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This appendix displays all detailed proofs of the theorems in the
main manuscript ”Distribution theory for hierarchical processes” and
a specialization of the Blackwell-MacQueen Pólya urn scheme to the
hierarchical Pitman–Yor process.

APPENDIX A: PROOFS

A.1. Proof of Theorem 1. For the sake of notational simplicity set

Iq =

∫ ∞
0

ue−cψ(u)τq(u) du, Iq,0 =

∫ ∞
0

ue−c0ψ0(u)τq,0(u) du.

From [2, Proposition 1] one has Var(p̃0(A)) = c0P0(A)(1 − P0(A)) I2,0 and
Var(p̃i(A) | p̃0) = cp̃0(A)(1− p̃0(A)) I2. Hence, for any i = 1, . . . , d,

Var(p̃i(A)) = EVar(p̃i(A) | p̃0) + Var(p̃0(A))

= c0P0(A)(1− P0(A)){cc0 I2I1,0 + I2,0}.

Moreover, for any i 6= j,

Cov(p̃i(A), p̃j(A)) = E E[p̃i(A)p̃j(A)|p̃0]− (E E[p̃i(A)|p̃0]) (E E[p̃j(A)|p̃0])

= E[E[p̃i(A)|p̃0]E[p̃j(A)|p̃0]]− (E[p̃0(A)])2

= E[p̃2
0(A)]− (E[p̃0(A)])2 = Var(p̃0(A)),

and the result follows.

A.2. Proof of Theorem 2. The same line of reasoning in the proof of
Theorem 1 may be used to establish that Cov(p̃i(A), p̃j(A)) = Var(p̃0(A)).
Moreover, by the definition of Pitman–Yor process in Section 2, one has

Var(p̃0(A)) = P0(A)(1− P0(A))
σ2

0(1− σ0)

θ0(θ0 + 1)Γ(θ0/σ0)

∫ ∞
0

uθ0+σ0−1e−u
σ0

du
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= P0(A)(1− P0(A))
1− σ0

θ0 + 1

Furthermore, Var(p̃i(A)) = EVar(p̃i(A) | p̃0) + Var(p̃0(A)) holds and one
obtains

Var(p̃i(A)) =
1− σ
θ + 1

E p̃0(A)(1− p̃0(A)) +
1− σ0

θ0 + 1
P0(A)(1− P0(A))

=
P0(A)(1− P0(A))

θ0 + 1

{
(1− σ0) + (θ0 + σ0)

1− σ
θ + 1

}
,

from which (10) easily follows.

A.3. Proof of Theorem 3. In order to prove Theorem 3, we first need
to display a useful technical lemma, which follows from a formula by Faà di
Bruno. See, e.g., [1]. According to it, the n-th order derivative of e−mψ(u),
with ψ(u) =

∫∞
0 [1− e−uv] ρ(v) dv, is given by

(A.1)
dn

dun
e−mψ(u) =

∑
π

d|π|

dx|π|
(e−mx)

∣∣∣
x=ψ(u)

∏
B∈π

d|B|

du|B|
ψ(u)

where m ∈ R, and the sum is extended over all partitions π of [n] =
{1, . . . , n}. Clearly (A.1) can be rewritten as

dn

dun
e−mψ(u) =

n∑
i=1

(−m)ie−mψ(u)
∑
π:|π|=i

∏
B∈π

d|B|

du|B|
ψ(u).

Since to each unordered partition π of size i there correspond i! ordered
partitions of the set [n] into i components, which are obtained by permuting
the elements of π in all the possible ways, one has

dn

dun
e−mψ(u) =

n∑
i=1

(−m)ie−mψ(u) 1

i!

o∑
π:|π|=i

∏
B∈π

d|B|

du|B|
ψ(u)

=
n∑
i=1

(−m)ie−mψ(u) 1

i!

∑
(∗)

(
n

q1, · · · , qi

)
dq1

duq1
ψ(u) · · · dqi

duqi
ψ(u)

where
∑o is the sum over the ordered partitions of the set [n] while the sum

(∗) runs over all vectors (q1, · · · , qi) of positive integers such that
∑i

j=1 qj =
n. The second equality follows upon noting that the derivative of ψ depends
only on the number of elements within each component of the partition π
and that the number of partitions π of the set [n] containing i elements
(B1, · · · , Bi), with (|B1|, · · · , |Bi|) = (q1, · · · , qi), equals the multinomial
coefficient above. In view of these remarks, one has
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Lemma 1. If τq(u) =
∫∞

0 vq e−uv ρ(v) dv and

(A.2) ξn,i(u) =
∑
(∗)

1

i!

