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Abstract

This pedagogical note relates the self-confirming equilibrium concept for
decision problems with feedback (cf. Battigalli et al., J. Econ. Theory, 183
(2019), 740-785) with the limit behavior of solutions to stochastic control prob-
lems (see Easley and Kiefer, Econometrica, 56 (1988), 1045-1064).

1 Introduction

This pedagogical note relates the self-confirming equilibrium concept for decision
problems with feedback (cf. Battigalli et al., 2015, 2019) with the limit behavior of
solutions to stochastic control problems (see Easley and Kiefer, 1988). This com-
plements the section on self-confirming equilibrium of Chapter 6 of Game Theory:
Analysis of Strategic Thinking. Focusing on stationary decision problems with un-
certainty and discounting, we first show that, if the stochastic process of beliefs and
actions of a rational decision maker converges in finite time, then the rest point
reached must be a self-confirming equilibrium of the static decision problem. This
simple result is included for its pedagogical value. Next, adapting results on sto-
chastic control (e.g., Easley and Kiefer, 1988), we show that the process of beliefs
and actions converges almost surely! to a self-confirming equilibrium of the static
decision problem. To keep the probability analysis simple, we focus on finite deci-
sion problems where the set of possible probability measures over states of nature is
also finite. A simple example with 2 actions and 2 probability models illustrates the
analysis.

2 Self-confirming equilibrium in decision problems

The self-confirming equilibrium concept (SCE) for static decision problems with feed-
back can be framed as follows:

e a € A, actions;

n finite or infinite time.



s € S, states of nature;

e 0 €Y CA(SY), posited set of stochastic models;

y €Y, consequences (e.g., monetary or consumption consequences);

g:AxS—Y, consequence function (or game form);

m € M, observable outcomes, or messages;
o f:Ax S — M, feedback function;

e v:Y — R, von Neumann-Morgenstern utility function.

Assumptions: We assume for simplicity that all the sets above are finite. Fur-
thermore, we assume that the decision problem with feedback satisfies observable
payoffs (or, observable consequences), that is, there is a function g: A X M — Y
such that

Va € A,Vs € S, ga,s) =g (a, f(a,s)).

Let u(a,0) denote the objective expected utility of action a given probability
model o, that is,

u(a,0) =) v(glas)o(s)= v(gla fla,s)o(s),

S S

where the second equality follows from the assumption of observable payoffs. Simi-
larly we let u (a, ;1) denote the subjective expected payoff of a given belief 1 € A (X):

ula, p) =Y ula,o)u(o),

o

where the expectation can be expressed as a summation because we assumed for
simplicity that X is finite.? Note, each belief u € A (X) yields a “conjecture” o,
(called “predictive distribution” in statistics) defined by

for all s € S. Note that, by definition, u (a, 1) = u (a,0,).

The reason why we work with beliefs about probability models instead of beliefs
about states (conjectures) is twofold. First, we can write the equilibrium conditions
more explicitly and transparently. Second, if we analyze the repeated decision prob-
lem with i.i.d. draws of states according to the unknown probability model o*, then
Bayesian learning can be expressed by a random sequence of beliefs over ¥ updated
according to Bayes rule.

2For example, if we have an urn with n balls of k colors, the set of possible urn compositions is
finite. If ¥ is a compact subset of the simplex A (S), then u(a, 1) = [y u(a,0)p (do).



Finally, for each a € A, recall that f, : S — M denotes the section of f at a
(fa(s) = f(a,s) for all s € S) and that o — o o f, ! denotes the pushforward map
from A (S) to A (M) induced by f,, that is

VmeM,o0f ' (m)=0c({seS:f(a,s)=m}).

Definition: A self-confirming equilibrium (SCE) of the decision problem with
feedback is a triple (a*, u*, 0*) such that

1. (subjective best reply) a* € arg maxge4 u(a, p*),
2. (confirmed belief) p* ({a €Y:00 fa_*l =0*o fa—*l}) —1.

For each o* € X, a self-confirming equilibrium at o* is a pair (a*, u*) such that
(a*, u*,0*) is an SCE.

Remark 1 If (a*, u*, 0*) is a self-confirming equilibrium, then a* € arg max,eca u(a, o)
and conjecture o, is confirmed, that is, o, o f..' = o* o f..'. Thus, if 0,0 € %,
(@, 00, 0*) is a self-confirming equilibrium as well.

