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706 PIERPAOLO BATTIGALLI STRATEGIES, INFORMATION, CREDIBILITY IN EXTENSIVE GAMES 707

Robust counterexamples exist which show that each of them fails 1o expected rationality alone (a similar argument can be found in Binmore, i
eliminate all “unreasonable” equilibria. This fosters an effort to define 1986).
stronger refinements of the Nash equilibrium concept for games in extensive “Ex post” rationality is an equilibrium condition: it asserts that each Y
form; see for example Cho, Kreps (1987), Kohlberg, Mertens (1986), Gross- player has no regret about the action he has chosen. Obviously, a Nash ]
mann, Perry (1986). This line of research is very interesting, but does not equilibrium always fulfils this condition. This property is not unimportant i
constitute the main subject of this paper. at all, because it implies that such an outcome is a stcady state of some

:
. My approach focuses on the elements of “ex ante” and “ex post learning process involving conjectures and confutations. Elsewhere I argue Y
_ rationality involved in Nash equilibrium and in its refinements such as that this steady state is a conjectural equilibrium and that it does not o |
, perfect and sequential equilibrium. ‘ necessarily fulfil Nash’s best response property. This argumen: will be o |
r . . o X L. . , I . " . [ i
. Ex ante” rationality implies the maximization of expected utility with ‘ simply sketched here. It seems to me that the “no regret property” is a L e
18 respect to some conjecture, which in turn is compatible with the prior i sufficient reason to consider Nash equilibria interesting (anyway, one can R
)
fl

1 information of the player. This information can regard the rules of the game always recur to the “parable” of preplay communication to justify Nash

and the other players’ behavior. This latter kind of information corresponds
to different levels of rationality and mutually expected rationality in the
behavior of other players.

property as a necessary condition). Therefore I define inductively a se.
quence of equilibrium concepts which somehow combine the “refinements
of Nash equilibrium concept” approach with the rationalizability approach.

i In this respect. my approach is closely related to Pearce’s paper on [ say that a strategy 5 of a player ; is implementable with respect to his
3, rationalizable stategic behavior (Pearce, 1984; sce also Bernheim, 1984 prior information I, if an initial conjecture ¢ and a coherent learning rule L,
i and 1986). exist, so that ¢ is compatible with [, and 5; maximizes expected utility for
W Pearce assumes common knowledge of the rules of the game and of the each relevant information set b, ¢ and L being given. The learning rule L )
?!’1!" players' rationality. A strategy is rationalizable if it is a best response to a assigns to each piece of information 4, which confutes ¢, a new conjecture i
;i conjecture ¢ and ¢ is compatible with such knowledge. This means that each ¢ = L (¢, h), with respect to which 4 is possible. If # is the number of i 5
ﬂ player figures out the range of possible conjectures and learning processes of players, the 27-tuple (6 6. L, ... L,) generates a system of beliefs in the g i
p ) the other players and checks if a strategy profile can be justified. That is, if sense of Kreps a_nd Wilson. _ y " ; ]
3" it prescribes a maximazing action of the relevant player for each relevant Credibility is clearly related to implementability. Roughly speaking, a ‘
-} information set with respect to some plausible conjectures. Of course a strategy is not credible if no one believes that a rational player will im- i1 l
11 plausible conjecture is based on an analogous reasoning. Circularity is a- plement it. My point is that such beliefs depend on the information about ' [ ‘
i voided defining the set of rationalizable strategies through a step by step | that player's knowledge, because the rationality principle is not sufficient to 4 I8
B procedure, which can be interpreted as a reasoning process or as a flow of decide credibility matters. - ’ ;
" higher and higher prior information about rationality and mutually expected An cquilibrium is semisequential if every player knows that the others B 1l
j‘;‘ rationality. are rational and fully informed, i.e. each player knows that the others’ ‘ I N i
. MV p[ocedure 1s similar to Pearce's one. Hence it is worth no[ing ™wo behuvior is coherent with at least one strategy that is implcmcmable Wl[h ] J | ‘ J
main differences. respect to the knowledge of the rules of the game. : !f I
1) Within my approach, complete information and common know- It turns out that “almost every” perfect equilibrium is semisequential. L i 1
ledge are only possible values of a “parameter”, ie players’ “a priori” As a consequence “almost every” sequential equilibrium is semisequential i 1
knowledge. too. Exceptions consist of pathological cases in which it is irrational to SR i
2) For “almost all” games with perfec[ informution. Pearce’s rationali- use consistent assessment for CXP_CC(ed U[lllfv calculation at unreached ‘l ; l I'
zability is equivalent to the backward induction procedure. This shows that information sets. i1
a “no cortelation in errors” ]]ypothesis is enjbcddcd in Pearce’s inductive A second order xemi:equentm/ equﬂibrium is such that every plnyer ‘ﬁ‘ \;_ P
definition. T will argue that such a hypothesis cannot be based on mutually knows that other plavers know that everyone is rational and completely ‘{ 1] Hy :
i

!
i
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informed. Higher order prior informarion and semisequential equilibria can
inductively be defined.

Perfect and sequential equilibria fail to be second order semisequential
for quite a large class of games. This shows that such equilibria can be
“unreasonable” because they do not assume a sufficient amount of prior
information about reciprocal rationality and knowledge. )

Another flaw in these equilibrium concepts is that they are not robust
with respect to inessential transformations of the game structure. [ will argue
that this is a consequence of the fact that these concepts assign a crucial role
to purely formal aspects in the mathematical definitions of the strategies.

