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Risk Measurement

Once the portfolio weights (W) are chosen, possibly exploiting
the predictability of the distribution of the relevant future
returns, the distribution of a portfolio returns can be described
as follows:

2
RP ~ D (pp 0,
by = Ww 012, =WIWw
Having solved the portfolio problem and having committed to a
given allocation described by W, there is a further role that

econometrics can play : measuring portfolio risk.
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Value at Risk (VaR)

The VaR is the percentage loss obtained with a probability at
most of o percent:

Pr (RfJrl < —VaRa) = a.

e even if portfolio is constructed with a long-run perspective
risk can be measured at high frequency ( the question what
is the risk of my portfolio today is relevant even if the
portfolio is built with a ten-year perspective)

e VaR depends on the predictive distribution of returns at
high frequency

® once « is chosen, VaR,, is defined by the predictive
distribution of returns
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VaR with the CER

given some estimates of the unknown parameters in the model (p, 2
in our case).

i1 = [+ €41

Eer1  ~ D(O,ﬁ])

an assumption is made on the distribution (MC) of é.1, or the
empirical residuals are considered (Bootstrap)

Then an artificial sample for é;,4+1 of the desired length can be
computer simulated.

The simulated residuals are then mapped into simulated returns via
the model.

This exercise can be replicated N times to construct the distribution
of model predicted returns. Once the distribution is derived, then
VaR is available
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VaR with the CAPM:An application

® suppose you are invested in a specific portfolio and apply the CAPM
to derive the distribution of its future returns

Port Mkt Port
RiTY = v+mRAT +0 v
Mkt Mkt
Rt+1 = 1% +o Zt41

vitr1 ~ 1ID N(0,1),
Zt+1 ~ IID N(O, 1),

® estimate parameters, and get residuals for a training sample

® Then, at each point in time after your training sample generate an
artificial sample for the residuals.

Map the simulated residuals into simulated returns via the model.

® construct the distribution of model predicted returns. Derive the VaR
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The Evidence from high frequency data

¢ Data at high-frequency (monthly or higher) show:
® very little or no persistence in first moments
® persistence in the variance

® non-normality

® These features of the data can be used to measure VaR,
using appropriate models for heteroscedasticity and
non-normality
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SP500 daily returns
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¢ Visibly, volatility “clusters” in time: high (low) volatility
tends to be followed by high (low) volatility
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A general model for high-frequency data
The CER posits:

Rip1 = p+outr
Ut+1 ~ 11D N(O, 1)

At high frequency the data suggest a different modelling framework :

Riy1 = o1y
oti1 = f(Ir)  wr ~ IID D(0,1).

The following features of the model are noteworthy:

1. The distribution of returns is centered around a mean of zero, and the zero mean model
dominates any alternative model based on predictors.

2. The variance is time-varying and predictable, given the information set, Zy, available at
time t.

3. The distribution of returns at high frequency is not normal, i.e., D(0, 1) may often differ
from N(0, 1)

Favero The Empirical Application of Finance 7/30



GARCH

A parsimonious model capable of capturing all the features of
high-frequency returns:

Riy1 = m+oizi 21 ~1ID N(0, 1),
ot = w+a(R—m)’+ Bo}
a+p < 1

where returns have a constant mean (that is usually zero) and a
time varying GARCH(1,1) structure.

In a model like this the innovation ¢; = 0;2; has zero mean and

is serially uncorrelated at all lags j > 1. Where u; is often, but

not necessarily, set to 0.
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GARCH Properties

R; 11 has a finite unconditional long-run variance of ﬁ

o? = E(af+1):w+aE(Rt—u)2+602

= w+ao?+ fo?
v
l—-a-p

Substituting w out of the GARCH expression:

oty = (1—a—p)o*+aR}+ Bo}
= 02+a<(Rt—,u)2—02)+ﬁ(0§—02)

which illustrates the relation between predicted variance and
long-run variance in a GARCH model.
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GARCH Forecasting

2 _ 2 2 2 2 —~2
Oppip = O —|—04[(Rt—ut) —U:|+5(Ut—0),
2 _ 2 2
Oipop = 0 +(a+B)o
2 _ 2 n 2
Otgn+1lt = 9 + (a+B) Ottt
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Testing for GARCH

A (Lagrange multiplier) test for (G)ARCH in returns/disturbances has
been proposed by Engle (1982). The methodology involves the following
two steps:

® First, use simple OLS to estimate the most appropriate regression
equation or ARMA model on asset returns and let {47} denote the
squares of the standardized returns (residuals), for instance coming
from a homoskedastic model, £ = R?/&Q;