Consider the infinite repetition of the static decision problem, where the sequence
of states of nature is i.i.d. with unknown marginal distribution ¢*; the corresponding
product measure on S is denoted 0*>°. The Decision Maker (DM) is characterized
by discount factor 3 € [0,1) and prior belief yy € A (X). An optimal strategy® of

DM is one that solves
mOE}XEMO (Z Btu (af, IJ’?)) )

t=0
where a = (), 18 the strategy and (af, puf'),cy, is the sequence of random actions
and Bayes-updated beliefs induced by « given the prior p, (in general, we use bold-
face letters to denote random variables). One can show by standard compactness-
continuity arguments that the set of optimal strategies is not empty. Furthermore,
among the optimal strategies there is always at least one such that «; is determined
only by the belief at the beginning of period ¢, that is u,. For example, oy depends
on the prior belief 1, and «; depends on the updated belief 11, (+|ag, mo), but—given
this—it does not directly depend on the action ay and message myq of the first period.
The strategies that depend only on updated beliefs are called stationary. Thus, if
the optimal strategy given prior p, is unique, then it must be stationary.

3 A strategy in this case is a sequence o = (o) yen, With ag =ag € A, and ay : (A% M)t — A
for each t € N; that is, o, selects an action in period ¢ as a function of the history of actions taken
and messages observed in previous periods 7 =0, ...,t — 1.



According to Bayes rule, the belief at the beginning of period ¢t = 1 after DM
chose ag and observed m at the end of period ¢t = 0 is given by the formula

Pygao (M0, ") By a9 (m0]0") By, (0)
Prgao (M0) 225 Pugaae (molo) Py (0)
(0" 0 fay') (mo) x p1g(0”)

2o (00 fag!) (mo) X pg(0)

for each ¢/ € X, provided that the denominator is positive. Since the observed
message depends on the random state sy, the belief u{ at the beginning of period
t = 1 is random as well; hence, also the action a{!=a; (p,) is random. In general,
for every realization u € A (X) of the random updated belief pf, the updated belief
of period ¢ + 1 given action a and message m is given by the Bayes map B :
A(X) x Ax M — A(X) defined by

pr(0'|ag, mo) =

(0”0 fi1) (m) X p(o")

2o (00 fih) (m) x u(o)

for each o’ € X. It is immediate to see that B is continuous with respect to its first
argument at every point where the denominator is strictly positive.*

Stationary strategies can be described as functions a : A (¥) — A. Given a
stationary strategy j,_; — a(p,_q) (t € N), Bayes rule yields a stochastic process
@, i) ien, = (@ (pf), 1f),en, of actions and beliefs. The objective probabilities
of each finite sequence of actions and beliefs are determined by the true marginal
measure over states. For example, let ag = a(f), then, for each belief i,

Por (7 = fn) = 0" ({s € 5 i (lao, fao(5)) = fn});

with this, for each action aq,

B (p,a,m) =

Py (g )=a1

In general, ¢ : S{%=1 — A (X)) is a random belief with realizations pg (so, ..., S;_1)
whose objective, but unknown probability is [[i_, 0*(sz).”
We are interested in the limit behavior and beliefs of a rational DM. Suppose,

for the sake of the discussion, that a steady state (a*, u*) is reached in finite time ¢

*Pointwise convergence is an immediate consequence of the fact that j,_ (0”|a;, m;) is a ratio
between two compositions of continuos functions of ji,. Since p;,(-|a;, m¢) is a vector, pointwise
convergence coincides with uniform convergence.

When we consider random limit beliefs, they are defined as random variables g : SY0 — A (),
where the set of infinite sequences of states s> = (sg,s1,...) € SN0 is endowed with the smallest
sigma-algebra generated by the collection of subsets

{SOO S SNO 180 = 80,y St = gt} ,t € N(), (50, ~~',<§t) S St+l

(called elementary “cylinders”).



along some possible path of the stochastic process (there are non-trivial examples of
decision problems and paths where the steady state is reached in finite time). Then
it must be the case that the Bayes-update of belief ©* given action a* is the same as
p*, that is, for each o’ €Supp(p*), and each m that can be observed with positive
subjective probability under z* (i.e., each m such that 3 (o o f;2') (m)x pu*(0) > 0)

(ot ) x w0
=, (0 1) (m) x (o)

In this case we say that p* is invariant at a*.

