th = [ 0° (K2 (Q)) du ()] v eT(©} #T () #0
0

Proof. The properties of the functional g may be easily obtained directly but we shall get
them from more general results. Our starting point is the functional I, (u) = [, ¢ A du (€)

defined for u € L (x). This is a normal concave integral, studied by [47] and [48].

32(4%) 7" (€) is closed in ba (B (A), ) since A* is continuous, while cay. (B (A), ) is closed in ca (B (A) , )
which is a complete subspace of ba (B (A),u). Moreover, for all v € T'(§), v > 0 and A*v = &, hence
v(A)=(A*v,e) = & (e).
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By [48, Corollary 2A], I, is finite, concave, and continuous; monotonicity immediately

descends from that of ¢. Moreover, the conjugate I} : ba (B (A), ) — [—00,00) of I, is

given by

[ 0) =T () = [ 67 (©) e (© (58)
if there exists u* € L' (u) such that v (u) = [, u( C)du () for all u € L> (i), while
I} (v) = —oo otherwise. By the Radon—leodym Theorem, the condition “there exists
u* € L'(p) such that v(u) = [, u( ¢)du(¢) for all w € L™ (u)” amounts to “v
is countably additive” and in this case u* = dl// du is unique (as an equivalence class).??
Therefore,

fA o < v )) du (¢) if v is countably additive

—00 otherwise.

HOE (59)
Consider the bounded linear operator A : x +— (-, z) that we studied above. Clearly g = I,0A
or, according to standard convex analysis notation g = I,A. In particular, g is finite, concave,
continuous, and monotone.

Since I, is finite and continuous on L* (u), [48, Theorem 3] guarantees that ¢* =
(I,A)" = A1} where A* is the adjoint of A, and A*[} is defined, for all £ € X, by

AT (€) =sup {I} (v) : v €ba(B(A),p), Av=_EF. (60)

Moreover, the sup is attained if {v € ba (B (A),u) : A*v =&} # 0.
But, I is monotone, therefore I} (v) = —oo for all v ¢ ba, (B(A), u1). Then (60) implies

g (€)= sup {I3(v) v € ba (B(A).p), Av=¢}. (61)

By (59), I (v) = —oo for all v ¢ ca (B(A), u). Then (61) amounts to g* (§) = sup{/} (v) :
v € cay (B(A),p), Av = &} = sup{l;(v) : v € ['(§)} and (59) again delivers g* (£) =
A*I% (§) = sup {fA o* ( L )) w(@):vel (f)} By Corollary 39, G¢ (t) = infy>o {kt — ¢* (k§)} =
inszo{tk—sup{fA ( )du v e (ke) }} for each (f,€) € R x A, thus, if [ (€) # 0, it

follows that
e () = ut foi— s [ o (2 0) a0 v er @}

_ : , B dy
= err et {tk /A ¢" (k; o (C)) du (g)}

33In fact, if v is countably additive, it is enough to set u* = dv/du to obtain u* € L' (u) and v (u) =
Jau( fA O du(¢) for  allu € L™ (u) Converbely, if there exists u* € L' (u) such
that v ( fA d,u (¢) for all u € L* (u), then v (B) = [ u* (¢) for all B € B(A), which
1mphes v is countably addltlve and v* = dv/dp.
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else, if T'(&) = 0, Sup{fA (%)du vel(k )}:sup{ngzﬁ*(d(k”))d,u vyeTl (¢ )}:
}

—oo if k > 0, while sup{fA (d ) v P(k;g)} ¢* (0) = infyen {—o (k)
—supger ¢ (k) if & = 0, and G¢ (t) = infy>o {tk — sup {fA o* (g—; ({)) du(¢):v el (kg)}} =
supger ¢ (k), which concludes the proof. |

B.1 Normalized Smooth Preferences Functionals

In this subsection we assume that ¢ is strictly increasing (and concave from R to R), and

| [oteanane) (62

of (56). First observe that ¢ (R) is an open half line (—o0, a), with a = sup,g ¢ (k). Then

¢! can be extended to an extended-valued continuous and monotone function from [—oco, o0]

consider the normalized version

to [—00, 00| by setting

00 ift>a
p7t(t)=4q ¢t (t) fa>t>—oc0 (63)
—00 ift=—

this extension is simply denoted ¢~!. Application of Theorem 55 and Lemma 35 delivers,
for all (¢,£) € RxA,

Ce (1) = { o1 (int {infico [tk — [y 0" (k2 (0)) du(Q)] v €T ©)}) %fp(g) ’
¢ ! (SUPkeR o (]‘7)) =00 T (f)

1)
0
that is

Ge t) = ¢! <inf{}£g [tk— G (kj—:m) du(@} :ver(@}) (64)
0

with the usual convention inf () = oo.

Lemma 56 For a twice differentiable ¢ : R — R with ¢’ > 0 and ¢” < 0, the following facts

are equivalent:
(1) Jx(-) =& (¢ () + N) is concave on ¢ (R) for all X > 0;
(i) —¢'/¢" is weakly decreasing.
In this case ¢ is said to be DARA.

Proposition 57 If the scalar functions Jy (r) = ¢[¢~* (r) + A] are concave on ¢ (R) for all
A >0, then (62) is 1-Lipschitz.
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Proof. By the Jensen Inequality, we have Jy ([, ¢ (¢, 2)) dp (€)) > [ Jx (¢ (€, ))) dp (€)
which implies g () + A > g (x + Ae) for all A > 0. Proposition 50 delivers 1-Lipschitzianity.
|

Proposition 58 The functional (62) is translation invariant for all p € A (B(A)) if and
only if ¢ is CARA.

