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Asset Pricing with Time-Varying Expected Returns

Consider a situation in which in each period k state of nature
can occur and each state has a probability 7(k), in the absence
of arbitrage opportunities the price of an asset i at time t can
be written as follows:

k
Py = Zﬂtﬂ(s)mtﬂ (8) Xit+1(s)
s=1

where my41 (s) is the discounting weight attributed to future
pay-offs, which (as the probability 7) is independent from the
asset 1, X;+41 (s) are the payoffs of the assets (in case of stocks
we have X; ;11 = P11 + Diy1, in case of zero coupon bonds,
Xit+1 = Pit1), and therefore returns on assets are defined as

Xit+1
L+ Rspv1 =5,



Basic Concepts Bond Returns: Yields-to-Maturity, Duration and Holding Period Returns The relevance of tl
oeo o] o]
[e]e]e]e] 000 000
Q00 (e]e)
000000

Asset Pricing with Time-Varying Expected Returns

For the safe asset, whose payoffs do not depend on the state of
nature, we have:

k
Py = Xigr1) mera(s)mis (s)
s=1
1
1+Rs,t+1 - ™
> mer1(8)mey (s)
7j=1
1
1+Rs,t+1 =

E¢ (my41)
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Asset Pricing with Time-Varying Expected Returns

consider now a risky asset :

Ey(mip1 (14 Ripq1)) = 1

Cov(mit1Ripr1) = 1—Ey(myg1) By (14 Ripq1)

~ Cov (my41Rijp41)
By (me41)

FE; (1 + Ri7t+1) + (1 + Rs,t-i-l)

Turning now to excess returns we can write:

By (Rigy1 — Rspv1) = — (1 + Rsq1) cov (myg1 Rigv1)

Assets whose returns are low when the stochastic discount
factor is high (i.e. when agents values payoffs more) require an
higher risk premium, i.e. an higher excess return on the
risk-free rate.
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Physical and risk-neutral probabilities

Consider an optimal portfolio equilibrium when an investor can
choose between investing at period 0 in a risky asset and a in
risk-free asset:

E/ (V1) (1+7)] = E[W (Y1) (1 +ry)]
= (1 + Trf) FE [u' (Yl)]
E (YY) (1 +7)]

Elw (1)] (L4 7ry)

Em(l+r)] = (1+r)
_— u (Y1) - .
"= Ewy )

m is known as the ”pricing kernel” .
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Physical and risk-neutral probabilities

Consider a simplified scenario in which there are only two states
of the world (g,b)

ElmQ1+r)] = (14r.y)

m9m? (1 4 r9) + n°m” (1+7") = (L+ry)
po w0 W (W)
E[w ()] Eu (Y1)]

E[d ()] = =% (Y{) + 7" (Y1b)
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Physical and risk-neutral probabilities
We have
Efm = 1
md + ntm® = 1
1 g / b
ﬂ_gu(yl) —|—7Tbu()/1) - 1

Efu (Y1)] Efu (Y1)]
ElW (Y1) = 7%/ (Y{)+nd (Ylb)
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Physical and risk-neutral probabilities

The quantity T = ¢" is naturally intepreted as a new
probability measure of the state of the world i. The expected
return for every risky asset under this new probability measure
is the risk free rate:

7Im? (1 +r9) + T (1 + rff) = (1+my)

(4 (Tr8) = (L4my)

Note that ( 1”;7 j is the price that an investor is willing to pay
rf

for a security that generates a marginal increase of wealth in
the state of the world i and no change of wealth in other states

of the world.
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Bond Returns:YTM, Duration and HPR

Cash-flows from different type of bonds:

t+1 t+2 t+3 .. T
general CFt+1 CFt+2 CFt+3 CFT
coupon bond C C C .. 1+C
1-period zero 1 0 0 0
2-period zero 0 1 0 0

(T-t) -period zero 0 0 0 1

e relevance of tl
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Z.C Bonds

Define the relationship between price and yield to maturity of a
zero-coupon bond as follows:

1

A+t .