B (ﬂ'*? a*>m) (0/) =

Lemma 2 Belief u* is invariant at action a* if and only if all the stochastic models

in Supp(p*) yield the same distribution on M given a*, that is, o o f.' = o' o f.!

for all 0,0’ €Supp(u*).
Proof (If) Condition
Vo,o' € Supp(p*), oo f.t =o' o f.l,

means that the pushforward map o — o o f,.! is constant on Supp(u*). Then, for
each ¢’ € Supp(u*) and each m € M,

3 (70 f) () x (o) = (0”0 £32) () D) = (o o ')

g

(because Y p*(0) = 1). Therefore, for each m such that Y (o o f=') (m)xp*(o) >
0,
(o 0 £1) ) x ()
2o (00 fir') (m) x (o)

(Only if) Suppose that, for every o’ €Supp(u*) and every m such that ) (0 o fa_*l) (m)x
p (o) >0,

= u* (o).

(0/ o for') (m) x M*( ')
>, (oo fih) (m
Since o’ €Supp(p*) if and only if p*(o’) >

Vo' € Supp(p*), (oo fi:') (m) = Z (00 fih) (m) x p*(0),

oeSupp(p*)

= p (o).

for every m, which implies that o + o o f,.! is constant on Supp(y*). W

Corollary 3 Let o be an optimal strategy. Suppose that p(c*) > 0 and that the
process (ag, puf') e, converges in finite time T to (a*, u*) along each path with prefix
{s0, .., ST_1} such that o*(s;) > 0 for all t € {0,..,T —1}. Then (a*,u*) is a
self-confirming equilibrium at o*.



Proof Let p, denote the realization of the updated belief at the beginning
of any period ¢ given (sg,...5t—1). Since o*(s;) > 0 for all ¢t € {0,...,7 — 1} and
to(c*) > 0, the Bayesian updating formula implies that p*(0*) = pp(c*) > 0, that
is, 0* € Supp (p*) (this follows from an easy induction argument, considering that

(0" o fo,') (me) X pu(0*)
>, (70 £:1) (ma) x pu(0)

if y1,(¢*) > 0). Then, by Lemma 2, 0 o f,.' = o* o f..! for all o €Supp(p*), that is,
pr({oeSiooflt=0"0fit}) =1

Now we have to show that a* € argmax, u (a, u*). First note that the normalized
expected value of an optimal strategy at any given period depends only on the belief
1 at the beginning of that period. According to the Bellman equation,

By (Z ﬁt_T“ (ar, N?))

t=T

Mt+1(0*’atamt) = >0

= V(p") = max § u(a, p*) + 3 2(: | V(B (1 a,m)) Py q (m)
miPx o (m)>0

= w(@ ) +B8 Y V(B a",m) Py e (m) = ula”, w*) + BV (),

m:]PM*’a* (m)>0

where the last equality holds because p* is invariant at «* = a%(sy,..., $7_1), the
action selected by optimal strategy « at time 7" given the realizations (s, ..., S7_1)-
Thus,

u(a”, i) .

— =V :

- (1)

Suppose, by way of contradiction, that u(a*, u*) < u(a,p*) for some a € A. The
continuation strategy of choosing a forever starting from period 7" would yield the
subjective expected value

S w0y 8 o)

oeSupp(p*)

- Y rOuEo)

1 —
b o€Supp(p*)

L) s
= u(a
thus contradicting the optimality of . Therefore, it must be the case that a* €
arg max, u (a, u*). W

u(a®, p) =V (u*),

The previous result provides a simple link between SCE and (Bayesian) learning
for a rational DM: if the learning process converges in finite time, then the limit is
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an SCE. Adapting results from the literature on repeated decision problems under
uncertainty (e.g., Easley and Kiefer, 1988), one can prove that (1) the same is true
also when convergence is only “asymptotic,” and (2) convergence is almost sure:

Theorem 4 Suppose that p,(c*) > 0 and o : A(X) — A is the uniquely optimal
(hence, stationary) strategy given 3 and po. Then the stochastic process (puy)
converges c°*-almost surely to a random limit pS, , that is,

teNp

Pyoo.s (tlim py = p,go) =1

for some random belief p< : SN0 — A (X). Suppose, furthermore, that the static best
reply to the limit belief is 0°°*-almost surely unique i.e.,

]P)O-oo,* ( — ].) - 17

then the stochastic process (o (py) , uy),cn converges o°*-almost surely to a self-
confirming equilibrium at o* (i.e., Pyoos (limy_,oo (v (), u¥) € SCE (0%)) = 1).