Proof. We only prove the “only if,” the converse being trivial. If g is translation invariant for
all € A% (B(A)), then ¢! ([, ¢ ((§, x4+ X)) du(€)) = ¢ ([ o ( ) dp (€)) + X for all
r€ X, NeR, ue A7 (B(A)). In particular choosing & 7é & in A and the probability mea-
sure gt = (1/2) 8¢, +(1/2) b, we have ¢! (45( &0 TN+ 6((G x>+A>) — ! <¢><<sl,x>>;¢(<&,x>>) ey
The linear map z +— ((&1, ), (2, x)) from X into R2 is onto, because &; and & are linearly
independent, therefore ¢! (W) = ¢! ( ()J”W > + A for all ¢,r, A € R. By [17,

28] ¢ is CARA. |

Next we further study the CARA case.

Proposition 59 The functional g : X — R given by
1
g(z)= ——log/ e 1T dy (€)
0 " Ja

with 0 > 0, is translation invariant and, for every (t,€) € RxA,
L.
g (&) = —g it {R{ || p): v e (§)} (65)
Ce(t)=t+ gmi {R(v || p): v € T ()}

Proof. We first consider the case § = 1. In view of Theorem 55, let ¢ (t) = —e™" and
consider the functional g (z) = [, ¢ 1 (€)= [y —e &%dp (§). Clearly ¢ is concave,

increasing, and
r—rlogr ifr>20
¢"(r)=—¢"(r)=4 0 if 7 =0
—00 if r <0.

Simple computation shows that, for all v € A% (u) and t € R

dv
inf [tk— /A ¢ (k:@ <<)) dp <c>} = —e e ),

As a consequence, in view of Theorem 55, for all (¢,£) € RxA,

G = { M ey THe 20
SUpPjcg —€ if I'(§) =

_ ) e tsup {e #WIm .y e T (&)} if T (€ 7£
0 ifT'(¢) =
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Moreover, g (z) = —log [, e~ ©® p (d¢) = —log (-7 (z)), but r — —log(—r) is monotone
and extended-valued continuous from [—oo, 0] to [—00, 0c0]. Therefore, if I' (§) is not empty,
Ge(t) = —log (etsup{e RVIm :y e (&)}) = ¢t — sup{loge RV .y e T (&)} =t +
inf{R (v || p) : v eI (£}, while, if I'(£) is empty, then G¢(t) = —log(0) = co =t +
inf {R (v || u) : v € I'(€)}. Monotonicity, translation invariance, concavity, and finiteness of
g are easily shown. The conjugate of g can then be calculated by (iii) of Corollary 40, thus
forall £ € A, ¢* (§) = —G¢ (0) = —inf{R (v || p) : v € ' (§)}.

Finally, if 6 # 1, write yg to emphasize the dependence on 6 with ;g = g. Clearly,
09 (x) = 071 g (0x), therefore (59)* = 59* and 4G can be calculated by (iii) of Corollary 40.

|
C Proofs
Proof of Lemma 1. It is a direct consequence of Lemma 52. |

Lemma 60 If =~ satisfies A.1 and A.5. Then, = satisfies A.3 if and only if f,g,h € F,
frmh, g h, and a € (0,1) imply af + (1 — ) g 7 h.

Proof. We prove the “only if” part, the converse being trivial. Suppose A.3 holds. Since 7
satisfies A.1, to prove the result it is enough to show that f > ¢g implies af + (1 —«a)g Z g
for all @ € (0,1). Suppose, per contra, that there exist f > ¢g and a € (0,1) such that
af + (1—a)g < g. Thena € {a€0,1]:gzaf+(1—a)g} # 0. By A5, this set
is compact. We can therefore set § = max ({a € [0,1]: gz af +(1 —a)g}) and fz =
Bf+(1=5)g.
Claim. f3 ~g.
Proof of the Claim. We have § € {a€[0,1]:9gZaf+(1—a)g} and § < 1. In
fact, if § = 1 then g 7 f, a contradiction. Now suppose fz ~ g, that is, ¢ > fz. The
set {a €1[0,1]: 9> af + (1 —«)g} is open since it is the complement of the closed set
{a€[0,1]:af + (1 —a)g 7 g}. Hence, there is an open neighborhood V' in [0, 1] contain-
ing § and contained in {« € [0,1] : g = af + (1 —a) g}. Since 5 < 1, we can then pick a
point 3/ > §in V so that g = p'f + (1 — ) g, which contradicts the maximality of 5. We
conclude that fz ~ g and this completes the proof of the Claim. 0J
By the Claim, we can apply A.3 to fz and g. Hence, Afs+(1 —X) g zZ g forall A € (0, 1),
and 0 < @ < § implies 57'a € (0,1). Thus g 3 & (Bf + (1 —5) ) + (1 — g) g=af+59-
ag+g— %g =af+ (1—a&)g < g, a contradiction. We conclude that oof + (1 — ) g % g
for all a € (0,1), as desired. |
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Lemma 61 A binary relation - on F satisfies Aziom A.1-A.5 if and only if there exists a
nonconstant affine function u : X — R and a function I : By (X,u (X)) — R normalized,

monotone, quasiconcave, and continuous such that

fZg=Tu(f)=1(ulg). (66)

Moreover, u is cardinally unique, and, given u, there is a unique normalized I : By (X, u (X)) —
R that satisfies (66).

Proof. We only prove the sufficiency of the axioms, the converse being routine. The
existence of a nonconstant affine v and a normalized and monotone I satisfying (66) can
be derived using the same technique of [38, Lemma 28], where for the existence of u we
use Axiom A.4 in place of the stronger Weak Certainty Independence Axiom of [38]. In
particular, By (X, u (X)) ={u(f): f € F}.

By Lemma 60, = is a convex preference, and so [ is quasiconcave. Continuity follows
from A.5 and Proposition 47.

Finally, cardinal uniqueness of u is a standard result (u is affine and represents ~ on
X). Suppose that, given u, the normalized functionals I; and I, satisfy (66). For all
o =u(f) € By(X,u(X)), let zy € X be such that f ~ xf, then I; (¢) = L (u(f)) =
I (u(zp)) = u(zy) = I (u(zy) = L2 (u(f)) = L2 (p), so Iy = . u

Lemma 62 Let =, I, and u be like in Lemma 61. The following facts are equivalent:

(i) 7 satisfies A.7.