2. Main Concepts and Definitions

I follow Kreps and Wilson in analizing finite extensive games with
perfect recall, in which nature moves first and once for all, choosing a
“state of the world” and then the play takes place. Therefore I simply sketch
the formal definition and present the symbolism I will use throughout the
paper. More formal and detailed definitions of the standard concepts
can be found in Kuhn (1953) and Kreps and Wilson (1982). Particular
attention should be given to some unusual concepts, such as “conjecture”,
“prior information”, “learning rule” and so on.

2.1. Games in extensive form. — A game in extensive form is defined
by the following elements:

1) an arborescence (T, <), i.e. a set of topological trees, one for
each “state of the world”, representing the order of the moves;

2) arule i: X > N (X is the set of non-terminal nodes and
N ={l, 2, .., n} is the players’ set), which determines whose turn it is to
move;

3) a pattern of information H : X — 2%, which specifies the informa-
tion available to each player for each situation in which it is his tumn tw
move;

4) arule a : (T-W) = A (W is the set of initial nodes and A is the
set of the actions), which specifies the actions available to the relevant
player for every possible situation;

5) .an “objective” probability distribution 7 : W — [0, 1] over the set
of the state of the world;

6) an n-tuple u = (4, 1, ..., #,) of Von Neumann-Morgenstern
utility functions: u : Z — R” (Z is the set of terminal nodes).

ot

STRATEGIES, INFORMATION, CREDIBILITY IN EXTENSIVE GAMES 709

. It is assumed that each player has perfect recall, i.e. at each informa-
tion set b player / (5) knows whatever he previously knew, including his
previous actions. :

Tasee [

Notation Definition Terminology
Pix) (teT: 1 < x) set of the predecessors of x
v (weT: Plw) =) set of the inidal nodes or states of the world
£y (x) mux P (x) for x € T-W first predecessor of x
Pe (x) |p1 (p,_1 (x)) for x such that k* predecessor of x

by (x) € T-w

Py (x) =x ‘
§(x) ] 27t %) set of the immediatc successors of x
z (zeT: S(=9) set of the outcomes or terminal nodes
Z (x) ' (r€Z: x<2) " set of terminal successors of x
Z(b) U' Zix) for hST . set of terminal successors of 4
H H(X) family of all the informacion sets
X; ~1y) “set of player j's decision nodes
H; H(X) set of player f's information sets
Ab) a( U S(x)) for he H available action for player i({b) at infor-

T mation set 4

4 R l!U”’ A(h) ser of player j's actions
Ix) 4 positive integer such that number of predecessors of x

Pigx) e W
b<l |ZIKYGZh) b b eH, 7 knows at 4" at least as much as he knew

ac b

B g
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Notice that W may contain impossible events (w: r{(w) = 0) and
these events can be relevant. In fact it is not assumed that the players know
the “random machine”, generating the state of the world; therefore they can
believe that “objectively impossible” states are possible and consequently
choose certain actions. This is a basic way to represent the players’
uncertainty about the rules of the game and the point will be discussed later.

Some useful notations and definitions are compiled in Table I; not all
of them have been mentioned above.

If T is the game in extensive form at hand, its dcpendence on the
above mentioned parameters is represented by the expression

Fr=(T.<; N, ¢ H;, a; u; r).

I call game structure the “discrete” part of I, i.e. that part represented by
(T, <; N, i; N; a).

The basic assumption about the players” knowledge is that they krnow
the game structure and their own utility function, but they do not necessarily
know the continuous parameters (u, r). For example player j certainly
knows 4, but perhaps does not know (ul, o Wy By, e B .} and r.
Therefore incomplete informarion is the hasic situation and stronger hypo-
thesis have to be formally specified. Note the difference between the infor-
mation of this kind and that specified by the information pattern H. The
former has an “a priori” and general character, while the latter is a particular
information about place and time. A richer model than I' is needed to
formalize players’ a priori knowledge. As it will be seen, the incomplere
information basic assumption allows a partial formalization of the complete
information assumption, as opposed to Harsanyi's method of representing
incomplete information as imperfect information in a higher order game, for
which complete information is informally assumed. However the transforma-
tion of incomplete into imperfect information can be used to see that the
knowledge of the game structure is not a really restrictive assumption.
Consider the game T, in Fig. 1: player 1 moves first and he does not know
whether player 2 can observe his choice or not, but the latter case is the real
one. Therefore 1 does not know the game structure. But this situation can
be represented through the game I, the structure of which is known to the
players. [, is formed by two trees, corresponding to the two cases. 1 does
not know in which tree he is, but the objective probability distribution »
(unknown to 1) assigns zero probability to the “wrong” tree.

2.2. Pure, mixed and bebavior strategies. — A pure strategy 5, is a plan
prescribing an action for each picce of information b that pl.xycr J can

STRATEGIES, INFORMATION, CREDIBILITY IN EXTENSIVE GAMES 711

Graphic

rv,)=1
o<rf w1l

“;(Z.)= ,(
x, 1,
1l

7.
2,3,4
2

Legenda

Numeric Alphabetic Terminology

O

w initial node,
state of the
world

other decision
nodes

outcomes

actions

information set

1.2 playc.rs

j{}jo} rlw), rlw,) object prob.