(0%
arg max u (a, p,)

Theorem 4 is proved in the Appendix. Here we sketch the main steps of the
proof. First, we show that the stochastic process (uf'),cy, is a (necessarily bounded)
martingale, that is, the expected value of the next-period subjective probability
of any stochastic model o is the current subjective probability of . Therefore, the
Martingale Convergence Theorem implies the existence of a random limit g2 : SN0 —
A (X) such that P,e«-almost surely pu? — p2. Next, using Lemma 2 and the
continuity of the Bayes map, we show that, for every path s> such that pf (s>) —
pl (s*°) and for every action a., played infinitely often on this path, it must be
the case that pS is a-invariant. Finally, we show that, since the actions played
infinitely often tend to have no experimentation value (because they are invariant at
pS) they can only be static best replies to this limit belief. Since by hypothesis the
static best reply is unique, the thesis follows.

3 Example

Consider a DM that can choose between the action Up (U) and Down (D). Action U
is safe, i.e. its consequence does not depend on the realized state of nature, whereas
action U is risky, because it has state-contingent payoffs. Ex-post, the DM only
observes his monetary consequences. The static decision problem with feedback can
be represented as follows:

g, f |1l |r
U |22
D |03

In games with strategic opponents part (1) holds, but part (2) may fail.



Moreover, the DM is uncertain about the stochastic model. Specifically, he has a
2-point prior x4 with ¥ = Suppu = {0“", 0"}, where 0" is the uniform model,
whereas ¢” assigns a higher probability (%) to r. Formally:

)

Model | 1 T
o [ 172 [ 1/2
o 1/6 | 5/6

unt T

Prior | o
/J, ILL’LLTLZ 1 _ MUTL@

o

As a consequence, not only action D is objectively risky, but it is also subjectively
ambiguous, that is, it entails risks that are unknown to the DM. Finally, suppose we
assume risk neutrality, that is v (m) = m.

Recall that, without loss of generality, the optimal strategy can be chosen to be
stationary. Therefore, we consider a strategy a* € A2(*) that solves

agﬁ}é) E, (Z Bru (o (p) ,,U/?)) =V(n) = max q u (a,p) + B Z V(B (,a,m))Ppq(m) ¢,

miPy q(m)>0
(1)

where the second equality follows from Bellman’s equation. The last expression sheds
light on the particular form assumed by the optimal strategy in this example. Indeed,
note that, for every p, action U does not allow any learning: given U, the DM receive
with probability 1 a payoff (and message) equal to 2 and the posterior coincides with
the prior. Formally:
Vpe X, P,y(m:B(p,Um)=p) =P,y (m=2)=1.

Therefore, if for some ¢ the belief p, is such that the optimal strategy a* prescribes
action U, then he will stick this action forever on, and the value will coincide with
the discounted sum of the constant payoff 2:

o (/“L) =U= V (:U’) =u U7 M) + 5 Zm:]Pu,U(m)>0 4 (B (,LL, U7 m)) PH,U (m) =u <U> :U’) + BV (M)
Vi) =124
(2)
In other words, U has no experimentation value. On the other hand, playing action
D has a positive experimentation value, since the different probabilities assigned to
message 3 by models 0“* and ¢” imply that the DM will end up with a posterior
different from his prior.” As a consequence, we may imagine that the more the DM is
patient (i.e., the more he is willing to trade-off current consumption for information
that is valuable for future choices) the more action D becomes attractive. Indeed,
this intuition is correct.

"Except, of course, for the degenerate cases ju = 6., © € {U“"i, O'T}.
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Figurel. Graph of the optimal policy.

Figure 1 depicts the optimal strategy as a function of the discount factor 5 and the
belief in the uniform model ;“"* (recall that the optimal action for the uniform model
is U). For each (3, there is a threshold f () such that it is optimal to experiment
(D) if " < i (B) and it is optimal to stop experimentation (U) if g™ > ().
Thus, U is optimal in the upper region. The threshold function g (/) is increasing,
because a more patient DM needs a higher belief in the uniform model o™ to stop
experimenting with D. If x4 > (), then the optimal strategy plays U forever. If
py™ < 11 (), the optimal strategy starts with D. If the first message is mg = 3, then
py (0™ D, 3) < pi™ < 11 (B) and the optimal strategy keeps experimenting with D
in period ¢ = 1. If instead the first message is mo = 0, then p, (¢*™|D, 3) > py™. If
the belief in the uniform model increases above fi (), then experimentation stops,
otherwise it continues.