Pr=

where P;  is the price at time ¢ of a bond maturing at time T,
and Y; 7 is yield to maturity. Taking logs we have the following
relationship:

pr=—(T =)y, (2)

which clearly illustrates that the elasticity of the yield to
maturity to the price of a zero-coupon bond is the maturity of
the security.

tl
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Z.C Bonds

Price and YTM of zero-coupon bonds

Mat | 1 2 3 5 7 10 20

Py 0.9524 0.9070 0.8638 0.7835 0.7106 0.6139 0.3769
YT 0.0500 0.0500 0.0500 0.0500 0.0500 0.0500 0.0500
Pt T —0.0487 —0.0976 —0.1464 —0.2439 —0.3416 —0.4879 —0.9757
Yi. T 0.0488 0.0488 0.0488 0.0488 0.0488 0.0488 0.0488
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Z.C Bonds

The one-period uncertain holding-period return on a bond maturing at
time T, rf t+1, is then defined as follows:

T =psrr —prr = — (T —t—VDypir + (T — ) yer (3)
=ytr — (T =t —1) (Yet1,7 — Y, 1)
=T -ty — (T —t—=1)yir1,1, (4)

which means that yields and returns differ by the a scaled measure of the
change between the yield at time ¢ + 1, y;41,7, and the yield at time ¢, y;, 7.
Think of a situation in which the one-year YTM stands at 4.1 per cent
while the 30-year YTM stands at 7 per cent. If the YTM of the thirty year
bonds goes up to 7.1 per cent in the following period, then the period

returns from the two bonds is the same.
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Modelling the Term Structure

Apply the no arbitrage condition to a one-period bond (the safe
asset) and a T-period bond:

Ey (TtT,t+1 - 7"tl,t+1) = L (thjt+1 - ?/t,t+1) = ¢Zt+1
Ey (th+1) = Y41+ ¢€t+1

Solving forward the difference equation p; 7 = pir1,17 — r;ft 41, We
have :

1 n—1 .
yr = mZEt (Fivigsit1)
i=0
1 n—1

= mZE} (Yeqitritr + ¢,:T+i,t+i+1)
=0

e relevance of tl
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Modelling the Term Structure

The model clearly shows that Bond yields are driven by two
unobservable factors

¢ Expectations of future monetary policy (risk free) rates
over the residual life of the bonds

¢ Compensation for risk (risk premia)



Basic Concepts Bond Returns: Yields-to-Maturity, Duration and Holding Period Returns
8880 800

e relevance of tl

I
o
Q00
ooe ]

o]
(e]
000000

Modelling the Term Structure

By subtracting from the left-hand side and the right-hand side of the
equation above the one-period rate, we have the following equation for the
term spread:

T—t—1

T—t—1 .
Yer = Y1 = ) <1 - f) ExAysisvinn + Z Pivisrirr (5)

i=1
The model clearly shows that if yields at long maturities are cointegrated

with short-term rates

® there is a common stochastic trend affecting the entire term structure
which is the trend in short-term rates

® Compensation for risk (risk premia) are stationary and therefore
cyclical
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Forward Rates

Forward rates are returns on an investment at time ¢, made in
the future at time ¢ with maturity at time 7. The return on
this strategy is equivalent to the return on a strategy that buys
at time t zero coupon with maturity 7' and sells at time t the
same amount of bonds with maturity ¢'.

The price of the investment strategy is

(= (T = t)ye,r + (' — t) yp)and using the usual formula that
links prices to returns we have :

(T =yr— ' =y
ft7t/7T - T _ t/ (6)

Applying the general formula to specific maturities we have :
Jtar1,e42 = 2Yt 42 — Yee+1 (7)

fri+2,443 = 3Yr 143 — 2t 142 (®)
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Forward Rates

Using all these equations we have:

1
Yt = (Wtea1 + frarrire + frevoe3 + oo+ frion—1,44))
1 n—1
T
Yttin = 52& (Yetipritt + Dlyirriv)
=0

T
Sravitrirr = B (Yevigrivt + Orrigrivt)

he relevance of tl



‘oncepts Bond Returns: Yields-to-Maturity, Duration and Holding Period Returns The relevance of tl

000000

Forward Rates

Think of using forward rates to assess the impact of monetary
policy. Let us analyze a potential movement of spot and
forward rates around a shift in the central bank target rate.

Before CB intervention
1-year spot and forward rates

maturity i=1 | i=2 | i=3 | i=4 | i=b
Ytt+i 0.05 | 0.05 | 0.05 | 0.05 | 0.05
ft+it+i+1 | 0.05 | 0.05 | 0.05 | 0.05
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Forward Rates

After CB intervention :
1-year spot and forward rates

maturita i=1 | i=2 |i=3 | i=4 i=5

Yt t+i 0.06 | 0.06 | 0.05 | 0.045 | 0.04

ft+it+i+1 | 0.06 | 0.03 | 0.03 | 0.02
Please remember that the interpretion of future forward as
expected rates requires some assumption on the risk premium.
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Instantaneous Forward Rates