(i) For every z,2' € X, with 2’ < z, there are y' < y such that, for all f,g € F

1 1, 1 1 L1 1
§f(8)+—y'~—g(8)+—y v$eS:>§xf+_Z’j§xg+

1
5 5 5 5 z. (67)

2
(iii) I is uniformly continuous.

Proof. Clearly (i) = (ii). Next we show that (ii) = (iii). Let ¢ > 0 and choose z,2’ € X
such that u (2) —u (?') <eand 0 < u(z) —u () <supu(X) —infu (X). Let y,y € X be
such that (67) is satisfied and set 6 = u (y) — u (¢/).

Notice that § € (0,supu (X) —infu (X)). Clearly 6 > 0, moreover, taking f = y and
g=1y wehave 1f(s)+ 3y = Ly + 3y ~ v/ + 1y = 1g(s)+ 3y for all s € S, hence
sy+32 =sxp+ 32 2 3ug+ 52 =3y + 32, Then su(y) + su (') < su(y) + 3u(z) and
d=u(y)—u(y) <u(z) —u(z) <supu(X) —infu(X).
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Let ¢ € By (X,u (X)) be such that ¢ + 9 € By (3, u (X )), and g, f € F be such that

¢ = u(g) and o + 6 = u(f). Then u(f(s)) = ()+ (9())+U(?J)—U( ') for
aﬂsGSﬂd§H$+éy)=%UU(»+ U() @(D ()—-U@)+ suly) =
u (39 (s)+ 3y) and hence tz; + 12/ 3 tw, + 32, thatl tu(z ) tu(?) < tu(zy) + su(2)

Ty
and I(p +0) = I(u(f)) = u(ry) < ulrg) + (u(z) —u(z)) < ( (9)) +e=1(p) +e
Hence, by Proposition 49, I is uniformly continuous.

We conclude by showing that (iii) = (i). Assume [ is uniformly continuous. For all
z,2 € X, with 2/ < 2z, choose § > 0 such that |I(¢) — 1 ()] < u(z) — u(Z) for all
0, € By (X,u (X)) such that ||¢ — | <. Take ¢ < y such that u (y) —u (') < . Then
for all f,g € F such that f (s) + 3y’ = 39(s) + 1y for all s € S, it must be the case that

u(f(s)) Sulg(s)) +uly) —uly) Vses. (68)

Set o = u(f), v =u(g), T =uly),t =uly),d =7—1t€ (0,9), ¢ = u(z) —u(2),
k = max {max ¢, max, 7} € u(X). Notice that:

e v < (¢p+ ) Ak. This follows from (68) and the definition of k.
o (V+0)ANke By(X,u(X)). In fact, o < (v + ) Nk < k.

o (V+NNk=WAN(k=7)+dandpA(k—7) € By (E,u(X)). Infact, k > k-9 =
k—14+t>17—7+1t=1t.

Therefore I (u(f)) = I(p) < I((v+&)ANk) = I((pA(k—¢"))+ ), but it clearly
holds ||(p A (k—0")+ ") — (v A (kE—=¢"))|] = ¢ < ¢ and uniform continuity guarantees
T A=) +8) < TWA(k— ) te<T(W)+e=1(ulg))+ulz)—u(), hence
I(u(f)) <I(u(g))+u(z)—wu(2)and u(zy) —u(ry) < u(z) —u(z') which amounts to

1 1 1 1
ST5 + 52 3 54 + 5%, as wanted. |

Lemma 63 Let - be a binary relation on X represented by an affine function v : X — R.
u(X) =R if and only if 77, satisfies A.6.

Proof of Theorem 3. Suppose (i) holds, i.e., 7 satisfies Axioms A.1-A.5. By Lemma 61,
there exists a nonconstant affine function u : X — R and a function I : By (X,u (X)) — R
normalized, monotone, quasiconcave, and continuous such that f 7 g <= I (u(f)) >
I(u(g)). By Corollary 38, I (p) = inf,ea G, ({p, p)) forall p € By (3, u (X)), i.e. I (u(f)) =
inf,en G, ([ (f)dp) forall f € F, where G, (t) = sup{I (¢) : ¢ € By (Z,u (X)), (p,p) <t}
for all (t,p) € u (X) xA3!

3Indeed G, (t) is defined for all (¢,p) € R x A, but notice that (p, ) € u (X) for all p € By (X, u (X)).
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Lemma 31 implies that the map (¢, p) — G, () is quasiconvex on u (X ) x A. Monotonicity
of G, (+) is obvious. Moreover, for all t € u (X), t = I (t) = inf,ca G, ((p, t)) = inf,cn G (1).
Therefore, G* : u (X) XA — (—o0, 0o] defined by G* (t,p) = G, (t) is well defined (the above
equation rules out the value —o0), belongs to G (u (X) xA), is linearly continuous because
of continuity of I, and (9) holds. This proves (ii).

Conversely, suppose (ii) holds. Since G € G (u (X) x A), then, by Lemma 51,

I(p)=inf G((p,p),p) Vo€ By(X,u(X)) (69)

peEA

is finite, (evenly) quasiconcave, monotone, normalized. Linear continuity of G' implies con-

tinuity of 7, and (9) amounts to

fZg=Tu(f)=1(ulg). (70)
Lemma 61 guarantees that =~ satisfies A.1-A.5, i.e., (i) holds.