The objective probability of messages 0 and 3 given D depends on the true model
o. If the true model is 0“ experimentation stops in finite time with probability 1
and the DM ends up using the objectively optimal action U even if the long-run
belief does not assign probability 1 to c“" because y, becomes constant as soon as
a (pg) = U. To see that in this case experimentation stops with probability 1 in finite
time, suppose—by way of contradiction, that Pyuni (Vt € No, o (u) = D) > 0, then
the probability that the updated belief converges to the Dirac on o%™ is also positive,
that is, Pyuni (limy_e p& (0“™) = 1) > 0. Then, Pyuni (3, & (6“™) > n(8)) > 0,
which implies that experimentation must stop in finite time with positive probability,
a contradiction.

If instead the true model is 6" and p4™ < [ (f3), the optimal strategy starts with



D and there are two possible limits: either (1) there are sufficiently many early real-
izations of message 3, experimentation (D) continues forever and lim; .., puf (07) =
limy o (1 — pf (6“)) = 1 because the DM learns the true probabilities observing
the empirical frequencies, or (2) there is a sufficiently high number of early unlucky
realization of message 0 and eventually p (6“™) > [ (/3), so that the optimal strat-
egy switches to the objectively suboptimal action U forever and py* becomes constant

with ¢ (") > 1 (5).

4 Appendix

Proof of Theorem 4 For technical reasons, to show almost sure convergence of the
random vector of beliefs in the probability space (SM°, G, 0*), where G is the o-algebra
generated by the elementary cylinders, we have to rely on a derived probability space.
Consider the probability space (S™°,G,p,,) where p, is the (predictive) measure
obtained from the prior ,. More specifically, for every £ € G

Puo(E) =Y 0™ (E) g (o).

oeY

(Step 1: the belief process is a martingale) We show that, for every ¢ € X,
(1§ (7) , Ft)yen, is a martingale in this probability space, where F; is the sigma-
algebra generated by the random variables (u§ (7), ..., uf (7)).

(Proof of Step 1) By definition, (F3),cy, is a filtration and (pg (7)),cy, is adapted
to (Ft),en,- Moreover, for all ¢ € Ng, we have 0 < E,, (uf (7)) < 1. Therefore, it
only remains to show that for every ¢ € Ny, we want to show that with probability

IPp,, almost surely

Emo (/J't—i-l (5) |]:t) = Ky (5) .

Given the finiteness of S, for every t € Ny, there is a finite number of values that
the random belief pu, takes with positive pobability. So, it is enough to show that
contingent of the realization of any such 1, the expected value of p, , is p,. Fix any
t in the support of the random belief p,: P, (p, = ;) > 0. Recall that the Bayes
map yields

 w@((Fesd,) m)
(g @ (pr) ) = B (g, @ (1) ,1m) (0) = >, <<0 o f;&») (m)) (o)

for each m deemed possible according to y, given action « (1), that is, each m such
that the denominator is positive. With this,

Epuo (Nt+1 (o) |PJt) = pruo (my = m|p,) B (py, a (1) ,m) (7)
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B ({8‘” i (8°71) = g se € fo <m)})

sex Ho (6) 5% ({5 ¢ p, (1) = 11, }) B (py, o (pe) ,m) (0)

MO(O)U
2>

= S0 (fay ) DT D) ) ) 0)

sex Mo (0) 0% ({52, (1) = 1)

(
= Xm:g:a <f;(bt) (m)) 1 () s (

- Zm;ut<a>((6ofcy(#t>) <m>)2201<<, -

= S @ (7o) ) =i @S (70 ) ) = @),

where the first equality comes from the definition of expected value, the second by
the definition of p, , the third from the fact that the environment is i.i.d., the fourth
from the definition of conditional probability, whereas the remaining equalities are
immediate.

(Step 2: the belief process converges) The stochastic process (pf'),cy, converges
o> *-almost surely to a random limit pg,.