(
n

q1, · · · , qi

)
τq1(u) · · · τqi(u),

the following relation holds

(A.3) (−1)n
dn

dun
e−mψ(u) = e−mψ(u)

n∑
i=1

miξn,i(u)

In view of this, for any x1 6= · · · 6= xk in X and k ≥ 1, one can evaluate

Mn1,...,nd(dx1, . . . ,dxk) = E

k∏
j=1

d∏
i=1

p̃
ni,j
i (dxj)

where ni = (ni,1, . . . , ni,k), for i = 1, . . . , d, and it is apparent that there

may be ni,j ’s equal to zero, though
∑d

i=1 ni,j ≥ 1. Indeed, if one sets Aj,ε =
B(xj ; ε) a ball of radius ε around xj , with ε > 0 small enough so that
Ai,ε ∩Aj,ε = ∅ for any i 6= j, then

Mn1,...,nd(A1,ε × · · · ×Ak,ε) = E

d∏
i=1

E
[ k∏
j=1

p̃
ni,j
i (Aj,ε)

∣∣∣p̃0

]

= E

d∏
i=1

1

Γ(Ni)

∫ ∞
0

uNi−1E[e−uµ̃i(X
∗
ε)|p̃0]

×
k∏
j=1

E[e−uµ̃i(Aj,ε)µ̃
ni,j
i (Aj,ε)|p̃0] du

= E

d∏
i=1

1

Γ(Ni)

∫ ∞
0

uNi−1e−cψ(u)p̃0(X∗ε)

×
k∏
j=1

(
(−1)ni,j

dni,j

duni,j
e−cψ(u)p̃0(Aj,ε)

)
du

whereX∗ε = X\(∪kj=1Aj,ε). If ` = (`1, . . . , `d) where each `i = (`i,1, . . . , `i,k) ∈
×kj=1{1, . . . , ni,j}, by virtue of (A.3) one obtains

Mn1,...,nd(A1,ε × · · · ×Ak,ε)

= E

d∏
i=1

1

Γ(Ni)

∫ ∞
0

uNi−1 e−c ψ(u)
k∏
j=1

ni,j∑
`i,j=1

c`i,j p̃
`i,j
0 (Ajε) ξni,j ,`i,j (u) du
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=
∑
`

E

k∏
j=1

p̃
`•j
0 (Aj,ε)

d∏
i=1

( c`i•

Γ(Ni)

∫ ∞
0

uNi−1e−cψ(u)
k∏
j=1

ξni,j ,`i,j (u)du
)

and we further agree that, whenever ni,j = 0, we have `i,j = 0 and
∑0

`i,j=1 ≡
1. If we set

M0
¯̀•1,...,¯̀•k

(A1,ε, . . . , Ak,ε) = E

k∏
j=1

p̃
¯̀•j
0 (Aj,ε)

as ε→ 0 the non–atomicity of P0 implies

M0
¯̀•1,...,¯̀•k

(dx1, . . . ,dxk) = E

k∏
j=1

p̃
`j
0 (dxj) =

k∏
j=1

P0(dxj)

× ck0
Γ(|`|)

∫ ∞
0

u|`|−1 e−c0ψ0(u)
k∏
j=1

τ¯̀•j ,0
(u) du

=
( k∏
j=1

P0(dxj)
)

Φ
(|`|)
k,0 (¯̀•1, . . . , ¯̀•k).

Then

Mn1,...,nd(dx1, . . . ,dxk) =
( k∏
j=1

P0(dxj)
) ∑

`

Φ
(|`|)
k,0 (¯̀•1, . . . , ¯̀•k)

×
d∏
i=1

( c
¯̀
i•

Γ(Ni)

∫ ∞
0

uNi−1e−cψ(u)
k∏
j=1

ξni,j ,`i,j (u)du
)

and the result follows by virtue of (A.2) and by noting that

Π
(n)
k (n1, . . . ,nd) =

∫
Xk
Mn1,...,nd(dx1, . . . ,dxk).

A.4. Proof of Theorem 4. This can be deduced by working along
the same lines as for the Proof of Theorem 3. One only needs to take into
account the change of measure (8) in order to work directly with CRMs.
Indeed, using the same notation, one has

Mn1,...,nd(A1,ε × · · · ×Ak,ε)



HIERARCHICAL PROCESSES 5

=
Γd(θ + 1)

Γd
(
θ
σ + 1

) E d∏
i=1

1

Γ(θ +Ni)

∫ ∞
0

uθ+Ni−1 e−ψ(u)

×
k∏
j=1

ni,j∑
`i,j=1

p̃
`i,j
0 (Ajε) ξni,j ,`i,j (u) du

=
Γd(θ + 1)

Γd
(
θ
σ + 1

) ∑
`

(
E

k∏
j=1

p̃
`•j
0 (Aj,ε)

)

×
d∏
i=1

( 1

Γ(Ni)

∫ ∞
0

uNi−1e−ψ(u)
k∏
j=1

ξni,j ,`i,j (u)du
)

where ψ(u) = uσ and

ξni,j ,`i,j (u) =
σ`i,j

uni,j−`i,jσ `i,j !