Define the instanteous froward as the forwad rate on the
contract with infinitesimal maturity:

= li / 12
ft,t Tl_rg, ft,t T ( )

given the sequence of forward rates you can define forward rate
at any settlement date as follows :

f;[:t' fredr

fror = (T — )
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Instantaneous Forward Rates

As a consequence the relationship between spot and forward
rate is written as: -
- fq—:t thdT

Yt T (T — t)

and therefore
ayt,T

oT
so instantaneous forward rates and spot rates coincide at the
very short and very long-end of the term structure, forward
rates are above spot rates when the yield curve slopes
positevely and forward rates are below spot rates when the
yield curve slopes negatively.

fer=yer+ (T —1) (13)
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The relevance of the RP

To assess the importance of RP, different implications of the Expectations
theory can be brought to the data:

yeor — (T —t — 1) By (Yeg1,7 — Ye,7) =  Yeee1 + o1
friritrivr = E (yt+i,t+i+1 + ¢?+i,t+i+1)
n—1 1
Ytt4n — Yep41 = Zl (1 - E) EiAyeyititt
im
1 n—1
T
+Hz¢t+i,t+i+1
i=1
n—1

1

=— > F iti RP,
Y, T (T — t) ; t (Yititiv1) + t,T
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Single Equation based evidence

® Estimate the following model :

1
Ye+1,7 — Y, 7 = Po + P1 T (ye,7 — Yt,e41) + U1

t—1
to test Bo = 0,51 = 1.

® Estimate the following model :

S:,n = o+ B1Stn + us
St,n = Yt,t4+n — Yt,t+1
n—1 1
Sin = 1— — ) AYiti,tti
t, ; ( n) Yt+it+i+1

to test Bop = 0,61 = 1.
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Single Equation based evidence

® Estimate the following model :

(Yetitrit1 — Yee1) = Bo 4+ B1 (fe,eri ttit1 — Ye,e41) + Utpivr
to test Bo = 0,61 = 1.
® Estimate the following model :
Yer—(T —t — 1) (ye1,7 — Y£,7)—Yt,t41 = Bo+B1 (fetit+i+1 — Yt,t41) FUttit

to test 51 = 0.
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Single Equation based evidence

The empirical evidence shows that:

¢ i) high yields spreads fare poorly in predicting increases in
long rates(see Campbell, 1995)

¢ ii) the change in yields does not move one-to-one with the
forward spot spread (see Fama and Bliss,1986)

® iii) period excess returns on long-term bond are predictable
using the information in the forward-spot spread (see
Cochrane,1999,Cochrane-Piazzesi 2005)
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Cointegration and Predictability of Bond Returns

® Bond prices are drifting in the data

e Cointegration in modelling bond returns has been
introduced by Campbell-Shiller (1987)
T—t—

1 .

yer = (1—7) jgl YV Elregg | It] + RP gy
T_t-1

Sy = j§1 Y E[Arij | It] + RP gy g

St =Y — Tt

If short term rates are non-stationary and the RFP;;; are
stationary, then the entire term structure share their
stochastic trends
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VAR models of the term structure

The statistical model for the TS is a bivariate stationary VAR
in the first difference of the short-term rate and the spread :

Aygl) = a(L)Ayﬁ)1 + b(L)Si—1 + ut
Sy = c(L)Ayt(Pl + d(L)Si—1 + ugt

® The level of the short-term rate is left undetermined.

® The model is stationary but it leaves the level of yields
undetermined.
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Factor models of the term structure

Represent the dynamics of the term structure in a state-space

framework:
-1
Yiitn = — (Ap + B, X:) + €t p4n e ~ i.i.d.N(0,0%I)
(14)
Xt =l + @Xt_l + vy Vg ~ ’LZdN(O, Q) (15)

® parsimonious representation
® it assumes stationarity

® no arbitrage generates cross-equation restrictions
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Factor Models of the Term Structure

Gurkanyak et al. estimate the following interpolant at each point in time,
by non-linear least squares, on the cross-section of yields:

1 —exp (—%) L [1—exp (—T—’“l) i
Yk = Li+ SLtf +C, ———% —exp (,7> 1)
o s 1
T1 T1

k.
T2

o () (-5)

which is an extension originally proposed by Svensson(1994) on the original
parameterization adopted by Nelson and Siegel (1987) that sets C7 = 0.
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Nelson-Siegel, Diebold-Li models of the Term Structure

Forward rates are easily derived as

ftk = Ly + SLyexp (—£> + C’tlﬁ exp <—£) + Cfﬁ exp (—£> (17)
71 T1 T1 T2 T2
When maturity k goes to zero forward and spot rates coincide at L; + SLy,
and when maturity goes to infinite forward and spot coincide at L¢. Terms
in C} and C? describes two humps starting at zero at different starting
points and ending at zero.
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Nelson-Siegel, Diebold-Li models of the Term Structure

® [,,SL,,C} C?, which are estimated as parameters in a cross-section
of yields, can be interpreted as latent factors.