Assume (i), or (ii), holds and v : X — R is nonconstant affine, H € G (v (X) xA), for all
f and g in F,

figﬁgggﬂ (/Mf)dp,yo) 2 inf H (/v(g)dp,p)- (71)

Notice that we are not requiring that H be linearly continuous. Define

J(p) =inf H ((p,p),p) Vo € By(Z,v(X)). (72)

pEA

Since H € G (v (X) x A), then, by Lemma 51, J is finite, (evenly) quasiconcave, monotone,

normalized,
H(t,p) 2 sup{J(p) : ¢ € By (E,v(X)) and (p,p) <t}  V(i,p)€v(X)xA (73)

and (71) amounts to

fZge=Jw(f)=J(vg) (74)
Since J is normalized, by (74), v represents 7~ on X, then it is cardinally equivalent to
u. Assume v = u, then (70), (74), and Lemma 61 guarantee that J = I (in particular H
is linearly continuous too). By (73), for all (t,p) € u(X) x A, H (t,p) > sup{l (p) : ¢ €
By (E,u (X)) and (p,p) <t} = G, (t). Since [ is finite, normalized, monotone, quasiconcave,
and continuous, we can proceed verbatim like in the proof that (i) implies (ii) (starting from
“By Corollary 38...”) to show that G* : u (X) xA — (—o0, 00| defined by G* (t,p) = G, (¢)

is well defined, belongs to G (u (X) xA), is linearly continuous, and
f§g<:>infG’*(/u(f)dp,p>zinfG*(/u(g)dp,p>. (75)
peEA pEA
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Thus (u, G*) represents 2~ in the sense of (ii) and G* is the minimal element of G (u (X) xA)
with this property. Moreover, for all (¢,p) € u(X) x A, supjez{u(zy): [u(f)dp <t} =
supjer {1(u(f): [u(f)dp <t} =sup{I(0): 0 € Bo(S,u (X)) and (p, ) <t} = Gy (t) =
G* (t,p).

Finally, it is easy to check that 7~ has no worst consequence if and only if infu (X) ¢
u(X). In this case, By (3, u (X)) is lower open. By Lemma 32, the map (¢,p) — G, (t) is
lower semicontinuous on u (X) x A, thus p — G, ((p, ¢)) is lower semicontinuous on A, and
the infima in (75) are attained. [

Proof of Proposition 4. Let (u, G) be an uncertainty averse representation of a preference
= If (ﬂ, @) is another uncertainty averse representation of 7, then by standard uniqueness
results, there exist & > 0 and 5 € R such that @ = au+ 3. By (10), for all (¢,p) € u (X) x A,

G(t,p):sup{a(xf):/a(f)dpgt}:sup{au(:cf)+5:a/u(f)dp+/3gt}

fer feF
t— t—
—ozsup{u(xf) : /u(f)dp < —B} + 6 =aG <—B,p) +0
fer « Q
as desired. The converse is a simple verification. |

Proof of Theorem 5. Let 7~ be uncertainty averse and satisfy Axioms A.4-A.6. Assume
u: X — Ris affine, G € G (u(X) xA) is lower semicontinuous, and, for all f and g in F,
(9) holds. Then, by A.6, u(X) =R (see Lemma 63). Set I (¢) = inf,ea G ((p, ¢) , p) for all
¢ € By(X). Since G € G (R x A), then, by Lemma 51, I is finite, (evenly) quasiconcave,
monotone, normalized, and (9) amounts to f = g <= I (u(f)) > I (u(g)) for all f and
g in F. Since G € G (R x A) is lower semicontinuous, then it satisfies the assumptions of
Lemma 42, and G (t,p) = SUPyep,(s):(pp)<t L (#) = SUPser.pury<t L (w(f)) for all (t,p) €
R x A. But, since [ is normalized and [ (u(-)) represents 77, then I (u(f)) = u(xy) for
all f € F (notice that the existence of x; is guaranteed by A.1, A.2, and A.5), therefore
G (t,p) = supserpuipy<t L (W (f)) = supser {u(xg) : [u(f)dp <t} forall (t,p) € R x A,
This proves that that (10) holds, and G = G*. [

Proof of Proposition 6. By standard results ([25, Corollary B.3]), (i) implies that u; &~ us.
Wlog, w3 = us = u. By (12), for all f € F and x € X, f ~; x implies f 75 z, and
s0 T3 ~y f Zo xy (wWhere f ~; 2 € X, for i = 1,2). Hence, u(xfc) > u(x}) for all
f € F. By (10), for all (t,p) € u(X) x A, Gy (t,p) = supsezr{u (x}) cfu(f)dp <t} <
suprer {u (23) : [u(f)dp <t} = G (t,p), and so Gy < Gs.

Conversely, assume wlog u; = uy = u. Then, for all f € F and z € X, f 71
x implies infyep Gy (fu(f) dp,p) > infpen Gy (fu(x) dp,p) = u(z), but G; < Gy im-
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plies inf,en G (fu(f) dp,p) > infpen Gy (fu(f) dp,p) > u(x) = infyen G (fu(x) dp,p),
which delivers f 775 z. [

Proof of Theorem 7. Suppose 7 satisfies Axioms A.1-A.6. By Lemma 61, there ex-
ists a nonconstant affine function v : X — R and a function I : By (X, u (X)) — R
normalized, monotone, quasiconcave, and continuous such that f = g <= [ (u(f)) >
I(u(g)). Moreover, by Lemma 63, u (X) = R. Then By (X,u (X)) = By (X). Set G, (t) =
sup{I (p):p € By(X) and (p,p) <t} for all (¢,p) € RxA. Theorem 36 guarantees that
I (¢) = minyea G, ({p, ¢)) for all p € By (). In particular, I (u(f)) = minpea G, ([ u (f) dp)
for all f € F, and (13) holds. Lemmas 31 and 32 guarantee that the map (t,p) — G, () is
quasiconvex and lower semicontinuous on R x A. Monotonicity of G, (-) is obvious. More-
over, for all t € R, t = I (t) = minyea G, ((p,t)) = minyea G, (t). Therefore, G* : RxA —
(—00, 00| defined by G* (t,p) = G, (t) is well defined, lower semicontinuous, and it belongs
to G (RxA). Since [ is continuous, G* is linearly continuous. By Theorem 5, (u, G*) is an
uncertainty averse representation of 7.