∑
q

(
ni,j

qi,1 · · · qi,`i,j

) `i,j∏
r=1

(1− σ)qi,r−1

=
1

uni,j−`i,jσ
C (ni,j , `i,j ;σ).

The result now easily follows upon noting that, as ε ↓ 0,

E

k∏
j=1

p̃
`•j
0 (Aj,ε) =

k∏
j=1

P0(Ajε)

∏k−1
i=1 (θ0 + iσ0)

(θ0 + 1)|`|−1

k∏
j=1

(1− σ0)¯̀•j−1 + λk,ε

where λk,ε = o
(∏k

j=1 P0(Aj,ε)
)

.

A.5. Proof of Theorem 5. Let N̄0 ≡ 0 and, for each i = 1, . . . , d, N̄i =∑i
j=1Nj . Further suppose π̃1, . . . , π̃d denote independent random partitions

of N such that the restriction π̃i,Ni of π̃i to [Ni] = {N̄i−1 + 1, . . . , N̄i} has

probability distribution Φ
(Ni)
ζi,i

as defined in (13). Furthermore, π̃0 is a random
partition of N such that, conditional on (π̃1,N1 , . . . , π̃d,Nd), its restriction π̃0,h

to [h] has probability distribution Φ
(h)
k,0 in (11), where h =

∑d
i=1 |π̃i,Ni | with

|π̃i,Ni | the number of blocks in the partition π̃i,Ni . Relying on Theorem 3 we
have

Π
(N)
k (n1, . . . ,nd) =

N∑
h=k

d∏
i=1

∑
(∗)

P[π̃i,Ni = {Bi,1, . . . , Bi,ζi}]
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×
∑
(∗∗)

P
[
π̃0,h = {C1, . . . , Ck}

∣∣∣ d⋂
i=1

{
π̃i,Ni = {Bi,1, . . . , Bi,ζi}

}]

where the sums are taken over all partitions such that
∑d

i=1 ζi = h, for any
h ∈ {k . . . , N}, and ∑

{t: ζ̄i−1+t∈Cj}∩{1,...,ζi}

card(Bi,t) = ni,j

where ζ̄0 ≡ 0 and ζ̄i =
∑i

r=1 ζr, for each i = 1, . . . , d. Note that one may
have {t : ζ̄i−1 + t ∈ Cj} ∩ {1, . . . , ζi} = ∅, in which case ni,j = 0, and in the
Chinese restaurant franchise terminology it would mean that the j–th dish is
not served in restaurant i. According to this notation, one has K ′i,Ni = |π̃i,Ni |
and K0,h = |π̃0,h| and

P[KN = k] = P
[ N⋃
t=k

⋃
(t1,...,td)∈∆d,t

{K ′1,N1
= t1, . . . ,K

′
d,Nd

= td, K0,t = k}
]
.

The result, then, follows from independence of K ′1,N1
, . . . ,K ′d,Nd and from

the fact that

P[K0,t = k |K ′1,N1
= t1, . . . ,K

′
d,Nd

= td] = P[K0,t = k]1∆d,t
(t1, . . . , td).

A.6. Proof of Theorem 6. The proof follows exactly the same lines as
the proof of Theorem 5, the only difference being that K ′i,Ni are the number
of blocks corresponding to independent random partitions from PY(σ, θ;H0)
processes, for some diffuse probability measure H0, and K0,t is the number
of blocks of a random partition from a PY(σ0, θ0;P0).

A.7. Proof of Theorem 7. First note that the combination of partial
exchangeability, which entails conditional independence across samples, and
the hierarchical structure of (p̃1, . . . , p̃d), which implies the sharing of atoms
across samples, lead to Kn = K0,ξ(N) almost surely. Moreover, in view of
the growth assumptions, let

K0,n

λ0(n)

a.s.−→M0,
K ′i,n
λ(n)

a.s.−→M ′i (i = 1, . . . , d)
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as n→∞, where M0 and the M ′is are positive and finite random variables.

Moreover, one has ξ(N) =
∑d

i=1K
′
i,N∗ and

ξ(N)

λ(N∗)

a.s.−→
d∑
i=1

M ′i = η

as N∗ →∞. Exploiting (H1) and recalling that N = dN∗, one then obtains

K0,ξ(N)

K0,ηλ(N∗)
=

λ0(ξ(N))

λ0(ηλ(N∗))

K0,ξ(N)/λ0(ξ(N))

K0,ηλ(N∗)/λ0(ηλ(N∗))

a.s.−→ 1,

which entails, as N∗ →∞,

KN

λ0(ηλ(N∗))
=

K0,ξ(N)

K0,ηλ(N∗)

K0,ηλ(N∗)

λ0(ηλ(N∗))

a.s.−→M0

If (p̃1, . . . , p̃d) is a vector of hierarchical Dirichlet processes, then λ0(n) =
λ(n) = logn and (H1) holds true. Moreover, η = dc and

λ0(ηλ(N))

λ0(λ(N))
→ 1

as N →∞, and the result follows.