Fioure 1.
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receive. A mixed strategy 77 is a probability mixture of pure strategies and a
behavior strategy 4; is a plan which assigns to each qurmanon set b a
probability mixture of the available actions ¢ € A (h). A mixed strategy is a
prior randomization, while a behavior strategy is a local randomization.

DeriniTION 1. A pure strategy for player j € N is an ussignmcr}t
5:H—=>4 such that 5 (he Ab), b e H7 The set of j's pure strategies is
denoted by ;. o

A mixed strategy for j is a probability distribution

m; S/ — [0, 1], Zs m (s) = 1.

ve Sy

A bebavior strategy for j is a function

A : =1, b e H.
bed—> 00,1 I 4 H
The sets of j’s mixed and behavior strategies are respectiyely denoted
by M, and B;. The sets S_, S, B_;, B, M_; and M are so defined:
Y'—_XYk, Y=XYJ, Y=SB,M, Yk—__‘s‘k'B/eiA,Ik‘
ki N

et d

Pure strategies will be identified with the corresponding mi;ed or
behavior strategies. The letter o will be used for reference to either mixed or
behavior strategies. Strategy profiles, i.e. n-tuple of strategies, are denotf.d
byo: m: = (my, ..., m), b: = (b, ..., &,). Each behavior strategy profile
b € B induces a function b: A — [0, 1] defined by

b(a):bj(a), if a € 4.

Each strategy profile o induces an “objective” probability distribution Pr (.;
o) over Z. Kuhn defined an n-tuple of transformations

ﬁ:M—)B, ﬁ‘:(ﬂlv"'v‘Bn)? @M—)B/

and showed that Pr(.; m) = Pr(.; 8 (m)) for an arbitrary m, iff (if and
only if) I' is a game with perfect recall. The strategy b, = ﬂ, (m;) is called
the bebavior of the mixed strategy 7; (Kuhn, 1953, def. 16, Lemma 3,
theor. 4). '
The probability distribution Pr(.; b) is so defined:
1) -1

(1 Priz; b): =rip @) I b (@ (pg (2))).

STRATEGIES, INFORMATION, CREDIBILITY IN EXTENSIVE GAMES 713

For each strategy profile o and for each player j an “objectively” ex-
pected utility is defined:

(2) Vile): = 2,4 Pr(z; o).

2.3. Conjectures, potential falsifiers and relevant information sets. — A
conjecture ¢ for player j is a subjective probability assessment about the
state of the world and other players’ actions. Without a conjecture ; cannot
assign a probability distribution over the outcome space Z to each strategy o
and no expected utility maximization is possible.

DeEFINITION 2, A conjecture for player j is a couple of functions
¢ =1(r, ¢)so defined:
a)r:W—>1[0,1) 2 n{w) =1,
wew
by ¢ e B,

The set of /s conjectures is denoted by G- § denotes the n-tuple of the
players’ comjectures and C: = ¢, X ... X 'C, is the set of such n-tuples.

¢ can be interpreted as an (7 - 1)-tuple of behavior of other players’
mixed strategies and these mixed strategies can in turn be interpreted as
probability assessments over the other players’ pure (or even mixed) strate-
gy sets. ’

Condition b) is imposed for the sake of simplicity. The assumed
knowledge of the game structure allows a more general definition, unless
|W] = 1 and [N] = 2 (for an explanation and exemplification of this point
see Battigalli, 1987, pp. 165-167).

For a given ¢, 7 can assign to each strategy g; a subjective probability
distribution over Z:

i
C.

-1

(3) Priz; ¢, 5) = 1, (g, (2)) [T g (a(p (),
‘ 0 5 f ino &

where g is the function g : A — [0, 1] for which if 4 € A, then g (4) =
b (@), and if a € A, then g (a) = ¢ (a); )

(4) Priz; ¢, m) = Es! Pr(z; ¢, 5)m; (s).

If ; is rational, he maximizes the subjectively expected utility

(5) G g): = X 4@ Priz g g).

If a probability distribution Pr (.; 0) (8 = o, (¢, 9;)) over Z is defined,
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Whlch the probability assignment was based, must be false. In fact, even if
/ (b) made an “error”, at information set » he must know it (he ha; perfect
recall); Lhus' this error cannot be the cause for 5 to be unexpected: 5 is
unexpected‘lff Prib; ¢y 0:wy) = O for some o, having b € Rel{g;,)
Such an 5 is called a potential falsifier of ¢ . o

then it is possible to assign a probability to each subset # € T (nodes are
identified with the corrisponding singlerones):

(6) Prih: 0): = Pr(Z(h); 8): = Z Priz 8).
1eZh

e e S A s il et w3327

With these definitions and formulae it is possible to formally identify
and dispose of redundancies in the mathematical definition of a strategy. A
strategy is a plan. If a plan prescribes an action 4 € A () and a makes
impossible the realization of information 4’ (b < #7), then that plan need
not prescribe any action 4’ € A (b"). The only way to justify such prescrip-
tion as necessary is Selten’s “trembling hand”: there is always a small posi-
tive probability of error in the implementation of a given decision. But if this

DeriviTioN 5. An information set b € H, is a al falsifi

. L - is a potential falsifier of the
conjecture ¢ Lff'Pr(b; ¢ ) =0 for some g, having b € Rel(g,). The
family of such information sets is denoted by Ref(g). The com;;lement

family is denoted by Cob (g) : = H-Ref(¢).