If 7~ also satisfies Axiom A.7, that is (i) holds, by Lemma 62, I is uniformly continuous.
Then, by Theorem 41, dom (G,,) € {0, R} for all p € A, and {Gp}peadom(G,)—r are uniformly
equicontinuous, implying G € £ (RxA) and hence (ii).

Conversely, suppose G € G (RxA) is lower semicontinuous and linearly continuous and
u is affine and onto. Since G € G (R x A), then, by Lemma 51,

I(p) = inf G((p,¢),p) Vo€ Bo(¥) (76)

pEA

is finite, (evenly) quasiconcave, monotone, normalized, and (13) amounts to

fZge=1(f)=1(ulg)). (77)

Since G is linearly continuous, I is continuous, thus, by Lemma 61, =~ satisfies A.1-A.5.
Since u is affine, u (X) = R, and u represents 7~ on X, then Lemma 63 guarantees that -
satisfies A.6. By Theorem 5, (u,G) is an uncertainty averse representation of .

If G € £(Rx A), that is (ii) holds, then G satisfies the previous properties. Hence,
= satisfies A.1-A.6. Further, by Lemma 53, G € £ (R x A) implies that [ is uniformly
continuous, thus, by Lemma 62, 77 satisfies A.7 too. This proves (i).

From this point until the end of the proof we (only) assume - satisfies Axioms A.1-A.6
and denote: by (u,G) an uncertainty averse representation, and by I the functional defined
in (76).

By Theorem 3, u is cardinally unique, by definition of uncertainty averse representation,
for all (¢,p) € RxA, G (t,p) = supjer {u(zs): [u(f)dp <t} =sup{l (¢):¢ € By(X) and
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(o) <t} =sup{I(p): 9 € By (¥) and (p, ) =t} =super {1 (u(f)): [u(f)dp=1t} =
supscr {u(zy) : [u(f)dp=t}, where the central equality descends from Lemma 34. This
proves that, given u, G is unique and that (14) holds.

Finally, assume ¥ is a o-algebra. If 7 satisfies Axiom A.8, assume ¢, 9 € By (X), k € R,
Y2 F, | 0, and I(¢p) > I(¢). Choose f,g € F and x € X such that ¢ = u(g),
v = u(f), and k = w(z), then f > ¢ and there exists n € N such that zE,f = g¢,
that is I (klp, + ¢lg:) = I (u(z)1lp, +u(f)1p) = I (u(zE,f)) > I (u(g)) = I (p). By
Theorem 54, there is ¢ € A7 such that G (-,p) = oo for all p ¢ A7 (q), thus the minima
n (13) are attained in A (q). Conversely, if there is ¢ € A% such that G (-,p) = oo for
all p ¢ A (q), by Theorem 54, for all p,¢p € By(X), k e R, X3 E, | 0, I (¢) > I(p)
implies that there exists n € N such that I (klg, +¢1g) > I(p). Let f = g in F,
re€ X,and X3 E, | 0, then p = u(g),v =u(f) € Bo(X), k =u(x) € R, and I (¢)) =
I(u(f)) > I(u(g)) =1I(p). Then there exists n € N such that I (klg, +¢1g:) > I(p),
but I (klg, +¢¥lge) =1 (u(z)1lp, +u(f) 1) = I (u(zE,f)) and I (p) = I (u(g)), thus
I(u(zE,f)) >1(u(g)) and zE, f > g. In conclusion, A.8 holds. |

Proof of Theorem 10. First notice that domaG is convex. If ¢ ¢ C*, there exist ¢g €
By (X), r € R and ¢ > 0 such that [ podg < r <17 +e < [podp for all p € C*. Replacing
po with ¢y — r allows to assume r = 0. In this case, for each x € X and ¢t € R there is
n € N such that [ngedg < t and [npedp > u(z) for all p € C*. Taking g € F such
that u(g) = ngo, [u(g)dg <t and g 7* . Therefore g € {f € F: [u(f)dg <t} and
u(xy) > u(z), since g 77* x implies g - .

Summing up: If ¢ ¢ C*, for each x € X and ¢t € R there is ¢ € F such that g €
{feF: [u(f)dg <t} and u(z,) > u(x), that is G (¢,q) = co. Then (C*)° C (domaG)",
that is dompaG C C*, and cl (domaG) C C*, since C* is closed.

Conversely, let D = domaG, and ¢,9 € By (X). Then choosing f,g € F such that

¢ =u(f)and ¢ =u(g),

/gpdq>/¢dq VYq € D

:>/u(af—l—(l—a)h)dqz/u(ag+(1—a)h)dq Vge D,ae€[0,1],he F

= ZréiglG(/u(aij(l—a)h)dq,q) Zr(]réiglG(/u(agjL(l—a)h)dq,q) Va € (0,1],h e F
saf+(l—a)hmag+(l—a)h Yae(0,1),heF

:,/godpz/wdp vp e

[25, Prop. A.1] implies C* C cl(co (domaG)) = cl (domaG). |
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Proof of Proposition 11. (i). For the proof of point (i), we will not need A.6. De-
fine I : By (Z,u(X)) — R by I(p) = infpea G ([ ¢dp,p) for all ¢ € By (S, u(X)). I
is monotone, quasiconcave, continuous on By (X, u (X)) and can be naturally extended to
By (3) by putting I () = —o0 if ¢ ¢ By (X, u (X)).

