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§ Aim	of	the	paper	is	therefore	to	build	a	dynamic	factor	model	for	
the	joint	behavior	of	government	bond	yields	and	
macroeconomic	indicators.

§ Let	us	look	at	bond	yields	and	macroeconomic	factors	individually.

Empirical	evidence	shows	that	government	bond	yields	and	
macroeconomic	variables	comove	and	have	a	strong	interaction.	

§

§
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§

§

Closer	look	at:	bond	yields

§ Bond	yields at	different	maturities	are	driven	by	3	traditional	
factors:	level,	slope	and	curvature.	

§ The	cross-section	of	bond	yields	is	modeled	using	the	Dynamic	
Nelson-Siegel	(NS)	framework	of	Diebold	and	Li	(2006):

!" = $% + Γ%%("% + )"%
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§ The	3	yield	curve	factors	in	!"#are	identified	by	constraining	the	
factor	loadings	to	follow	the	smooth	pattern	proposed	by	NS	

(1987):	
Γ##(') = 1 1 − ,-.'

/0
1 − ,-.'

/0 − ,-.' ≡ Γ23(')

Whereby	/ is	the	decay	parameter.
§ Observations	on	the	factor	loadings:

1. The	first	factor	represents	the	level of	the	yield	curve	and	is	

proxied	by	the	long-term	yield

2. The	second	factor	represents	the	slope of	the	yield	curve	and	is	

proxied	by	the	spread	between	the	long	and	short	maturity	yield

3. The	third	factor	represents	the	curvature of	the	yield	curve	and	is	

proxied	by	the	sum	of	spreads	between	and	medium	and	long-

term	yield,	and	between	a	medium	and	short-term	yield

Closer	look	at:	bond	yields	(cont’d)
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§ Macroeconomic variables are	assumed to	be	potentially driven by	2	
sources of	co-movement:	the	3	yield curve	factors !"# and	macro	
specific factors,	as per	below:

Closer	look	at:	macroeconomic	variables
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§ Need	to	estimate	the	two	models	simultaneously:

(1)	
!"
#" = 0

&' + Γ** Γ*'
Γ'* Γ''

+"*
+"'

+ ,"*
,"'

§ Whereby -.. ≡ -01 and -.2 =	0,	butwe	allow -2. ¹ 0àmacro	factors
capture only those sources of	co-movement in	the	macro	variables that
are	not already spanned by	the	yield curve.

§ The	idiosyncratic components ," follow independent AR	processes:
(2)	 ," = 3,"45 + 6"

§ The	factors themselves,	then,	follow a	VAR(1):

+"*
+"'

= 7*
7' + A** A*'

A'* A''
+"45*
+"45'

+ 7"*
7"'

Joint	dynamics	of	yield	curve	and	macroeconomic	factors

Unspanned macroeconomic	factors	in	the	yield	curve	– Giulia	Scaglioni



Estimation	and	preliminary	results
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§ The	paper	uses	monthly	US	Treasury	zero-coupon	yield	curve	data
Period:	Jan	1970	– Dec	2008	(CRSP)

§ Macroeconomic dataset	consists	instead	of	14	macroeconomic	variables	
(5	inflation	measures	+	7	real	variables	+	federal	funds	rate	+	a	money	
indicator)

Data

§
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§

§

Estimation
§ Rewrite	eq 1	and	2	in	a	compact	form:

(3) $% = ' + Γ*% + +%
(4) *% = - + A*%/0 + 1%

+% = 2+%/0 + 3%

Where	$% =
4%
5% , *% = *%6

*%7
, ' = 0

'7 , Γ = Γ66 Γ67
Γ76 Γ77 , A = A66 A67

A76 A77 , 

- = -6
-7 .
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§ We	can	put	the	macro-yields	model	of	eq.	4	and	5	into	a	state-space	form,	
augmenting	!" with	the	idiosyncratic	components	#" and	a	constant	$" (which	
will	be	restricted	to	1	at	every	t):

%" = Γ∗!"∗ + #"∗
!"∗ = A∗!"+,∗ + -"∗

We	restrict .∗and	/∗:	0,#1$ Γ∗ = 2,, 04#1$ A∗ = 24
§

Estimation	(cont’d)
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§

§ Now	we	are	ready	to	write	the	joint	likelihood	of	!" and	#" :

!, #∗ ; ' = −*
"+,

-

(
1

2
!" − Γ

∗#"
∗ 2 R∗ 4, !" − Γ

∗#"
∗ ) −

6

2
log|R∗|

−*
"+;

-

(
1

2
#"
∗ − A∗#"4,

∗ 2 Q∗ 4, #"
∗ − A∗#"4,

∗ ) −
6 − 1

2
log|Q∗| +

1

2
[#,

∗−@,]′C,
4,[#,

∗−@,]

−
1

2
log|C,| −

6 D + E

2
FGH2@ + I,

2 (J,KLM Γ
∗ − N,) + I;

2 J;KLM A
∗ − N;)

Estimation	(cont’d)
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§ The	computation	of	Maximum	Likelihood	estimates	is	performed	using	
the	Kalman	smoother	with	the	Expectation	Restricted	Maximization	
(ERM)	algorithm,	because	of	the	restrictions	on	the	factor	loadings	of	
the	yields	on	NS	factors.		