A g

e

2.4. Prior information. ~ A typical example of prior information is the

jpimeeter e faratr ettt

e AR TR

is true, then the given game structure is not well specified, the real game is a
perturbed game. The trembling hand argument is relevant in the analysis of
robustness problems, not when one takes for granted that the game struc-
rare is correctly specified, as 1 do. Information sets such as 4" are called
irrelevant with respect to those strategies which prescribe 4 at A.

DEFINITION 3. An information set 4 € H; is called relevant when
playing g, if a conjecture ¢ € C, exists such that Pr(b; g, ¢) > 0. The
family of such sets is denored by Re/ (). (Cfr. Khun, 1953, def. 6 and 9).

It is clear that if two strategies induce the same probability distribution
for each conjecture, then there is no real difference between them, neither
for the player who can choose them nor for other players. Thus they are

called equivalent.

Dermrion 4. The strategies o, and o] are equivalent, written g; = a;,
iff Pri-; ¢ 0) = Pr(-.¢. 9 for all conjectures ¢, € G- (Cfr. Kuhn, 1953,
def. 5).

It is intuitive to think that if two strategies define the same family
Rel (+) and differ only on irrelevant information sets, then they must be
equivalent. This intuition is in fact correct and can be the other way around.

ProrosiTioON 1. b, = b} iff Re/(b}) = Rel (b)) and &, (4) = b (a) for
all b € Rel(h) and all « € A (h).

Kuhn proved this proposition for pure strategies (Kuhn, 1953, theor.
1). Its extension to behavior strategies is straightforward (see the appendix).

Of course the proposition is true for mixed strategies too, one need only

recur to the transformation §.
If unexpected information b comes about, then the conjecture ¢, ¢, 00

L e v~

i

i b

knowlcqge of the “objective” probability distribution r, i.e. of the random
{nechams?m genemting the state w € W. A complete formalization of such
information is not presented in this paper. Thus it is characterized through
r}_le scts of conjectures compatible with it. For example, ;s knowledge of the
distribution r is represented by the set

{(r.g) e G =1t =10

In order o 5irr41plify the language, prior information will be identified with
the corresponding set of conjectures. Of course this representation is imper-
fect, because sometimes different prior information corresponds to the same
set of compatible conjectures. This is the case with complete information
and the knowledge of r, because the additional knowledge of the other
players’ payoff function is useless without 2 behavioral theory (such a theory
could be “no one chooses a strictly dominated strategy”). However this lack
of one-to-one is not a problem from a decision theoretical point of wiew.

A Derinition 6. Conjecture ¢ is compatible with complete information
lffg‘} €LM:=(r¢) e Gin=r).
A generic prior information for j is denoted by L, and I: = I
represents a prior information structure. " 7t
The family of potential falsifier of [ © ¢ is

Ref([l): = n‘ Ref(g);
el
as usual Cob (L): = H]--Ref(ll).

: 25 . Learning rules and systems of beliefs. — The expression “learning
rules” does not refer to the Bayesian updating of a subjective probability

X S o

ST

o
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for all » € Re/ (0‘ } and all o, for which 5 € Rel (9;). The sets of such ‘mixed
or behaviar strategies are denoted by M[I] and B[I] respectively.

It is pointed out that only relevant mformanon sets are considered. This
means that the implementability property applies to equivalence classes of
strategies as well as to single smategies.

ProrosiTioN 2. Ifb, = 5 (m; = m)), I:henbl € B[] (m € ML) itf
€ B[L] (m’ M[L]).

Proposmon 2 is a straightforward consequence of proposition 1. If two
strategies are equivalent, then they define the same family of relevant infor-
mation sets and they induce the same expected utility, conditional on such
information sets, for every conjecture.

The meaning of definition 10 is clear enough: if it is known that prior
information [ is available to a rational player j, then no one believes j will
implement a Strdl(.gy b; unless b € B[L].

The “threat game’ of Fxgure 2 gives a simple illustration of this point.

(1-9) 2., L ' -

() s

N

S N S I

Player 2’s strategy 1 is not implementable (with respect to whatever informa-
tion [, € (), because if x is reached, then 2 maximizes his payotf choosing
r. Formally:

Up (65, Ix) < Uy (et A
for all (¢ L) € ¢ X LIG).

Definition 10 allows a simple formulation of the rationality postulate.

STRATEGIES, INFORMATION, CREDIBILITY IN EXTENSIVE GAMES 719

. RarioNALITY POSTULATE (R): if prior information [ is available to
player j, then his contingent behavior can be predicted through (is coherent
to) some swategy 5; € B[]

The set M; is 1som0rph1c to the unit simplex in R/, a convex set.
Therefore linear convex combinations of mixed strategies are still mixed
strategies. But the set M [[;] does not need to be convex. If player & knows
that j is rational and has mform ation [, ks conjecture about j action has to
be deduced by a probability distribution over M [1], but this is equivalent to
picking up a particular mixed strategy in the convex hull of M[[] (the

convex hull of M € R’ is the set

CoM : =, Q“ C,CM:={CESR:Cisconvex and M € C},
e CiM)

i.e. the smallest convex set containing M).
If N = {1, 2}, then the deduced conjecture is in the set

{(fk, C‘,) N € ﬁ (COIM [[])},

¢ must be in the image set of CoM [I ] through Lhe equivalence transfor-
mation f; defined by Kuhn.