Notice that G (t,p) = sup ;e {1 (u(f)) : [u(f)dp <t} = sup ey {1 () : [ wdp <t}
Moreover, dom I = By (X,u (X)), and, for all ¢y € dom I, the normalized Greenberg-
Pierskalla superdifferential of I at ¢ is 0*I (¢o) = {u € ba (X) : [I > I (vo)] C [ > 1 (0)]}-

Now let fo € F and set ¢y = u (fp). Simple algebra delivers

0T (u (fo) N A = {p ea: i fyimptes [u(p)ip> [ U(fo)dp}
={pEAr/U(f)dpé/U(fo)dpimplieSfo?;f}=7Tu(fo)-

Next we show that arginf,ea G ([ w (fo) dp,p) = 0*I (u(fo)) N A.
C) If po € arginfpea G ([ u(fo) dp, p), then py € A and we have I (o) = G ([ ¢odpo, po) =
sup,e oy 11 (9) [ @dpo < [ odpo}, that is

I'(po) = I () for all p € By (X) s.t. /@dpo < /@odpo
[90 e (™) [pam< [ wodpo] Cloe Bo(S): 1(p) < I (g0)

(0 € Bo(S): T(p) > T (90)] C [@ e By(5)s [win> [ %dpo]

thus py € 01 (u (fo))-
D) If po € "I (u(fo)) N A, then py € A and [I < I ()] 2 [po < [ wodpo] thus

inf G </¢odp,p) =1I(po) = sup {I(w) : /sodpo < /sOOdpo} =G (/%dpo,po)
PEA pEBH(X)

as wanted.

(ii). Consider the binary relation 77** defined by
frgitandonty it [u(ndo> [u@an vwe |Jm(r). (78)
freF
If f Z* gthen [u(af +(1—a)h)dp> [u(ag+ (1 —a)h)dpforala € (0,1}, h € F, and

pE U 7y (f'). Taking, for each a € (0, 1] and foreach h € F, p = pap € mu (af + (1 — ) h)
fleF
it follows that

I(u(af+(1—a)h)):G(/u(aer(l—a)h)dﬁ,ﬁ) zG(/u(ang(l—a)h)dp,ﬁ)

>T(u(ag+ (1—a)h)).
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Thus, f 7* ¢ implies that f =* g. By [25, Proposition A.l.], it then follows that

CcC* C CO(U?Tu (f")] ). Conversely, if p € U?Tu (f), then there is f, € F such
fleF feF

that R 3 I (u(f,)) = G ([u(f,)dp,p), thus p € domaG. Hence, cl (co (Uﬂ'u (f))) -

fer
cl(domaG) = C*. |

Proof of Proposition 12. If (u,c) is a variational representation of -, it is routine to
check that (u,G) is a representation in the sense of (9). Moreover, since u (X) = R, then
Theorem 5 guarantees that (u,G) is an uncertainty averse representation.

Conversely, if (u,G) is an uncertainty averse representation of -, and there exist v :
R — R and ¢ : A — [0,00] with inf,ca ¢(p) = 0, such that G (¢,p) = v(t) + c¢(p) for all
(t,p) € R x A, then for all t € R, t = infyen [y (t) +¢c(p)] = 7 (t) + infen c(p) = 7 (1).
Hence,  is the identity. Moreover, if p, — p in A, then (0,p,) — (0,p) in R x A and lower
semicontinuity of G delivers liminf, ¢ (p,) = liminf, G (0,p,) > G (0,p) = ¢ (p), thus c is
lower semicontinuous.

Finally the quasiconvexity of G implies that ¢ is convex. In fact, let p; and py in dom (c)
and o € (0,1). Pick t9,t; € R so that ¢ (p1) —c(p2) = ta —t1, namely, t; +c(p1) = ta+c (p2).
As G : (t,p) — t+ c(p) is quasiconvex, then at; + (1 — )ty + c(ap1 + (1 — @) py) <
max {t; + ¢ (p1),ta +c(p2)} = ta + ¢ (p2), hence c(ap; + (1 — @) p2) < ¢(p2) + t2 — aty —
(I—a)ty=c(p2) +ta—ati —tataty = c(p2) +a(ta —t1) = c(p2) + alc(p) —c(p2)) =
ac(pr) + (1 — a)c(ps), as wanted. |

Proof of Theorem 19. Assume (21) holds. Set

T(g) = /A 6 (0.0 du(p) € 6(R) V€ By(D). (79)

By Theorem 55, J is finite, concave, continuous and monotone on X. Therefore the func-

tional

I=¢'oJ (80)

is well defined, quasiconcave, continuous, monotone, and normalized. Moreover, by (21),
frmgifandonlyif I (u(f)) > I (u(g)). Thus ZZ satisfies Axioms A.1-A.5 and its uncertainty
averse representation (u,G) corresponding to u satisfies, for all (t,p) € R x A, G (t,p) =
SUp rer {U () Ju(f)dp < t} = SUD e 7 (pu(f))<t (u(f)) = SUD e By (5): (p) <t | (¢), by (64),
SUP gyt 1 () = 07 (inf {infiso [th = [, 6% (K2 (@) dpu ()] : v €T (p) } ) and T (p) =
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{ve A7 (B(A),p):p= [yqdv(q)}; by definition of I, (- || p),

ot (it {t oo~ [ o (K @) auta)] sverm})

: dv :
= it ot (qut |k [ o (K @) (@] ) = int (00140}
=t+ inf ]
ot L)
and the infimum is attained since I" (p) is weakly closed and I, (- || 1) has weakly compact

sublevel sets. That is G (¢t,p) =t + min,crp) I (v || p) for all (t,p) € R x A.

