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A NOTE ON RATIONALIZABILITY
AND REPUTATION
WITH TWO LONG-RUN PLAYERS

by
PierrAOLO BATTIGALLI®

1. Introduction

This note shows how a patient individual playing a repeated game
against a relatively impatient opponent can build up a reputation that
gives him a strategic advantage. The analysis relies on very weak as-
sumptions about rationality and beliefs. In particular, it does not use
the equilibrium hypothesis. To put this contribution in perspective, 1
start with a short review of some related results (for further references
see Sorin, 1999, which provides an excellent and systematic analysis of
reputation and learning).

In a seminal paper Kreps and Wilson (1982) proposed a model where
incomplete information about the type of a long-run player facing a (fi-
nite} sequence of short-run players allows the long-run player to build
a reputation for being “tough.” An important point of their paper was
that the backward-induction solution of a finite-horizon game (in their
case, Selten’s, 1978, chainstore game) is not robust to the introduction
of “slightly incomplete” information, that is, a small prior probability

that the long-run player’s type is different from the “normal” one spec-
ified by the complete information game. To make their case stronger,
they had to use the sequential equilibrium concept, a refinement of the
Bayesian-Nash equilibrium concept. In one variant of their model, the
“non-normal” type of the long-run player is a so called “commitment

“Institute of Economics, Bocconi University, Milan (Italy).
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Proof of Lemma 3. Essentially we translate into our no-
tation the proof of the analogous lemma in Evans and Thomas
(1997).  Since p((8°.s7)[X1) = €. then for any t = 0.1...
© (21(h‘+k(s;,32))|El(h‘(s;.s?))) > ¢ because the latter probability is
at least as large as the conditional probability of the commitment type,
which cannot decrease along any history cousistent with the commit-
ment type. Consider a sequence of normal phase periods ny, na, ...such
that (i) and (ii) both hold. By Bayes rule

i (O SDIE( s 52)) =
u (07 sDIZ (RN si 5)
u (Za (R (5] s2))E (0 (7. 92)))

For brevity we write u' for the conditional probability of the commit-
ment type given history h(si, s2). Using (i) and the equation above we
obtain petk=1 > (1 —n)~1pet If £ > k, then period n¢ is followed by
at least k periods of punishment and thus ng4; (another normal period)
must come after n¢ + k (the last punishment period after the “devia-
tion” in period n¢). Taking into account this and the fact that p is
non-decreasing in t, for all £ > k,

ng—1

ng+1—1 >
7 21,

Since u™~! > ¢, the equation above yields for all £ > k

n,—1 > €
S VO

Since 1 > 7> 0.¢> 0, p™~! < 1, taking logs we obtain 0 > loge — (-
k) log(1 — ) or \
£<k+ —

b —————— =: N(k,7,€
- log(1 —7) (k,m,€)

Q.E.D.

To prove Proposition 2. suppose sz is a best respouse to player 2’
beliefs. Then, for any given payoff function vy satisfying our assump-
tions and any discount factor 8, we can choose 7 small enough and
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k large enough that sy fails to play a3 at most K = k + N(k,n,¢)
times. This implies that the path induced by (si.s2) contains at most
M = (1/2)K(K + 3) periods when either a5 is not played or player 2
is punished (clearly M depends on €, v2 and 83). Therefore player 1's
long-run payoff is at least as large as if he got the worst payoff on the
first M periods and the Stackelberg payoff afterward. Q.E.D.

As noted in Battigalli and Watson (1997), the result stated in Propo-
sition 2 holds also when 6* is a commitment type always playing the
Stackelberg action and the stage game G has “conflicting interests” in
the sense of Schmidt (1993).

3. Concluding Remarks

This note strengthens the point made by Watson (1993) and Battigalli
and Watson (1997), that some of the most important resuits about repu-
tation can be obtained without using equilibrium analsysis and without
assuming that there is a common prior on the set of payoff-relevant types
(in this case, commitment types). Simple and transparent assumptions
about rationality of the players and their first and second-order beliefs®
suffice to obtain outcome selection results under the same hypotheses
on payoffs and commitment types that were used to obtain such results
for Bayes-Nash equilibria.

This illustrates a general methodological approach to the analy-
sis of incomplete information games proposed by Battigalli (1999).
Economists who apply Harsanyi's theory of incomplete information
games often assume that there is a one-to-one relationship between
payoff-types and epistemic types and/or that there is a common prior
on the set of types. Both assumptions are typically made for tractability
reasons, but they are unwarranted when we analyze situations with gen-
uine incomplete information, where the type structure simply describes
all the possible payoff functions and constraints as well as the possible
hierarchies of beliefs. As an alternative to this approach, one can state

simple and transparent assumptions about first-order beliefs and ratio-
nality and then explore the consequences of iterated mutual belicf that

*First-order beliefs concern the payoff types and strategies of the other players.
Second-order beliefs also concern the first-order beliefs of other players.
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such assumnptions hold. Such assumptions about rationality and beliefs
are captured by iterative solution procedures akin to rationalizability
(see Battigalli, 1999, and Battigalli-Siniscalchi. 1999). In this note, I
have applied the first two steps of one such procedure.
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ABSTRACT

This note shows how a patient player in a two-person repeated game can
build a reputation and achieve his stage-game Stackelberg (average) payoff, pro-
vided that his opponent is rational and assigns positive prior probability to the
commitment type the patient player wants to imitate. This result is pro-
posed as an illustration of a general approach to the analysis of incomplete
infortnation games, whercby simple and transparent essumptions about play-

ers’ rationality and beliefs replace the traditional Bayesian-Nash equilib

rium
curn common prior hypothesis. :
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