§

1.

2.

Estimation	(cont’d)
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§

§ At	each	iteration	of	this	procedure:
1. Expectation-step:	compute	the	expected	log-likelihood	conditional	on	

the	data	and	the	estimates	from	previous	iteration:	
! " = $[!(', )∗; " ,-. |']

Which	depends	on	3	expectations	(computed	through	Kalman	filter):
1)2∗ ≡ $[)2∗; " ,-. |']

42 ≡ $[)2∗()2∗)′; " ,-. |']
42,2-. ≡ $[)2∗()2-.∗ )′; " ,-. |']

2. Restricted	Maximization-step:	update	parameters	maximizing	the	
expected	log-likelihood	w.r.t.	":          

" , = 789max= ! "

Estimation	(cont’d)
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§ As	such,	we	initialize	the	yield	curve	factors	à NS	factors	estimated	
through	the	2-step	OLS	procedure	introduced	by	Diebold	and	Li	
(2006)	– NS	restrictions	apply.

§ Then	we	project	the	macroeconomic	variables	on	the	NS	factors	
and	use	the	principal	components	of	the	residuals of	this	
regression	to	initialize	the	unspanned macroeconomic	factors.	

§

Estimation	(cont’d)
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§ As	such,	we	initialize	the	yield	curve	factors	à NS	factors	estimated	
through	the	2-step	OLS	procedure	introduced	by	Diebold	and	Li	
(2006)	– NS	restrictions	apply.

§ Then	we	project	the	macroeconomic	variables	on	the	NS	factors	
and	use	the	principal	components	of	the	residuals of	this	
regression	to	initialize	the	unspanned macroeconomic	factors.	

§ For	comparison,	you	can	also	estimate	only-yields	model,	just	
imposing	Γ"#= A#"=	0.

Estimation	(cont’d)
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§ The	macro-yields	model	decomposes	variations	in	yields	and	
macroeconomic	variables	into:

1. Yield	curve	factors
2. Unspanned macroeconomic	factors
3. Idiosyncratic	noise	
§

§

Model	selection
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Estimation	and	preliminary	results

17

§

1.
2.
3.
§ The	question	is	now	the	following:	how	many	unspanned macroeconomic	
factors	should	we	include?

§ Idea:	maximize	the	general	fit	of	the	model	and	minimize	the	penalty	IC*

!"∗ $ = log ) $, +, - + $/ 0, 1 , 2ℎ454 64789:; <8=:>5 / 0, 1 = 9>/"?@∗A
"?@∗A

In	the	above,	"?@∗A = min 1, ?
EFG? , i.e.	rate	of	convergence of	the	estimate	to	

the	true value (Bai	and	Ng,	2002).

Model	selection
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§ As	per	evidence	in	the	table,	the	optimal	
number	of	factors	to	include	is	5	:

i. 3	yield	curve	factors	
ii. 2	unspanned macroeconomic	factors,	

which	will	be	real	economic	activity
(proxied	by	industrial	production	
index)	and	real	interest	rate	
(computed	as	the	difference	between	
federal	funds	rate	and	the	consumer	
price	index)

Model	selection	(cont’d)
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§ The	table	below	reports	the	share	of	variance	of	macroeconomic	
variables	explained	by	macro-yields	factors:

Model	fit

§ Yield	curve	factors	
explain	most	of	the	
variance	in	fed	funds	
rate	and	in	yields	at	
different	maturities

§ But	they	also	explain	
part	of	the	variance	in	
macroeconomic	
variables

§ Same	observation	for	
the	2	unspanned
macroeconomic	
factors

Unspanned macroeconomic	factors	in	the	yield	curve	– Giulia	Scaglioni



In-sample	results

20

Model	fit	(cont’d)
§ Top	three	plots	=	yield	

curve	factors	as	estimated	
within	the	macro-yields	
model	vs	unrestricted	
factors.	

§ As	expected,	correlation	is	
high	but	there	are	
differences	due	to	the	fact	
that,	in	macro-yields	
model,	we	extracted	yield	
curve	factors	from	both	
yields	and	macroeconomic	
variables,	then	imposing	
NS	restrictions	on	the	
loadings	of	the	yields	to	
identify	them	as	yield	
curve	factors.