® Second, regress these squared residuals on a constant and on ¢ lagged
values 22 1, 2t2+27 . éf_q (e+ is a white noise shock):

=ttt Es ot .+ Es T

If there are no ARCH effects, the estimated values of &; through £, should
be zero, &1 =& = ... =&,
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MLE Estimation

® OLS estimation cannot be applied to GARCH models as
o¢+1 is not observed

e Maximum Likelihood methods are necessary in this case
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MLE Estimation

The assumption of IID normal shocks (z;),
Rt+1 = Ot+4+1%t+1 241 IID N(O, 1),

implies (from normality and identical distribution of z;11) that
the density of the time ¢ observation is:

= Pr(R0) — — —exp (L L%
t = ty - O't(e)\/ﬂexp 20?(0) )

where the notation o?(8) emphasizes that conditional variance
depends on 6 € O.
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MLE Estimation

Because each shock is independent of the others (from
independence over time of z;41), the total probability density
function (PDF) of the entire sample is then the product of T’
such densities:

T

1 1 R
L(Ry, Ry, .., Br: 6) Hlt—H a0V (‘202«9))‘

t=1

taking logs

T 1 T 1 I ]{
oy Rr;0) = —log2m — =Y 1 5
L(R1, Ry, ..., Rr;0) = =7 log 27 zgog“t 220(9)
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MLE Estimation

Substituting an expression for oZ(8)(given by the chosen
GARCH specification) given the observations on the returns
and given an initial observation for variance

T

T 1
L(R1,Ry,...,R1;0) = —210g27r—2;10g [w+aR? | + Bof|]
e R?
_§Zw+aR2 + Bo? )’
t=1 t—1 t—1
w
0(2) - l—-a-p

maximizing the log-likelihood to select the unknown parameters
will deliver the MLE, denoted as é']M t
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Quasi MLE Estimation

® The QMLE result says that we can still use MLE
estimation based on normality assumptions even when the
shocks are not normally distributed, if our choices of
conditional mean and variance function are defendable, at
least in empirical terms (i.e. conditional mean and
conditional variance are correctly specified).

® However, because the maintained model still has that
Rt+1 = Ot+1”t+1 with Zt41 1ID D(O, 1), the shocks will
have to be anyway IID: you can just do without normality,
but the convenience of z;41 ~ IID D(0,1) needs to be
preserved.
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An example

Because we know that the long-run (ergodic) variance from a
GARCH(1,1) is 6% = w/(1 — a — j3), instead of jointly
estimating w, a, and [, you simply set

1 T
72T
t=1

for whatever values of o and . Note that (i) you impose the
long-run variance estimate on the GARCH model directly and
avoid that the model may yield nonsensical estimates;(ii) you
have reduced the number of parameters to be estimated in the
model by one. These benefits must be carefully contrasted with
the well-known costs, the loss of efficiency caused by QMLE.

G=(1—-a-p)
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From GARCH to VaR

After estimation a GARCH model can be simulated using
bootstrap or Monte-Carlo to derive the distribution of returns
and the relevant VaR

Riv1 = p+oppizen 241 ~ IID N(0, 1),
oty = wta(R — ) + Bo?
at+p8 < 1

Ry
Ot
o, and the distribution of Ry 41 can now be simulated via the
preferred method.

Recursion can then be applied to derive the distribution of R4,

with n > 1.

Given estimation, derive Z; = 2. At time ¢ you can now predict
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GARCH with factors

Think of modelling the returns of many assets at a high
frequency with a (single) factor model

§+1 = Yo +7fi41+ aivi,tﬂ
fir1 = e+ o124
2
Ut2+1 = wt+a(R— ) + po}

Vit+1 ~ 11D N(O, 1),
zip1 ~ 1D N(0,1),
a+p < 1

one GARCH estimation will allow to model many returns
distribution. Again factor models allow parsimonious
representation.
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Backtesting VaR

How do we test the validity of a VaR model 7 The relevant evidence to
judge a VaR model are violations:

Miﬂ(Rt+1 — VaRerh 0)

(a) A good VaR model should not feature neither too few nor too many
violations.

(b) We have to few violations when a VaR at the confidence level of alpha
shows less then 100*alpha violations in a sample of 100 observations. In
this case the VaR model is too conservative.