DermrTioN 11. The prior information set [ (k) S C (j € N) is recur-
sively defined as follows:

L(©0): =L(D

= {(r 6):¢ e( X ﬁk (CoM [, (t—l)]))} t=1,2, ..

eN-{;

A conjecture ¢ is  order reasonable iff G € (k

Zero order reasonable conjectures are compauble with complete infor-
mation. First order reasonable conjectures are compatible with complete
information and the knowledge that other players are rational and fully
informed, but need not be aware that their rationality and information is
known.

Definition 11 is akin to Pearce’s inductive definition of rationalizability
(Pearce, 1984, def. 9) and it is also possible to translate the latter in the
implementability language with some minor modifications ',

DerviTioN 12. Let M, (¢) (f € N) be defined as follows:

' Pearce’s extensive forin definition of rationalizability does not consider an initial conjec-
ture. This turns out to allow strictly dominated stratcgies. to be rationalized, as one can verify
Pl
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MJ(O)::]M!»,
M ():=M0e-1) 0 MIE-1) +=12 ..

Fw:={(rng:ge (&6)5_0{1,, (CoMy (D)}, ¢=1,2, ...

The mixed strategy my is ¢ rationalizable iff m € M (8, and is rationalizable
iff it is srationalizable for all positive mtegers 41 ¢, the set of rationalizable
strategies for j is

R .= n M; ()
t=1
While definition 11 formalizes a sequence of possible prior information
to the players, definition 12 is better interpreted as a reasoning process, at
each step of which some conjectures and consequently some strategies can be
discarded. Pearce proves that the number of steps is always finite, i.e. for
some integer & and for all the players M; (k) = M; (k + 8, ¢t = 1, 2,

The sets M []; (¢ —1)] and M; (2) must be compared in otder to under- »

stand the dzﬁ’erence between implementability and rationalizability. Tt is al-
ways true that MIL(0)] = M (1), but for ¢ > 1 the two sets may be
different. Counterfactuals are the source of this difference, as the following
example will show.

Consider the two-person zero sum game with perfect information in
Figure 3 (only 1's payoff is dispayed). The set M [I; (0)] = M, (1) contains
only three of the four 1's pure strategies, i.c. the two equivalent strategies
(L. H). (L, L") and the strategy (H, L’), while M, (1} = M,. In the second
step (or with the higher information) the situation is the same for 1, but not
for 2, because now he knows that, if x is reached, it is better to choose [

looking at the figure. Serategy (R}, R;) is strictly dominated, but it is also rationalizable, if one
relies on Pearce's extensive form definition (PEARCE, 1984, p. 1042).

2.k
a
Ry /(o,k)

1b

(1.x) Ly

EO=—-

h

() 4__51_(’)_&——»'0%:(0 )
vy b (Z’i)k)

/A

!
i
i
|
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w 1 H r2 h i H' L -1
x t
L 1 L
0 -1/2 1
Figure 3.

than b. In the third step 1 knows that if he chooses H, he loses 1/2, then L
is better, while nothing changes for 2. Up to this point the two approaches
give the same results (M, (¢) = M [L(e=1)] ¢ = 1,2, 3), but at the fourth
step player 2 faces a counterfactual problem if x were reached, then prior
information Iz (3) would be falsxfled {({x} € Ref (L, (3))) and 2 would have
to point the “modus tollens arrow” against some components of the prior
information. He could think that perhaps 1 is not completely rational and
has made an error, but certainly 1 would choose the right action if ¢ were
reached. This is the “no correlation in error hypothesis”, typical of backward
induction. At least for this game, Pearce implicitly assumes this hypotesis
holds and is common knowledge among the players. In fact definition 12
yields: M; (¢~ 1) © M, (#) (discarded strategies cannot be recovered). Thus
/, the only strategy in IM (3), is the only strategy in M, (4) and M, (3) still
contains only the eqmva.lent strategies (L, H), (L, L’) and their mixtures‘
Bur other hypotheses are equally possible about the players’ learning pro-
cesses. 2 could think that 1 is irrational or equivalently that the game payoff
does not represent his preferences. Knowing this, 1 can try 1o bluff, choos-
ing H and hoping that the disoriented player 2 will choose 4. Formally:
ML (3)] = My, M[I, (4)] = M[I, (0)].

It transpires that rationalizability is indeed equivalent to backward
induction for a large class of games with perfect information.

ProrosiTioN 3. If I" is a game with perfect information and if #:Z—>
R is one ro one for each player j € N, then the set of the razionalizable
outcomes following v and the set of the backward induction outcomes fol-
lowing w are equal and contain only one element for all w € W. (See
Appendix).
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example presented by Kreps and Ramey (Kreps, Ramey, 1987. fig. 2),
where only payoff functions differ. The peculiar characteristic of this game
is that information set 4 is preceded by two actions, which also follow it. If
an assessment assigns zero probability to b, then player 2 should change his
conjecture at 4 about the following actions. The expected payoff. condition-
al on A, must take this into account. The game has two sequential equilib-
ria in pure strategies: in the “bad” one,  *, s*). player 2 threatens to “play”
if 1 or 3 “plays”, because he prefers that they “quit” (player ; "plays” if he
chooses P, the only alternative choice of 1'and 3 is “to quit”, i.e. Q). This
threat is intuitively incredible, because if he has to move and has a boundary
belief, it is better to choose L or R{g () = 1 = R, (%) = 0 = L); if
he has an interior belief and chooses to “play”, he must assign a positive
probability to the very bad payoff — 99, hence his best response is L or R or
a convex combination aL + (1 — a) R. Knowing this, players 1 and 3
choose to “play” because they are sure to get a higher payoff, and the result
is the “good” equilibrium (12, s%).