Conversely, assume (u, G) is an uncertainty averse representation of =, where

G(t,p)=t+ min L (v || ) (81)
veT'(p)

for all (t,p) € R x A, with I' (p) = {v € A (B(A),p) : p= [, qdv(q)}, under the conven-
tion G (-, p) = oo when I" (p) = (). Then, for all (¢,p) € R x A,

G t,p) = ¢! <yé¥fp){gﬁ {kt— %G (kj:) du]})

and defining J and [ like in (79) and (80), it descends from (64) that, for all (¢,p) € R x A,
G (t,p) = SUDyepy(5):(ppy<t I (#)- Since I is finite, quasiconcave, continuous, monotone, and

normalized, by Theorem 36,

I(p) = inf G((p,¢),p) =minG ((p,p),p) V€ By(%). (82)

pEA pEA

Since (u, ) is an uncertainty averse representation of -, then, for all f and g in F,

frg«mnfG (/u(f)dp,p> 2 inf G </U(9)dp,p>
ﬁgéigG </U(f)dp,p) > néiglG </U(g)dp7p)

= I(u(f)) 2 I(u(g)) <= o (u (f) > ¢ (I (u(g)))
= [0 (/ )dp()> ( ))du()
as wanted. Finally notice that (81) and (82) imply (27). |

Proof of Proposition 20. First observe that, for each p € A,
F(p)z{VGA" /sodp /(/son) v (q) VwGBo(E)}-
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Moreover, {I' (p)},c a.r(p) 20 coincides with the family of equivalence classes of the equivalence
relation R on A (B(A), u1) defined by

VRV & / qdv (q) = / qdv' (q).
A A
In fact, if ' (p) # 0, there is v, € A7 (B(A), 1) such that [, qdv, (¢) = p, thus

= {vea @@ [

A

qmwwzp}zr@»

Conversely, for each v/ € A7 (B(A), p), it is easy to show that p = [, qdv/ (q) € A, thus

(V] = {V € A7 (B(A), p): /Aqdv (9) :p’} =T %)

and I' (p') 2 v/ is not empty.
Finally, for each f € F,

s~ (/A ¢ </su ) dp) e (p)) N peﬁ%ﬂ (/Su (f)dp + jg}{;) Iju(f)p | M))
N VGA‘{I(I;?AM) {/A (/g u(/) dq> dv (q) + V/Héi[ﬁ [ a (f5 u(f)dg)dv(q) @l ,u)}
_ ,,eAi?é?m,m { /A ( /S u(f) dq> v (9) + 11, (1 u(ryig)anta) V| M)}

as wanted. [ |

Proof of Theorem 21. C* = cl(domaG) follows from Theorem 10. Next, we show that
C* = cl(co (suppy)) under the following weaker assumption on ¢: for each a € (0,1] and
for each a,b > 0 there exists n € N such that ¢ (0) > a¢ (—an) + (1 — a) ¢ (bn).

Since p (suppu) = 1, then 77 is represented by

v%ﬁ=¢*(L;W¢</uumm)wQ vfeF (53)

Consider the binary relation 7~** defined by

f = g if and only if /u (f)dp > /u (9)dp Vp € suppp. (84)

Then, using (84) and (83), it is immediate to check that f ~=—** ¢ implies f =* g. By [25,
Proposition A.1.], it follows C* C cl (co (suppp)).

Viceversa, suppose that cl (co (suppu)) \C* # . Then, since C* is closed and convex, it
cannot be the case that suppu C C*. Now, let p € suppu\C*. Then, there exists ¢ € By (X)
and a > 0 such that

/@/}dﬁ<—a<0<a§/@/}dp Vp e C". (85)
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Let O = {p eA: [¢dp < —a}. O is weak™ open and contains p, thus O N suppy # () and
o = pu(0) > 0. Since u(X) = R, define {f,},cy € F to be such that u(f,) = ni. Set
b = maxpen [ u(f1)dp. Notice that (85) implies that b > 0 and sup,., [u(f1)dp < —a.
Then, for all n € N;

[o([uan)an= [ o [utrian)ans [ o [utrdr)d

/925 i+ | o (nb)du=(=na)a+ (1 =)o (nh).

The assumptions on ¢ guarantee that there exists n € N such that ¢ (—na) a+(1 — ) ¢ (nb) <
¢ (0). Take z € X such that u (z) = 0, then ¢~ ([ ¢ ([ u(fz)dp)dpu) < 0 implies f; < =.
But, (85) implies f; 7=* x, hence f; =~ z, a contradiction. |

~J

Proof of Corollary 22. Set ¢ (t) = —e~%, then ¢! (t) = —0'log (—t), and

(/¢ P, ) dps ( ))Z—glog/A "®2) dp (p)

for all p € By (X); call this functional I (¢). Let (t,p) € R x A. By (64),

1. . dv
weBo(SEl;EpWSt[ (o) =07 <1Hf {’gg [tk - /A d <kd/~‘> dlu] el (p>}>

while by Proposition 59, sup,e g, (s).poy<i L () =t + ginf {R (v || ) : v € T (p)}. Theorem
19 delivers the equivalence between (i) and (ii), while Pr0p081t10n 12 that between (ii) and
(iif).3 n

Proof of Theorem 23. By Proposition 58, the functional I (p N )) dp (p))
for all p € By (¥), is translation invariant for all p € A (B (A)) if and only 1f ¢ is CARA.

Next we show that for each given u € A7 (B(A)), (u, ¢, ) represents a variational
preference if and only if I is translation invariant.

Assume (u, ¢, (1) represents a variational preference with variational representation (v, c).
As observed in the proof of Theorem 19, I is well defined, quasiconcave, continuous, monotone,
normalized, and f 77 ¢ if and only if I (u(f)) > I(u(g)). But, by definition of vari-
ational representation, the functional I (¢) = minyea ({p, ) +c(p)) for all ¢ € By (%),
(which is concave, continuous, monotone, normalized, and translation invariant) is such
that f = ¢ if and only if I (v(f)) > I(v(g)). But then, there are « > 0 and 8 € R
such that u = av + (3, and (u, ac) is a variational representation of 7. Then the functional

I (@) = minyea ((p, @) + ac(p)) for all p € By (¥), (which is concave, continuous, monotone,

% Notice that p € I ([, qdp(q)), hence infpen (07 inf {R(y || ) : v € T (p)}) = 0.
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normalized, and translation invariant) is such that f - g if and only if T (u (f)) > I (u (g)).
By Lemma 61, I = I and [ is translation invariant.
Conversely, if [ is translation invariant, consider the preference 7~ represented by (u, ¢, ).

I is well defined, quasiconcave, continuous, monotone, normalized, and

f,tg<:>/A¢</Su(f)dp)du(p)2/A¢</Su(9)dp) d (p) == T(u(f) > I (u(g).