A.8. Proof of Theorem 8. In this case, λ0(n) = nσ0 and λ(n) = nσ.
Hence (H1) holds and one may work out the proof along the same lines as
for Theorem 7.

A.9. Proof of Theorem 9. The technique introduced for proving The-
orem 3 can be suitably adapted and extended to establish also the poste-
rior characterization. Our goal is the determination of the posterior Laplace
functional of µ̃0

(A.4) E
[
e−µ̃0(f)

∣∣∣X] = lim
ε↓0

E e−µ̃0(f)
∏k
j=1

∏d
i=1 p̃

ni,j
i (Aj,ε)

E
∏k
j=1

∏d
i=1 p̃

ni,j
i (Aj,ε)

for any measurable f : X→ R+, where the Aj,ε notation is the same used in
the Proofs of Theorems 3–4. The denominator is Mn1,...,nd(A1,ε× · · · ×Ak,ε)
that has been defined in the proof of Theorem 3 and, as ε ↓ 0, equals

(A.5)

k∏
j=1

P0(Ajε)
∑
`

∑
q

Φ
(|`|)
k,0 (`•1, · · · , `•k)
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×
d∏
i=1

k∏
j=1

1

`i,j !

(
ni,j

qi,j,1, · · · , qi,j,`i,j

)
Φ

(Ni)
¯̀
i•,i

(qi,1, . . . , qi,k) + λk,ε

where λk,ε = o
(∏k

j=1 P0(Aj,ε)
)

. In a similar fashion one can proceed to

determine the numerator of (A.4) and

E e−µ̃0(f)
k∏
j=1

d∏
i=1

p̃
ni,j
i (Aj,ε) = E e−µ̃0(f)

d∏
i=1

E
[
p̃
ni,j
i (Aj,ε)

∣∣∣µ̃0

]

=
∑
`

d∏
i=1

c
¯`i•

Γ(Ni)

∫ ∞
0

uNi−1 e−c ψ(u)
k∏
j=1

ξni,j ,`i,j (u) du

×
(
Ee−µ̃0(f)

k∏
j=1

p̃
¯̀•j
0 (Aj,ε)

)
It can now be seen that, with X∗ε = X \ (∪kj=1Aj,ε) and as ε ↓ 0,

Ee−µ̃0(f)
k∏
j=1

p̃
¯̀•j
0 (Aj,ε) =

1

Γ(|`|)

∫ ∞
0

u|`|−1
(
Ee−µ̃0((f+u)1X∗ε )

)

×
( k∏
j=1

Ee
−µ̃0((f+u)1Aj,ε )

µ̃
¯̀•j
0 (Aj,ε)

)
du

=

∏k
j=1 c0 P0(Aj,ε)

Γ(|`|)

∫ ∞
0

u|`|−1 e−c0 ψ0(f+u)

×
k∏
j=1

τ¯̀•j
(u+ f(X∗j )) du+ λk,ε

Hence, one has

E e−µ̃0(f)
k∏
j=1

d∏
i=1

p̃
ni,j
i (Aj,ε) =

k∏
j=1

P0(Aj,ε)

×
∑
`,q

d∏
i=1

k∏
j=1

1

`i,j !

(
ni,j

qi,j,1 · · · qi,j,`i,j

)
Φ¯̀

i•,i
(qi,1, . . . , qi,k)

× c
|`|
0

Γ(|`|)

∫ ∞
0

u|`|−1 e−c0 ψ0(f+u)
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×
k∏
j=1

τ¯̀•j
(u+ f(X∗j )) du+ λk,ε.

To sum up, if we further condition on T , one has

E
[
e−µ̃0(f)

∣∣∣X,T
]

=

∫∞
0 u|`|−1 e−c0 ψ0(f+u)

∏k
j=1 τ¯̀•j

(u+ f(X∗j )) du

Φ
(|`|)
k,0 (¯̀•1, . . . , ¯̀•k)

and the result follows, as it is easy to check that the normalizing constant

of the density f0( · |X,T ) in (20) is Φ
(|`|)
k,0 (¯̀•1, . . . , ¯̀•k).