The discussion above shows that (z*, s*) is not semisequential, because
strategy P, is not implementable with respect to I (0) (nor it is rationaliza-
ble), but 1 and 3 believe that it would be carried out, were 2 given the
opportunity. Ilence 1's and 3's conjectures are not 1% order reasonable.

Why is (z*, s*) a sequential equilibrium? Because in the computation
of the conditional expected payoff V, (1*, Q,. ..., Q;]b) a zero probability is
still attached to P, and P;, so that

V,(u*, Q. P Q1) =V, (u*, Q. L. Qslb) =V, (u*, Q. R, Q).

Consistency is fulfilled, and so is sequential rarionality, because for all
information scts 4 all actions in A (b) are indifferent for player 7 (b), given
the other players’ strategies.

Note that:

a) the source of implausibility of sequential equilibrium assessment
(¢*, s*) is not in the system of beliefs g*, but in the contradictory use of (u,
b) in formula (9);

b) "bad" equilibria dissappear if perfection is imposed, because this
implies that each strutegy is a sequential best reply against all completely
mixed b, provided that they are sufficiently close to the proposed equi-
librium b*.

The former example shows that semisequential equilibrium is not a
rigorous gencralization of the sequential equilibrium concept. However, se-
quentiality was intended as an easy and intuitive approach to perfectness,
and it will be shown that every perfect equilibrium of the normal torm is
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semisequential. This implies that “almost all” perfect equilibria of the exten-
sive form are semisequential.

DEFINITION 16. An assessment (u*, b*) is a perfect equilibrium in the
extensive form (PEE) iff lim, _ . (4,. b,) = @ * b*) for some sequence
{(a.,b)} S %and V, (. b,./bb) = V, (u,. b,/by|b)* forall b € H, ;
= i(h). b € B,

A mixed strategy profile m* is a perfect equiltbrium i the normal form
(PEN) iff lim, ,, m, = m* for some sequence {m,} € M’ and V, (m,
m_,) = v (ml, m_,.) for all 7 € N and all m, € MJ (See Selten. 1975.
theor. 4 and 7).

The PEE equilibrium concept strengthens the sequential rationality
condition, so that every perfect equilibrium is sequential. Kreps and Wilson
proved that the reverse statement is “almost true”, i.e. tor almost every game
almost every sequential equilibrium is perfect (Kreps, Wilson, 1982, pp.
882-83). Normal form perfectness is generically a weaker condition than
extensive form perfectness, 1.e. for almost every game every PEE is a PEN
(see Van Damme, 1987, p. 113). Proposition 4 states that every PEN is
semisequential. Hence semisequendality is “almost” a generalization of the

sequentality concept.

ProposiTION 4. If m is a perfect equilibrium in the normal form and
g =1, ﬁ—/ (m_))) for allj € N, then (¢, f (m)) is a semisequential equilib-
rium. (The proof is in the appendix).

Cororiary. Every extensive game with perfect recall has at least one
semisequential equilibrium.

This is ar. iinmediate consequence of proposition 4 and Selten’s exist-
ence theorem (Selten, 1975, theor. 5).

The former discussion shows that the perfect and sequential equilib
rium concepts implicitly assume 1% order prior information for the players.
But this is not the case for 2™ order information.

The two games in Figure 5 are presented and discussed in Kohlberg,
Mertens (1986). A game similar to the first of them, I'! (&), is discussed in
Pearce (1984). For these games implementibility coincides with rationaliza-
bility. ie. M[L (0] = M (¢ + 1). -

Consider the game I'! (k) z; ts a sequential equilibrium outcome for

" kg 15 the probabiliy distribution over A 1h) 1ic the local strutegy) given by b brby s
the behavior strategy protile which results when by 15 replaced by by

L e
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Figure 5.

allk = 2 and is a perfect equilibrium outcome for all £ < 2. But z; is an
unplausible outcome, if a certain amount of mutually expected rationality is
assumed. Strategy B is strongly dominated by T: if 5 were reached player 2
would think he is in x; and he would choose /. Knowing this, player 1 has
to choose M, which yields a higher expected payoff than T. T can be a
rational choice only if 1 does not know that 2 knows 1’s rationality. Formal-
ly:r € ML (0)], but M [L ()] = {{}; thus [, (2) = {}and M [], (2)] =
{M}. When 2" order prior information is assumed, only the outcome z, is
admissible.