It is easy to check that - satisfies Axiom A.9 (on top of Axioms A.1-A.6), thus it is a

variational preference. [

Proof of Theorem 26. By Theorem 3, G is lower semicontinuous. Set, for all ¢ € By (X),
I (¢) = min,en G (f gpdp,p). Since (u, @) is a representation, I : By (X) — R is normalized
and f 75 g <= I(u(f)) > 1(u(g)). By Lemmas 61 and 62, [ : By (X) — R is normalized,
monotone, quasiconcave, and uniformly continuous. Moreover, for all (¢,p) € R x A,

Gt =spfu): [ud<t)= sw  T@)= e 1G). 60

feF (pou(f))<t PEBo(Z):{p,p) <t

(i) implies (ii). For all f € F and a € (0,1), A.10 implies that
frry=oaf+(1—a)z. ~azx;+ (1 —a)z, (87)

thus,*® forall ¢ = u (f) € By (), I (ad) =1 (cu (f) + (1 —a)u(z.) =1 (u(af + (1 —a)x,))
=J(u(lazs+(1—a)x,)) = u(larr+ (1 —a)z,) = au(zy) + (1 —a)u(z,) = au(zy) =
al (u(f)) =al(¢). If @« > 1 we then have I (¢) = I (o 'a¢) = a1 (ag), and we conclude
that I : By (X) — R is positively homogeneous. By Theorem 45, this implies (ii).

(ii) implies (iii). Let (¢,p) € R x A, by (ii)

(

1Ep) ift>0and peC
C;Ep) ift<OandpeC
oo ifpe A\C

Q

G(tap) =

ClL(m:|t|61_}m ift>0and peC
<c>o:15><oo:|t|><oo ift>0andpe A\C
- to_ 1) 1 -

02(p)—( t)x( 02(p)>—|t|><< 62(p)> ift<OandpeC

00 = —t X 00 =|t| x 0 ift<O0and pe A\C.

\

It suffices to set 7y (t) = |t| for all t € R,

L ifpecC -1 ifpecC
d, (p> _ ap LP and do (p) _ am MP
oo ifpe A\C 00 ifpe A\C

36Notice that condition (87) is weaker than A.10, and it is sufficient to drive the result.
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to obtain (iii).

(iii) implies (i). If ¢ > 0, then v (t) > 0 and, since G € G (R x A), t = inf,can G (t,p) =
inf,eay (t) di (p) = v (t)infpea di (p). Thus infyen dy (p) = a € (0,00), and v (t) = a 't
Analogously, if t < 0, then v(t) > 0, and ¢t = inf,ea G (t,p) = infpeany (t)d2(p) =
v (t) infpena da (p), hence infyea dy (p) = —b, with b € (0,00), and ~(t) = —b~'t. Thus,
for all (t,p) € R x A,

v(t)da(p) ift<Oandpe A N tdQ_bp) ift<Oand pe A

v(t)dy (p) ift>0andpe A tdlip) ift>0andpe A
G(t,p) =

and G (at,p) = aG (t,p) for all (t,p) € Rx A and a > 0. In turn, this implies [ is positively
homogeneous. Together with u (z,) = 0, this allows to show that = satisfies Axiom A.10.H

Proof of Corollary 27. (i) implies (ii). Immediately descends from Theorem 26.
(ii) implies (i). Let, for all (t,p) € R x A,

CIL(M ift>0andpeC

G(t,p) = CQL(M ift<0OandpeC

oo ifpeA\C

and I (¢) = inf,ea G ((p, ) ,p) for all ¢ € By(X). By Lemma 44, I is finite, monotone,

upper semicontinuous, positively homogeneous, quasiconcave

N .
1) =i (L0 PO) _winG () weeB®) 69

and
sup I(Y)=G(t,p) V(t,p) € RxA. (89)

PeBo(X):{p,y) <t

Moreover, by (89) and Theorem 45, I is monotone, quasiconcave, uniformly continuous,
positively homogeneous, and normalized. While, by (36) and (88), for all f and ¢ in F,
f 2z gifand only if I (u(f)) > I(u(g)). By Lemmas 61, 62, and 63, = satisfies Axioms
A.4-A.7, and it is easy to show that positive homogeneity guarantees that also A.10 holds.

In this case, by (89) and Theorem 41, (u,G) is a representation of 7~ in the sense of
Theorem 7. If ¥ is a o-algebra, then = satisfies Axiom A.8 if and only if there is ¢ € A°
such that G (-,p) = oo for all p ¢ A7 (q), that is if and only if there is ¢ € A% such that
C C A7 (q).

Finally, if v : X — R is affine and onto, with v (z,) = 0, D is a nonempty, closed,
and convex subset of A, and dy,ds : D — [0, 00] are functions such that the first concave

and upper semicontinuous, with 0 < inf,ep d; (p) < max,ep d; (p) = 1, the second convex
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and lower semicontinuous, with min,ep ds (p) = 1, and for all f and ¢ in F, f - ¢ if and
+ - + -
only if min,cp ((I o(fdp)" (S o(1)dp) ) > min,p ((Mg)dp) (S v(a)dp) ) Then w and o

di(p) da2(p) d1(p) dz2(p)

represent -~ on X, therefore there is o > 0 such that v = au. Thus

((fU(f) dp)" (Su(f) dp)) - ((fU(g) dp)" (fu(g) dp)) |

f = g <= min

PeD dy (p) dy (p) B dy (p) dy (p)
(90)
Set J (¢) = min,ep (%ﬁ;; - <§;€;;) for all ¢ € By (X). It can be shown, as we did in the

proof that (ii) implies (i), that J is monotone, quasiconcave, uniformly continuous, positively
homogeneous, and normalized, moreover, by (90), for all f and g in F, f 77 ¢ if and only if
J(u(f)) > J(u(g)). By Lemma 61, I = J and, by Lemma 44, (C,¢1,c3) = (D, dy,dz). B
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