A.10. Proof of Theorem 10. From elementary properties of condi-
tional expectations, one has

E
[
e−

∑d
i=1 µ̃i(fi)

∣∣∣X,T
]

= E
[
E
[
e−

∑d
i=1 µ̃i(fi)

∣∣∣X,T , µ̃0

] ∣∣∣X,T
]

for any choice of measurable functions fi : X → R+, for i = 1, . . . , d. The
proof, then, boils down to determining posterior Laplace functional

E
[
e−

∑d
i=1 µ̃i(fi)

∣∣∣X,T , µ̃0

]
=

lim
ε↓0

E
[
e−

∑d
i=1 µ̃i(fi)

∏d
i=1

∏k
j=1 p̃

ni,j
i (Aj,ε)

∣∣∣T , µ̃0

]
E
[∏d

i=1

∏k
j=1 p̃

ni,j
i (Aj,ε)

∣∣∣T , µ̃0

](A.6)

As far as the denominator is concerned, it plainly equals

( d∏
i=1

k∏
j=1

p̃
`i,j
0 (Aj,ε)

) d∏
i=1

c
¯̀
i•

Γ(Ni)

∫ ∞
0

uNi−1 e−c ψ(u)
k∏
j=1

`i,j∏
t=1

τqi,j,t(u) du

As for the numerator, set

ψ̃(f) =

∫
X

∫ ∞
0

[1− e−sf(x)] ρ(s) ds p̃0(dx)

and note that

E
[
e−

∑d
i=1 µ̃i(fi)

d∏
i=1

k∏
j=1

p̃
ni,j
i (Aj,ε)

∣∣∣T , µ̃0

]

=
d∏
i=1

E
[
e−µ̃i(fi)

k∏
j=1

p̃
ni,j
i (Aj,ε)

∣∣∣T , µ̃0

]
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=
( d∏
i=1

k∏
j=1

p̃
`i,j
0 (Aj,ε)

)

×
d∏
i=1

c
¯̀
i•

Γ(Ni)

∫ ∞
0

uNi−1 e−c ψ̃(f+u)
k∏
j=1

`i,j∏
t=1

τqi,j,t(u+ fi(X
∗
j )) du

To sum up, the right–hand–side of (A.6) equals

d∏
i=1

∫∞
0 uNi−1e−cψ̃(fi+u)

∏k
j=1

∏`i,j
t=1 τqi,j,t(u+ fi(X

∗
j ))du∫∞

0 uNi−1e−cψ(u)
∏k
j=1

∏`i,j
t=1 τqi,j,t(u)du

.

which entails

E
[
e−

∑d
i=1 µ̃i(fi)

∣∣∣X,T ,U , µ̃0

]
=

d∏
i=1

k∏
j=1

`i,j∏
t=1

τqi,j,t(Ui + fi(X
∗
j ))

τqi,j,t(Ui)

×
d∏
i=1

exp

{
−c
∫
X×R+

(1− e−sfi(x))e−sUi ρ(s) ds p̃0(dx)

}
and the conclusion follows.

A.11. Proof of Theorem 11. The proof follows the similar lines as
that of Theorem 9, the main difference being the polynomial tilting that
defines the Pitman–Yor process in (8). Let µ̃′0 and µ′i denote stable CRMs
with respective parameters σ0 and σ in (0, 1). Moreover, the base measure
µ̃′0 is P0 whereas the µ̃′i are, conditional on µ̃′0, independent and identically
distributed CRMs with base measure p̃′0 = µ̃′0/µ̃

′
0(X). When determining

the posterior Laplace functional transform as in (A.4), one has

(A.7) E e−µ̃0(f)
k∏
j=1

d∏
i=1

p̃
ni,j
i (Aj,ε)

= E
[
e−µ̃0(f)

d∏
i=1

E
[
(µ̃i(X))−Ni

k∏
j=1

(µ̃i(Aj,ε))
ni,j
∣∣∣ µ̃0

]]
.

It can now be seen that, for any i = 1, . . . , d,

E
[
(µ̃i(X))−Ni

k∏
j=1

(µ̃i(Aj,ε))
ni,j
∣∣∣ µ̃0

]
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=
Γ(θ + 1)

Γ
(
θ
σ + 1

) E[(µ̃′i(X))−θ−Ni
k∏
j=1

(µ̃′i(Aj,ε))
ni,j
∣∣∣ µ̃0

]

=
1

(θ + 1)Ni−1

1

Γ
(
θ
σ + 1

)
×
∫ ∞

0
vθ+Ni−1E

[
e−vµ̃

′
i(X)

k∏
j=1

(µ̃′i(Aj,ε))
ni,j
∣∣∣ µ̃0

]
dv

=
1

(θ + 1)Ni−1

1

Γ
(
θ
σ + 1

)
×
∫ ∞

0
vθ+Ni−1 e−v

σ
k∏
j=1

ni,j∑
`i,j=1

p̃
`i,j
0 (Aj,ε) ξni,j ,`i,j (v) dv.