® [ has a loading that does not decay to zero in the limit, while the
loading on all the other parameters do so, therefore this parameter can
be interpreted as the long-term factor, the level of the term-structure.

® The loading on SL; is a function that starts at 1 and decays
monotonically towards zero; it may be viewed a short-term factor, the
slope of the term structure. In fact, rtrf = L;+ SL; is the limit when
k goes to zero of the spot and the forward interpolant. We naturally
interpret 7y ! as the risk-free rate.

® (; are medium term factor, in the sense that their loading start at
zero, increase and then decay to zero (at different speed). Such factors
capture the curvature of the yield curve.
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A general state-space representation

To generalize the NS approach we can put the dynamics of the term

structure in a state-space framework:
1 o

Yt,t4+n — 7 (An + B;Xt) + Et,t4n E¢ ~ m.d.N(O7 U2I) (18)

X = ,LL—F(I)Xt_l + vt Vy ~ ZZdN(O,Q) (19)

In the case of original NS we have

;L 1—e 1—e " —An _
an[—n,—( \ ) ,—( Y —ne and A, =0
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ATS Models

‘We present the Adrian et al(2013) approach, in which factors are first obtained by extracting
the first K (K=5) principal components for the entire term structure.
A VAR will then be appropriately specified for the stationary state variables, Xy

Xip1 =p+PXt +viyq, (20)
ver1| {Xs oo ~ N (0,3), (21)

The variables in X determine the market price of risk,A¢ in the following affine form:
A =272 00 + A1 X, (22)
The assumption of no-arbitrage implies that there exists a pricing kernel M¢ such that:
-1
P =B, (MHlPt(il )) , (23)

for every n > 0 and t > 0. Where Pt(n) = exp [7%Rin)] is the price of a zero coupon bond

with maturity n.
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ATS Models

assume that the pricing kernel is exponentially affine, i.e.,
11 fa—1/2
myi1 = —R; — 5>‘t>‘i -z Vi1, (24)

where R% = log(Pt(l)) = pgl) is the continuously compounded risk-free rate, and my = log M.
The excess log returns are given by:

refiy Y =plin Y - (™ - Ry (25)

where pgn) = log Pén). From (24) and (23) it follows that

_ 1
1= FEy [exp <rz£11 b EA;/\t — A;Eil/zvt_*_l)] . (26)
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ATS Models

Assuming that (rziizl) s 'u£+1) are jointly normally distributed, we obtain:

— 1 _
0 = log (Et [ezp (Tz£11 b EA;/\t — )\;E 1/2Ut+1)]) (27)
= B (7Y Ly ie) IS VS WL PPN
= t(rzt+1 )+5 art(rxt+1 )_Ett+§tt

-1 _
- Covy [ngil )7”24—12 1/2/\t]-

‘We can then write

1
—1 -1 ’ —1/2 -1
E, (rxiil )) = Cowy {rm&il ),'utJrlZJ / At] — EVart (racgil )) s (28)
’7
and denote ﬂt(nil) as:
’
- ¢ =Y (29)

n n—1) 7
BE = Covy [””H-l ’“t+1]
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ATS Models
By substituting from (45) into (28), using (22), we have:
(n=1)\ _ a(n—1) 1 (n—1)
JoR (th+1 ) = 8! (o + M Xe) = Vare (rzt+1 ) , (30)

The unexpected excess return can be decomposed in a component that is correlated with vyyq
and another component which is orthogonal:

n— n— n—1) n—
rzEJrl b Eq (rz§+1 1)) = Bt( b Vi1 + 8§+1 1), (31)

Under the assumption that the return pricing error are i.i.d. with variance o2 and that Bt is
constant, the generating process for log excess returns becomes:

—1 1 —1y 1 —1y _1 2 — 1)/ -1
Pgil )*Pin)*Rt =8 (o + A1 Xe) — 5 (ﬁ(n Vgt 4o >+ B w1y +6£11 ),
—— ——— ———
Expected Return Return Innovation

Convexity Correction

(32)
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ATS Models

Stacking (32) across N maturities and T time-periods we have the following matrix-form
representation:

1
rr = E,()\OL{T +MX_)— E(B*vec(E) + O'QLN)L/,T +8'V+E, (33)

rx is a NxT matrix of excess returns.