(Proof of Step 2) By step 1, the sequence of random subjective probability of
models (pf (+))en, 18 @ martingale. Moreover, for every ¢ € Ny, 0 < pf (6) < 1,
and therefore, (g (7)),cy, 15 @ uniformly bounded martingale. By the Martingale
Convergence Theorem (see, e.g. Billingsley Theorem 35.5), the limit random vari-
able ug, () exists p,,-almost surely. Since the result holds for every & € X, we have
that (u?)teNO converges p, -almost surely to a random limit g5 . Indeed, since X
is finite, (p7),cy, is @ |X[-dimensional vector-valued stochastic process. Therefore,
the convergence of (uf (7)),cy, for every & € X implies the convergence of the vec-
tor. Moreover, since for every t € Ny puf belongs to the |X|-dimensional simplex, a

compact set, also the limit belongs to the simplex.
Therefore, there exists a set E € G such that Pug (E’) = 1 and lim;_, o, (py (soo))teNo =

p (s) for every s € E. Note that, since i, (0*) > 0

Py (E) = 1=p, (SNO\E> =0
= ZO’OO (SNO\E> o (0) =0
oex
= o (SNO\E> =0= 0" (E) = 1.

Therefore, (uf),cy, converges o°*-almost surely to a random limit p, .
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(Step 3: invariance of limit belief) For every s> define as a® (s*) the set of
actions played infinitely often (i.0.) along this path. We have that

Va€a™ (s®), s ({oceS oo f =00 f'})(s®) =1
o*-almost surely.

(Proof of step 3) Consider the set £ obtained as the intersection between E and:
{s®:V(a,5) € a™ (s®) x Suppc®, (a (p" ;) ,s¢) (s°) = (a,5) i.0.}.

It can be shown that the latter set has probability 1.%

Consider any sample path s® € E. Suppose by way of contradiction that
pe (s%) is not invariant for some a € a™ (s*°), that is, there exists m € M such
that (0o f.1)(m) # (0o f;1)(m) for some o € Suppp (). It follows that
there exists 5 € Suppo* such that (o0 o ;1) (f (a,5)) # (0" o f71) (f (a, 5)) for some
o € Suppp?, (s*°). Indeed,

(00 fah) (m) # (070 fi') (m)

for some m € M, and since oo f; ! and o* o f, ! are elements of the | M|-dimensional
simplex, this implies that there are m’ € M and m” € Supp (6* o f,!) such that

(oo fa_l) (m') > (¢* o fa_l) (m') and (oo fa_l) (m") < (0% o fa_l) (m").

Therefore, Lemma 2 implies B (u%, (s*),a, f (a,5)) # p2 (s*°), and the continuity
of the Bayes map implies that there exist € > 0 and ¢ > 0 such that:

[l (5%°) = e () || <0 = [|B (w2, (5) 0, f (a,5)) — po (s¥) || =&

Indeed, suppose ||B (S, (), a,5) — p% (s*) || = 2¢ > 0. There exists 6 > 0
such that

1y (5%) =5 () || <0 = |IB (B (), a. f (a,5)) =B (us () ,a, f (a,3)) || <e
Therefore,

2e 1B (1o (5%) @, 8) — pog (5) |]

HB (:u‘;fx—l (300) y @, f (aa 5)) - :u‘co:o (SOO) H

+H[B (11 (5) . f (a,8)) = B (1 (s) . a, f (a,5)) ||

If we subtract ¢ from the LHS and || B (pf" ; (s),a, f (a,5))—B (p% (s®) , a, f (a,5)) ||
from the RHS the inequality continues to hold and

e < |IB (ki (5),a, f (a,5)) — pd (s™) |I.

8See the Proof of Claim 1 below.

IA A
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Since s* € E, there exists a subsequence of periods t,, such that, for every n € N,
(o (g 1) ,s,) (5°) = (a,8) and ||p _; (s°)—p2 () || < &. Therefore, for every
tn

i, (5) — o (™) || = &,

but this contradicts the convergence of the beliefs shown in Step 2.

(Step 4: the limit action is a short-run best reply to the limit belief) Consider any
path s such that |arg max,ca u (a, u% (s°))| = 1 and any a* € a®(s*), then

a" = argmaxu(a, pg, (s%))

(Proof of Step 4) Fix s> as above and denote the myopic best reply as:

a) = argmaxu (a, pg, (5%)) -

It is immediate to see that there exist an open ball of radius ¢ centered in p%, (s°°),
N (p2, (s®),¢) such that’

Vi€ N (pg (%) ,¢) Va' € A\{ar}, u(ar, p) —u(d, p) > 0.
Fix a € a® (s*)\{a1}, we show that there exists a ¢ such that
5o (5%°) = | < 6= a(p,) # a

Since the space of actions and states is finite, |u (a,s) — u (d/,s') | < K for some K
in R. Since 8 < 1 there exist 7 € N such that

2 1-§

o (%) —ulapl (™) o K

Moreover, by Step 3 and Lemma 2,
B (I"l’go (SOO) , a, ) - /J’go (SOO> .