It is clear that, in order to evaluate (A.7), one may note that as ε ↓ 0

E e−µ̃0(f)
k∏
j=1

p̃
¯̀•j
0 (Aj,ε)

=
Γ(θ0 + 1)

Γ
(
θ0
σ0

+ 1
) E(µ̃′0(X))−θ0−|`| e−µ̃

′
0(f)

k∏
j=1

(µ̃′0(Aj,ε))
¯̀•j

=
1

(θ0 + 1)|`|−1

σk0

Γ
(
θ0
σ0

+ 1
)( k∏

j=1

P0(Aj,ε) (1− σ0)¯̀•j−1

) ∫ ∞
0

v
θ0+|`|−1
0

× e−
∫∞
0 (v0+f(x))σ0 P0(dx)

k∏
j=1

1

(v0 + f(X∗j ))
¯̀•j−σ0

dv0 + λk,ε

where λk,ε = o(
∏k
j=1 P0(Aj,ε)). If one further conditions on T , it can be seen

that

E
[
e−µ̃0(f)

k∏
j=1

d∏
i=1

p̃
ni,j
i (Aj,ε)

∣∣∣T ]

=
1

(θ0 + 1)|`|−1

σk0

Γ
(
θ0
σ0

+ 1
) d∏

i=1

∏¯̀
i•−1
r=1 (θ + rσ)

(θ + 1)Ni−1
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×
k∏
j=1

P0(Aj,ε)(1− σ0)¯̀•j−1

d∏
i=1

C (ni,j , `i,j ;σ)

σ`i,j

×
∫ ∞

0
vθ0+kσ0−1

0 e−v
σ0
0 e−

∫∞
0 [(v0+f(x))σ0−vσ00 )P0(dx)

×
( k∏
j=1

E e−Ijf(X∗j )
)

dv0

The proof is, thus, completed by using Theorem 4, which identifies

E
[ d∏
i=1

k∏
j=1

p̃
ni,j
i (Aj,ε)

∣∣∣T ],
as ε ↓ 0.

A.12. Proof of Theorem 12. As in the proof of Theorem 10, we aim
at determining

E
[
e−

∑d
i=1 µ̃i(fi)

∣∣∣X,T ] = E
[
E
[
e−

∑d
i=1 µ̃i(fi)

∣∣∣X,T , µ̃0

] ∣∣∣X,T
]

for any collection of non–negative and measurable functions f1, . . . , fd de-
fined on X. See (A.6). This is achieved through the following

E
[
e−

∑d
i=1 µ̃i(fi)

∣∣∣X,T , µ̃0

]
=

d∏
i=1

E
[
e−

∑d
i=1 µ̃i(fi)

k∏
j=1

p̃
ni,j
i (Aj,ε)

∣∣∣T , µ̃0

]
.

For any i = 1, . . . , d, one has

E
[
e−

∑d
i=1 µ̃i(fi)

k∏
j=1

p̃
ni,j
i (Aj,ε)

∣∣∣T , µ̃0

]
=

1

(θ + 1)Ni−1

1

Γ
(
θ
σ + 1

)
×
∫ ∞

0
vθ+Ni−1E

[
e−µ̃

′
i(v+fi)

k∏
j=1

(µ̃′i(Aj,ε))
ni,j
∣∣∣T , µ̃0

]
dv

=
1

(θ + 1)Ni−1

1

Γ
(
θ
σ + 1

) k∏
j=1

p̃
`i,j
0 (Aj,ε) C (ni,j , `i,j ;σ)



HIERARCHICAL PROCESSES 13

×
∫ ∞

0
vθ+Ni−1 e−

∫∞
0 [v+fi(x)]σ p̃0(dx)

k∏
j=1

1

(v + fi(X∗j ))ni,j−`i,jσ
dv

=
1

(θ + 1)Ni−1

1

Γ
(
θ
σ + 1

) k∏
j=1

p̃
`i,j
0 (Aj,ε) C (ni,j , `i,j ;σ)

×
∫ ∞

0
vθ+

¯̀
i•σ−1 e−v

σ
e−

∫
X

[(v+fi(x))σ−vσ ]p̃0(dx)

×
k∏
j=1

1(
1 +

fi(X∗j )

v

)ni,j−`i,jσ dv

=

∏¯̀
i•−1
r=1 (θ + rσ)

(θ + 1)Ni−1

k∏
j=1

p̃
`i,j
0 (Aj,ε)

C (ni,j , `i,j ;σ)

σ`i,j

×
∫ ∞

0
hi(v)

(
Ev e−µ̃

∗
i (fi)

)( k∏
j=1

Eve
−Hi,jfi(X∗j )

)
dv

where hi is the density function of a random variable Vi such that V σ
i ∼

Ga(¯̀
i•+θ/σ; 1) and µ̃∗i is, conditionally on Vi and on µ̃0, a generalized gamma

CRM with parameters (Vi, σ) and base measure p̃0 = µ̃0/µ̃0(X). Moreover,
the Hi,j ’s are independent gamma random variables whose parameters are
ni,j − `i,jσ and Vi. If one, now, notes that

E
[ d∏
i=1

k∏
j=1

p̃
ni,j
i (Aj,ε)

∣∣∣T , µ̃0

]
=

∏¯̀
i•−1
r=1 (θ + rσ)

(θ + 1)Ni−1

k∏
j=1

p̃
`i,j
0 (Aj,ε)

C (ni,j , `i,j ;σ)

σ`i,j

which, combined with the result proved in Theorem 11, yields the result.