Consider now the game T'2 (£). The only difference between the two
games is that in the second two binary choices substitute a ternary choice.
This is an intuitively irrelevant detail in the specification of the game struc-
ture. But, if £ > 1, 7, is the only perfect and sequential equilibrium
outcome for I'2 (&). This

“highlights a basic flaw in the concept of sequential (and perfect) equilibrium: it
depends on all the arbitrary details with which the tree was drawn” (Kohlbery,
Mertens, 1986, p. 1008).
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In contrast to this, note that 1% and 27 order semisequential equilibrium
outcomes are the same for I (k) and I'? (. The reason of this difference is
simple: sequential rationality imposes maximization at all the information
sets, relevant and irrelevant, while implementability considers relevant infor-
mation sets only. Maximization at information set {x} (irrelevant when 1
chooses T) implies that M is chosen (M is strongly dominant in the subgame
with root x) and only the beliefu (x) = 1 is allowed. But (T, M) and (T,
B) in I'? (k) are equivalent strategies (proposition 1) corresponding to a
unique plan: to choose T. Thus sequential rationality depends on redundant
details in the formal definition of a strategy, while implementability (and
rationalizability), considering relevant information sets only, applies to
equivalence classes of strategies (proposition 2).

5. Appendix

ProposiTiON 1. Let & and 4* be two behavior stategies for player j (5, 6 € B,). then the
following statements are equivalent:

(a) b= &%
(b) Rel(b) = Rel(6*) and & (a) = b* (a) for all b€ Rel (4) and all 2 € A ().

Proor. {b) = (a).

If b€ Rel (b), it follows from (b) thut Pri{z; ¢, ) = Pr(z; ¢, &™) for all ¢c€ C} and all
€ ZWh).Itb e H-Rel () = Hl—Rel(b*), then Priz; ¢, b) = 0 = Pr(z; ¢, &%) for all
¢€Candall 7€ Z(h). Ifz € (Z— EUH Z{b), then Pr(z; §, b)) depends only on ¢. Therefore

Prizi ¢, b) = Priz ¢, b*) forall ¢ e C,—land alz € Z, ie b = b
(a) = (b)

Reductio ad absurdum is vsed in the following proof.

Let’s assume that an b€ (Rel(b}Rel(b*)) exists, Then Pr(h; ¢ ) >0= Prih
¢ &*) for some ¢ € G This yields Pr{z; ¢, 6} > = Priz; ¢, b*) for some 1 € Z (h). Therefore b
ancl 6* are not equivalent. Of course the same conclusion follows if an 5 € (Ref (b*)~Rel (b))
exists. This proves that (a) implies Ref{6) = Rel (b*).

Let us assume now thac 4 and 4* differ at some relevant information set. The perfect recall
hypothesis implies that a partial order on H; exists, which is coherent with <. Hence it makes sense
to write 5 < 4’ for some b, & € H,. Therefore a first relevant information set, 4%, at which 4 and
b* differ, exists; i.c. ’

h* €lh € Rel (b): b (a) differs from b~ (a) for some 2 € A(h)} = D
and{he D: b < h*}=0.
For example & (@) > &* (a) for some a € A(h*). h* € Rel(h) = Rel(h*)

and & (¢') = b* (o) for all & < b* and all F € A (A). Henee Pr(x; ¢, 6) = Prix; ¢, %) > O for
some x €h* and some ¢ € (. I 2 €S (x), then Prt, ¢, 8) = Prix; ¢, 66" (a (1)) forall & € B,

[ —
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| Hence Pr(¢: ¢, b) > Prit; g b*) fort € x =1 (a) N § (x) and Pr{z; ¢, 6) > Pr (s ¢, b7) for some 2 ?;“‘ t one on § {x). Hence 5(x) = a (atgmax, , 51 #,() () = s° (=) for all () € RP (x). | i
€ Z(:). The hypothesis (a) is contradicted. From this follows (b). QED. , !51 St,;t;mm[ and Lhc*condmona] satement t € TR N XK= TR N T = T:) together i
i Some symbols are useful in the formulation and proof of proposition 3. ' imply n T, =T, QED ' [+
TR is the set of rationalizable nodes: ProvostTion 4. If m i rf ” 1
TR ={re T:Pr(s > 0 for somem € Rix .. R,k ¢ TION 4. If m is a perfect equilibrium and ¢; = (r, f_; (m_))) for all § i
{ {e; ) ! o B (m)) is a semisequential equilibrium. 4 Aoj(m))) for all j € N, then (s, HE:

)

\ s* is an n-tuple of pure stratcgies sclected by backward induction {in a game with perfect
|

information); p S | o
, . 5 (x) is the action prescribed by s, at {x} = H{x): s{x) =5,y ({x}): | ] f[*;)OF. ince all perfect cq.lll.llbrl:l are Nash cquilibria, (g, f (m)) certainly is an equilib- |
) RP(x): = {0 € Sity N Rigr: H (x) € Rel (5} is the ser of pure rationalizable strate- ‘ rn:im. i € M; [1(0)] for all ‘€ N, then ¢; € L (1) for all j € N (all the conjectures are 1 { H
' gics fot which {x} is relevant; . ‘ order ‘F"A""ﬂblc) and (¢, #{m)} is semisequential. Thus it will be proved that m; € M, [I; (0)] ‘.
T,:={x} U {re T:x <t} is the subtree with root x; . or "‘;‘)‘"‘gleﬂdy B;(m) € B;(1{0)) for an arbitrary j. 4 I
T::={4 U {te TAxkz () =5 (6)) for some s*} is the buckward induction path ‘ efine b ='ﬂ.('“‘)- b,:=Ff(m,) and g, :=(s, b_y), where m, is a suitable test (i
from x; l sequence (see dcfinition 16). ‘