Therefore, for every € > 0 there exists a t. € N, such that if ¢ > ¢., then y,,, €
N (p2, (s®),¢) p-almost surely.
Indeed, let §. be such that,! for every a € a® (s®), m € M

e = 118 (s¥) [ < de = 1B (11 a,m) = Spg ()| < &

Let t. be such that from that period onwards updated beliefs are in NV (u2 (s*), ;)
and only actions in a® (s*) are played. Therefore, since

B (g, a,m) — 00 (s0)|| = max — po, (8™
1B (1 ) 13 ( )H ut+165uppB(ut,a,m)H’ut+1 po, (57°) ]

9Notice that u is continuous in its second argument.
10The existence of this . is guaranteed by the continuity of the Bayes map and the invariance
of limit beliefs with respect to limit actions.
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we have that 1, , € N (uS, (s*°),¢) p-almost surely. A similar argument shows that
for every € > 0 and j € N, there exists a t. ; € N, such that if ¢ > ¢, ;, then for every
ie{l,..., 7}, s € N (pS (), €) p,-almost surely.

It follows that a cannot be played from period ¢. ; onward, otherwise the strategy
oy that prescribes to play always a; from then on would be strictly preferred to a, a
contradiction. Indeed, fix a t* > ¢, ; and let

‘7(041,%:*) = By, <Z@t " (alaﬂfl)>

t=t*

denote the subjective value at belief . of the strategy that always plays a;. We
have

Vo, pige) =V ()

= u(aluut*) - U((_I,Mt*> +EM ( Z Bt_t* (u (alaﬂ'?l) - u(‘a?a“'?)))

t=t*+1
t*+1
= wu(ay, py) — u (@, py) + B, ( Z Bt ! u (ay, py )—U(afﬂp,f‘))>
t=t*+1
( Z B (u(ay, pg )—U(a?,u?))>
t=t*+7+1
> u(alaugo (SOO)) _ u(a7p’go (SOO)) - ﬁT K
2 1-3

> 0.

But this contradicts the optimality of strategy . Therefore a® (s*) = {a;}.

Summing up, there exists £, such that ¢°* (F) = 1, and on E we have conver-
gence of beliefs (Step 2), a unique action played after a finite time, the myopic best
reply to limit beliefs (Step 4), and this action confirms limit beliefs (Step 3). That
is, we have convergence to a self-confirming equilibrium ¢°>*-almost surely. Bl

Proof of Claim 1 Fix (a,5) and n € N. Let F (a,5,n) C SN be the set formed
by the 5 such that a € a® (5>) and such that for every t > n, (o (pf" ;) ,s¢) () #

(a,5).
Clearly,

SN\ {5 : ¥ (a, 5) € a™® (s) x Suppo®, (o (pf ) ,s¢) (™) = (a,5) io.}

U U UE(a,E,n).

a€A 3€Suppo* neN

For (a,s) and n

E(a,5,n) C {s®:3t1 > n, (a(pf), su+1) (s°) = (a,5), s #5}.
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Therefore:

Pyoo (E (a,5,n)) Pooos ({s®:3t1 > n, (a (17) ,8641) (%) = (a, ), §' #5})

o* (S\ {5}) < 1.

VANRVAN

Similarly

_ §% : dty, ty > n, (a (u;") ,stlﬂ) (s*) = (a,s"), s’ # 8, }
C 1
E(aysyn) = { a(ﬂ%)ast2+1) (SOO):(CL,S”),S"#E

Therefore:

P, (E (a,5,n))

Poo* <{ 800:3t17t22n7 (Of(llz?l) St1+1) SOO ,8'7557 })
o (Oz (/—1’?2) ,St2+1)( *) = (a,s ) 3” 7& g

IN

< (0" (S\{51)".

Proceeding in this way, we can show that P,e.« (E (a,5,n)) = 0 for every E, ;5 ,, and
then

Pyoors (570N {5 :V (a, 5) € a™ (s™) x Suppo™, (a (1y'1) ,s¢) (s°) = (a,s) i.0.}) =
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