(c) when we have violations there are two interesting aspects of that: their
number and their timing. A five per cent VaR that feature 5 violations in
five successive periods cannot be taken as a valid VaR model as violations
are not independent. Clustering of violations is a problem that should lead
to reject specific VaR models.
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Unconditional Coverage Testing

Given a time-series of VaR and observed returns the ”hit sequence” of VaR
violations is defined as follows:

It+1 = 1,if Rt+1 > VaRf+1
Iz+1 = 0, Zf Rt+1 > VaRf+1

If the VaR is a valid model violations should not be predictable: the
probability of a VaR violation should be p every day. The hit sequence in
this case should be distributed over time as a Bernoulli variable that takes
the value 1 with probability p and the value 0 with probability 1 — p. So

Hy : Iiyq ~i.d.d. Bernoulli(p)
fTeg1,p) = (11— p)lfltﬂ p1t+1
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Unconditional Coverage Testing

The first test of validity of a VaR is therefore constructed as follows. Take a
Bernoulli distribution (Iz41,) for the that the number of violations, derive
a maximum likelihood estimator Z of x, and test using a likelihood ratio
test that & is not statistically different from p.

T 1-1 I
L(Iptr,x) = T (1—a) 7tz
= (1- x)TD z™

where 77 is the number of violations of the VaR observed in the sample,
and To =T — Tl.
The maximum likelihood estimator & = %
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Unconditional Coverage Testing

A likelihood ratio test of the null hypothesis & = p, can then be
constructed as follows:

LRy =—2In Eg]

which is distributed as a x? with one degree of freedom.

Note that usually the number of violations and the number of
observations available will not be large, so rather than relying
upon the x? distribution, it is adviceble to use Monte-Carlo
simulations to build the relevant distribution to conduct the
test. In this case the simulated P-values would be obtained by
drawing an artificial sample of the relevant size from the null,
and using as a P-value the share of simulated test that are
larger than the observed one.
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Independence Testing

We concentrate now on a test able to reject a VaR with clustered
violations. In this case the hit sequence is dependent over time and its
evolution over time can be described by a so called Markov sequence where
the transition from the relevant states (violation and no violation) can be
described by the following transition probability matrix

X, = Zoo 1 — oo
1—zn Z11
where:
oo = Pr(li+1=0]1L=0)
l1—200 = Pr(lz+1=1|1L=0)
211 = Pr(liya=1|L=1)
l—211 = Pr(lt4+1=0|1;=1)
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Independence Testing

If we observe a sample of T observations the likelihood function of a first
order Markov process can be written as follows

L(X1, Ies) = agg® (1= 00) ™ (1= 211) ™0 27}
The maximum likelihood estimates of the relevant parameters are then

Too = _ Too
Too + To1
by =
Tio+ 111

and so
. Too __To1
— T T Too+T
X = 0%:1*0 01 0% 01
Tio+T11 T10+T11
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Independence Testing

Under independence

1-2
1-2

|

— £00) = £11 can be tested

x;d:[

R 8

and therefore the independence hypothesis (
using a likelihood ratio test

id
LRing = —2In LL(();)) ~ X3
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Independence Testing

As for the unconditional coverage test small sample problems can be fixed
by Monte Carlo simulation of the critical values, moreover samples in which
T11 = 0 are often observed. In this cases the likelihood function is
computed as

L (X1, It41) = %T(()m (1- zOO)T01
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Conditional Coverage Testing

Having constructed the test for independence we can test
jointly the hypothesis of conditional coverage and independence
via the following likelihood ratio test:

LR, = —2In LL<§Z) ~ X3

note that

LRCC = LRuc + LRznd
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Beyond GARCH.Threshold GARCH

GARCH models can be extended A number of empirical papers have
emphasized that for many assets and sample periods, a negative return
increases conditional variance by more than a positive return of the same
magnitude does, the so-called leverage effect.
A way of capturing the leverage effect is to directly build a model that
exploits the possibility to define an indicator variable, I} , to take on the
value 1 if on day ¢ the return is negative and zero otherwise. For
concreteness, in the simple (1,1) case, variance dynamics can now be
specified as:

oiv1 = w+aR; +afl,R} + Bo;

or

I = 1 fR: <O
=0 ifR: >0

2
Ot41

wHa(l+0)R; + Boi if R, <0
w+ aR? 4 fo} if R >0

A 6 > 0 will capture the leverage effect.
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Threshold GARCH

This model is sometimes referred to as the GJR-GARCH model—from
Glosten, Jagannathan, and Runkle’s (1993) paper—or threshold GARCH
(TGARCH) model.

In this model, because when 50% of the shocks are assumed to be negative
and the other 50% positive, so that E[I;] = 1/2, the long-run variance
equals:

5> = Elojs1] = w+ aE[R{] + abE[I,R}] + BE[07]
= w+ad’+abE[l)5° + 5°

_ _2 1 _2 _2 _2 w
= w+ad +2a90 + 86" =27 1= a(l 4050 —F

Visibly, in this case the persistence index is a(1 + 0.50) + (.
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