A.13. Proof of Theorem 13. Let µ̃σ denote a σ–stable CRM and,
as in (9), µ̃σ,θ indicates a random measure whose normalization yields a
Pitman–Yor process with parameters (σ, θ). From Theorem 11, one has that

E
[
e−η

∗
0(f)
]

=
σ0

Γ
(
θ0
σ0

+ k
)
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×
∫ ∞

0
vθ0+kσ0−1 e−v

σ0
e−

∫
X

[(v+f(x))σ0−vσ0 ]P0(dx) dv

=
σ0

Γ
(
θ0
σ0

+ k
) ∫ ∞

0
vθ0+kσ0−1

(
E e−vµ̃σ0 (X)−µ̃σ0 (f)

)
dv

=
σ0 Γ(θ0 + kσ0)

Γ
(
θ0
σ0

+ k
) (

E e−µ̃σ0 (f){µ̃σ0(X)}−θ0−kσ0
)

= E e−µ̃σ0,θ0+kσ0 (f)

Hence, one can conclude that η∗0
d
= µ̃σ0,θ0+kσ0 and

p̃0 | (X,T , V0)
d
=

k∑
j=1

Wj,V0 δX∗j +Wk+1,V0 p̃σ0,θ0+kσ0

where p̃σ0,θ0+kσ0 ∼ PY(σ0, θ0 + kσ0;P0). Moreover Wj,V0 = Ij/(η
∗
0(X) +∑k

i=1 Ii), for any j = 1, . . . , k, and Wk+1,V0 = η∗0(X)/(η∗0(X) +
∑k

i=1 Ii).
If fv is the density of the vector (W1,V0 , . . . ,Wk,V0) on the k–dimensional
simplex ∆k, we would like to determine

f(w1, . . . , wk) =

∫ ∞
0

fv(w1, . . . , wk)
σ0

Γ
(
θ0
σ0

+ k
) vθ0+kσ0−1 e−v

σ0
dv.

To this end, we denote by hv the density function of η∗0(X) and, using
independence, the vector (I1, . . . , Ik, η

∗
0(X)) has density given by

f∗v (x1, . . . , xk, t) = hv(t)
v|`|−kσ0∏k

j=1 Γ(¯̀•j − σ0)
e−v

∑k
i=1 xi

k∏
j=1

x
¯̀•j−σ0−1
j .

If WV0 =
∑k

i=1 Ij + η∗0(X), a simple vector transformation yields a density
function for the vector (W1,V0 , . . . ,Wk,V0 ,WV0)

fv(w1, . . . , wk, w) =
v|`|−kσ0

∏k
j=1w

¯̀•j−σ0−1
j∏k

j=1 Γ(¯̀•j − σ0)
w|`|−kσ0 e−vw|w| hv(w(1− |w|))

where |w| =
∑k

i=1wi. From this, an expression for the density of (W1,V0 , . . . ,Wk,V0)
easily follows and it turns out to be equal to

fv(w1, . . . , wk) =
v|`|−kσ0

∏k
j=1w

¯̀•j−σ0−1
j∏k

j=1 Γ(¯̀•j − σ0)

1

(1− |w|)|`|−kσ0+1
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×
∫ ∞

0
s|`|−kσ0 e

− vs|w|
1−|w| hv(s) ds

=
v|`|−kσ0

∏k
j=1w

¯̀•j−σ0−1
j∏k

j=1 Γ(¯̀•j − σ0)

1

(1− |w|)|`|−kσ0+1

×
(
E(η∗0(X))|`|−kσ0 e

− v|w|
1−|w| η

∗
0(X)

)
.

Since η∗0 is a generalized gamma CRM with parameters (σ0, V0) and base
measure P0, its probability distributions P∗ is absolutely continuous with
respect to the probability distribution Pσ0 of a σ0–stable CRM and

dP∗

dPσ0
(m) = exp{−vm(X) + vσ0},

then

E(η∗0(X))|`|−kσ0 e
− v|w|

1−|w| η
∗
0(X)

= ev
σ0
E (µ̃σ0(X))|`|−kσ0 e

− v
1−|w| µ̃σ0 (X)

In view of this, one can now marginalize fv with respect to v and and obtain
a density of (W1, . . . ,Wk). Indeed, one has

f(w1, . . . , wk) =
σ0

Γ
(
θ0
σ0

+ k
) ∫ ∞

0
vθ0+kσ0−1 e−v

σ0
fv(w1, . . . , wk) dv

=
σ0

Γ
(
θ0
σ0

+ k
) ∏k

j=1w
¯̀•j−σ0−1
j∏k

j=1 Γ(¯̀•j − σ0)