‘ i 1 Since m, € M® ¢, hq o e ) ) :
= (2} is the length of T ) " ¢ has no potential falsificr (i.c. Cob (¢,) = H) and U, {g;., bIb) is \
1‘ Ip 1 = max, .z {(z) is the length o defined for Wl b € Ilzc( (5 tsee. ideniiy (8, c. Cob (¢;,) L) and Uj ;.. )b) is well |
! Provosrmion 3. I I'c = (T, <; I, i H; A; u; 1) is a game with perfect information ;\m,:ll Now define L, as follows ‘ |
is one : j, the ard i ion algori -tuple %, T /

#; is one [0 onc for all 7, then the backward induction algorithm sclects only one n-tuple 7, Lt B ee i !
AT, =T,and|ZN Ty =1forallwe W \ 0 (g BY =g, if b e Cobig) - i I
| |
IS

; L,' (¢ by = G if be Ref(;,) |

v

Proor. Let a sequence of subsets of X {X*} be defined in the following way:
It is easy to check thar L, is coherent with respect w0 [ (0).

! . Xi={reX SIS z} From def. 16 it follows
Xi={eeX: St € (Z U XENL k=23, & Uil 6i0) = Ulgb]l) if b € Rel(h; ;
" Taking the lim’it ':13 n)—r . 1% Il b i ¢ (b’) n Rel(b"),

If #; is one to one for all j and perfect informarion prevails, then a unique acdon s* (x) is | [3] Uit 5k = U(g, bJ), if b € Rel(b) N Rel(b; ) il
# chosen lJ)y the backward induction algorithm for each step & = 1, 2 ... { and for all {1}, [2) and [3]’ imply LA (4 el (6)) N Cob (gy). | ;
: information set {x} © X& But U X* = X = U, .y X, hence the backward induction solution [4] U; Gk, blh) = U (eh, bb). if b € Rel(b) N Rel(5) | Egl
' is unique and is a pure srategy s-tupie s™. Thus the set Z N T; has only one element, z;, for Since ¢; € I;{0) and L; € L{L;(0}], f].!orn [4] and def. 16 it follows ld;a( b, € B.(L(O)] 41
E all ¢ € T and it makes sensc 10 write ] (1) : = #(z]). QED. 7 @ G ]?
3 ” X* is the ser of all the x for which max, ¢ z¢ ((z) - ! (x)} = & Hence Xk = W for k i3

i = I .
Tt will be proved that if x € X:N TR then TRN T, = T; and for & = i the thesis is i}
obtained. The proof is by induction. i
RETERENCES At

e X0 TR then RP(x) is not void. RP (x) & M, (1), hence s(x) = .
= a (agmax, ¢ z(y) %0 () = &7 () for all 5, €R? (x). The set R, has the pure strategy i
property (sce Pearce, 1984, prop. 4), hence ¢+ € 5 (x) N TR iff e (¢) = s(x) for some 5;( €
RP (x). This latter proposition and the former together yield TR 0 T, = T:. Thus it is proved

3: . g . . . i
BatricaLet Picrpiolo, Comportamento razionale ed equilibrio nei giochs ¢ nolle situazioni sociali, N
unpublished dissertation, Universita Commerciale “L.. Bocconi”, Milana, July 1987.

thar x e TARN X'=> TR0 T, =T, B L ]

Let us assume (x € TR XF= TRQ T, = T} is vue and x € TR 0 XE+! we T izt B, Douglas, “Rationalizable Swategic Behaviar”, Econometrica, 1984, 1007-28. I i -

have to prove that from this TR 0 T, = T, follows. ] Py . P , L . . « M
if xpe 'IfR the rationalizability hyp;thciis :; not Falsified (i.c. the conjecture of 7 {x) at x, | ’ ]::?:;m}c‘:cmmcfmIzl‘l:soé:‘ :;}[E:mn"‘ Choice in Strategic Environments”, Scandinavian t (

' o i N ’ o nal of Economics, s -88.

¢, is such that ¢k € (X e noigay B (CoR D)) This means that 7 (x} expects the play will follow :

a path in TR from x onward for all the strategies ;¢ € RP (x) that ¢ (x} can implement at x. 5 Bivsore i'(cn, Modeling Rational Players, mimeo., Suntory Toyota International Centre for Eco-

IfxeTR N XE+Vand 2 € TR N §(x), then either ¢ € TR N Xkort e TR N Z (sec the nomics and Related Disciplines, Theoretical Economics Discussion, Paper Series, 1986. ‘

definition of X%). If + € Z N TR, the expected wtility (conditional on {x}) of action a (&) is Cu X ]

A A ' ! ; Suond «, . 10 In-Koo, Krers David M., “Signali ‘ S Equilibria” , 1

simply w0,y (1) = #/9(0). TH1 € TR A X* the expected wility is 7, (1) for all strategics Economics, 1987, 181.221. ignaling Games and Stable Equilibria™, Quarterly Journal of i

x}
5y € RS’ (%) such that 5(x) = @ (). These two statcments follow from the fact that i (x)
expects a path in TRand TR N T, = T; whent e TR N X% But the utility function #(,) {8}
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