B=1[8M,83) ... BN)]is a KxN matrix of factor loadings.
vp and ¢y are T'x1 and Nx1 vectors of ones.

X_ =[X0,X1,...,X7_1] is a KxT matrix of lagged pricing factors.
B* = [vec(ﬁ(l)[ﬁ(l)l) .. Avec(ﬂu\’)B(N)/)] is an N?7K? matrix.

V is a KxT matrix, and E is an NxT matrix
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Estimation of the lambdas in ATS Models

1. Construct the pricing factors (X) from principal component analysis (PCA) of the
cyclical components of yields derived in the first step. Estimate VAR (20) using OLS,
decomposing the pricing factors into predictable components and factor innovations V.

2. Regress excess returns on a constant, lagged pricing factors and contemporaneous
pricing factor innovations according to

rX:aLa«+B/V+cX,+E, (34)
B* can be computed from 8 and o2 from the residuals E.

3. From Eq (33), we can see a = B'Xo — %(B*Vec(z) + D'2LN) and ¢ = 8’ A1. From
these,the estimators are obtained

So = (88) 7" (a5 (B veel +0%w) ) (35)

Sa=(B8) 7 Be. (36)
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ATSM: from returns to yields

Given the general expression for excess returns:

-1 1 —1)’ 1 —1)’ —1 2 —1)’ -1
piy =plM R = 80D 00 £ X - o (ﬂ(" Vopn ) 4 o >+ BT by et T,
—_——— —————
Expected Return Convexity Correction Return Innovation

The price of bonds at all maturities can expressed as:
Py = Ap + Bl Xt +ul, (37)

where, as a consequence of no-arbitrage, recursive restrictions apply to A,, and B, . The
risk-free rate R% is expressed as a linear function of the underlying factors -

R} =80 + 81Xt + et, (38)
so A; = —dg and B; = —9; We then have:
1
A = Auoy + By (=30) + (877D 380D 4 0?) — 6, (39)
B!, = B!, _1(® — X1) — 87, (40)

g™ = B!, (41)
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ATSM: understanding the restrictions

For the one-period bond R% we have

R} = 60+ 8Xs + e, (42)

‘Where parameters 80 and 51 can be estimated by projecting Rtl on the factors X.
For the two-period bond, we have

’ 1 ’ ’
P =P —rp = B 00+ = S8 28 1+ 0%) 4 5w el
Pii)l = =60 — O (p+ ®X¢ +veq1)

By using the second equation in the first one, we have:
p£2) B ) —JiXt —eil) — 80 —5;(;1,+<I>Xt+vt+1)
ﬁ(l)/()\o + A1 Xe) + % (3(1),23(1) - 02) - B(l)/")t+1 - 8&_)1
which illustrates that
As :A1+Bi<—ko)+%(5("*1)'25("*” +0%) - b0, (43)

Bl = B1(® — A1) — &1, (44)

sV =B, 8P = B} (45)
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ATSM: Measuring the Term Premia

Model simulation in two scenarios, a baseline with all
parameters set are their fitted values and an alternative one in
which the market price of risk is set to zero, i.e. Ag = A1 =0,
allows to compute term premia as the differences between the
model implied yields and the risk neutral yields.
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The problem with standard ATSM models

The data tell us that yields are drifting, but excess returns are cyclical.

In standard ATSM models a few factors, modelled by a Vector
Autoregressive Process, are the common drivers of the dynamics of
both the expected path of future one-period rates and the term
premia. As yields drift, factors exhibit a high level of persistence.
When these factors are modeled using a VAR (Vector Autoregression),
the forecast of future one-period rates gradually converges to the
mean of the sample used for estimation.

Standard ATSM models tend to generate term premia that are
a-cyclical and parallel to the secular trend in yields.

These features of the term-premia are a by-product of the
specification strategy for the dynamics of yields and excess-returns
that adopts a common autoregressive factor structure for them.
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A potential solution

Specify a model that takes into account trends and cycles:

’!‘El) = 7‘:’(1) +u£1) (46)
M = MY+ AP 4 g R (47)
rin) = r:’(l) +u£n) (48)
= e AL+ B X 4 e, (49)
Xt = p+PXi_ 1+ v (50)

in which the factors X are extracted from the cyclical components of yields, u?, after the
completion of the first stage of estimation. The standard recursive restrictions apply to A,

and B,
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