1

(1− |w|)|`|−kσ0+1

× E (µ̃σ0(X))|`|−kσ0
∫ ∞

0
vθ0+|`|−1 e

− v
1−|w| µ̃σ0 (X)

dv

=
σ0 Γ(θ0 + |`|)

Γ
(
θ0
σ0

+ k
)
(
E (µ̃σ0(X))−θ0−kσ0

)
∏k
j=1 Γ(¯̀•j − σ0)

× (1− |w|)θ0+kσ0−1
k∏
j=1

w
¯̀•j−σ0−1
j

=
Γ(θ0 + |`|)

Γ(θ0 + kσ0)
∏k
j=1 Γ(¯̀•j − σ0)

(1− |w|)θ0+kσ0−1
k∏
j=1

w
¯̀•j−σ0−1
j

and this completes the proof of the posterior characterization of p̃0.
Finally, one can proceed in a similar fashion in order to prove (25)
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APPENDIX B: BLACKWELL–MACQUEEN URN SCHEME FOR
HIERARCHICAL PITMAN–YOR PROCESSES

Here we specialize the algorithm described in Section 6.1 to hierarchies
of Pitman–Yor processes. Hence we are assuming that X are partially ex-
changeable as in (1), where the prior Qd is characterized as follows

p̃i | p̃0
iid∼ PY(σ, θ; p̃0) (i = 1, . . . , d), p̃0 ∼ PY(σ0, θ0;P0)

The same notations as in Section 6.1 are used. The determination of the full
conditionals follows immediately from the augmented pEPPF

Π
(n+m)
k+j (n1, · · · ,nd; `, q)

=

∏k+j−1
r=1 (θ0 + rσ0)

(θ0 + 1)|`|−1

k+j∏
t=1

(1− σ0)`•t−1

×
∏`1•−1
r=1 (θ + rσ)

(θ + 1)N1+m1−1

k+j∏
v=1

`1,v∏
t=1

(1− σ)q1,v,t−1

×
∏`2•−1
r=1 (θ + rσ)

(θ + 1)N2+m2−1

k+j∏
v=1

`2,v∏
t=1

(1− σ)q2,v,t−1

(B.1)

with the convention (1 − σ)−1 ≡ 1. Based on (B.1) one can devise a Gibbs
sampler that generates (Ti,1, . . . , Ti,Ni), for i = 1, 2, and (Xi,Ni+r, Ti,Ni+r),
for r = 1, . . . ,mi and i = 1, 2, from their respective full conditionals. Details
are provided for i = 1, the case i = 2 being identical with the appropriate
adaptations.

(1) At t = 0, start from an initial configuration X
(0)
i,Ni+1, . . . , X

(0)
i,Ni+mi

and

T
(0)
i,1 , . . . , T

(0)
i,Ni+mi

, for i = 1, 2.

(2) At iteration t ≥ 1

(2.a) With X1,r = X∗h generate latent variables T
(t)
1,r , for r = 1, . . . , Ni, from

P(T1,r = “new”| · · · ) ∝ wh,r
(θ + `

−r
1• σ)

(|`−r|+ θ0)

P(T1,r = T ∗,−r1,h,κ| · · · ) ∝ (q−r1,h,κ − σ) for κ = 1, . . . , `−r1,h

where wh,r = `
−r
•h − σ0 if `

−r
•h > 0 and wh,r = 1 otherwise. Moreover,

T ∗,−r1,h,1 , . . . , T
∗,−r
1,h,`−r1,h

are the tables at the first restaurant where the h-th

dish is served, after the removal of T1,r.
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(2.b) For r = 1, . . . ,m1, generate (X
(t)
Ni+r

, T
(t)
Ni+r

) from the following predic-
tive distributions

P(X1,r = “new”, T1,r = “new”| · · · ) =
(θ0 + (k + j−r)σ0)

(θ +N1 +m1 − 1)

(θ + `
−r
1• σ)

(θ0 + |`−r|)

while, for any h = 1, · · · , k + j−r and κ = 1, · · · , `−r1,h,

P(X1,r = X∗,−rh , T1,r = “new”| · · · ) =
(`
−r
•h − σ0)

(θ +N1 +m1 − 1)

(θ + `
−r
1• σ)

(θ0 + |`−r|)

P(X1,r = X∗,−rh , T1,r = T ∗,−r1,h,κ| · · · ) =
q−r1,h,κ − σ

θ +N1 +m1 − 1
1{n−ri,h>0}

recalling that X∗,−rh , for h = 1, . . . , k + j−r denote the distinct dishes
in the whole franchise after the removal of the r–th observation, while
the condition n−ri,h > 0 entails that the h–th dish is served in the i–th
restaurant.
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