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Abstract
As already argued for simultaneous-moves games with incomplete
information, without assumptions about players’exogenous beliefs we
can perform a rationalizability analysis [and also a self-confirming
equilibrium analysis], but not an “orthodox” (i.e., traditional)
equilibrium analysis: in general, we cannot ascertain whether a profile of
decision rules about which players have correct conjectures is immune to
deviations. Adding to a multistage game with payoff uncertainty a
specification of players’exogenous beliefs, we obtain a multistage
Bayesian game. The Bayesian equilibria of a multistage Bayesian game
are the Nash equilibria of its ex ante strategic form. As in the case of
games with complete information, some equilibria of the strategic form
may be “imperfect”.
[These slides summarize and complement Sections 15.5-15.6 in Chapter 15 of
GT-AST.]
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Introduction

Recall: a multistage game with (observed actions and) payoff
uncertainty is a structure

Γ̂ =
〈
I , (Θi ,Ai ,Ai (·), ui )i∈I

〉
where

〈
I , (Ai ,Ai (·))i∈I

〉
describes a game tree, Θi is the set of

information types of i , and ui : Θ× Z → R is the parameterized
payoff function of i (we neglect Θ0 to ease notation).
As in the case of static games, such description of the situation of
strategic interaction with incomplete information is suffi cient to
analyze (versions of) rationalizability [and self-confirming equilibrium],
but insuffi cient to define an “orthodox”notion of equilibrium:
without a specification of players’exogenous beliefs about each
others’private information, we cannot determine whether a profile
of decision rules is immune to deviations.
Appending to Γ̂ such exogenous beliefs, we obtain a multistage
Bayesian game (with observed actions).
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Example 1

The figure represents a Bayesian game. Temporarily disregard pl.
2’s exogenous belief. Intuitively:

L′.L′′ cannot be an equilibrium decision rule of player 1. (Why?)(
L′.R′′, d

)
and

(
R′.L′′, u

)
are “revealing” (separating) equilibria.

Is
(
R′.R′′,m

)
a “non-revealing” (pooling) equilibrium? It depends

on p2 ∈ ∆ (Θ): yes if 13 ≤ p2
(
θ′
)
≤ 2

3 , as in the figure.
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Example 2

In this Bayesian game,

(r ′.`′′, u) is the only reasonable equilibrium [it is the only initially
rationalizable profile];
yet, also (`′.`′′, d) is a Bayesian equil.: pl. 2 is ex ante indifferent.

We need to refine Bayesian equilibrium (topic of the next lectures).
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Multistage Bayesian Games

A simple multistage Bayesian game (with observed actions) is a
finite structure

Γ =
〈
I ,
(

Θi ,Ai ,Ai (·), ui , (pi (·|θi ))θi∈Θi

)
i∈I

〉
where〈

I , (Θi ,Ai ,Ai (·), ui )i∈I
〉
is a finite game with payoff uncertainty;

∀i ∈ I , ∀θi ∈ Θi , pi (·|θi ) ∈ ∆(Θ−i ) is the initial exogenous belief of
type θi of player i , also called interim belief;
Alternatively: priors Pi ∈ ∆(Θ), with ∀θi ∈ Θi , Pi (θi ) > 0 and

∀θ−i ∈ Θ−i , pi (θ−i |θi ) =
Pi (θi , θ−i )
Pi (θi )

.

One can verify that, for each i , any strictly convex combination

Pi (·) =
∑
θi∈Θi

pi (·|θi )λi (θi ) [with λi ∈ ∆◦(Θi ) := ∆(Θi ) ∩ RΘi
++]

of i’s interim beliefs is a valid prior that generates (pi (·|θi ))θi∈Θi
.
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Ex Ante Strategic Form

[See the slides of the previous lecture and the book: directed
rationalizability can be used to analyze simple Bayesian games.]

If we define Γ using priors, we can characterize Bayesian equilibrium
as the Nash equilibrium of the ex ante strategic form. Let:

Σi = SΘi
i = (×h∈HAi (h))Θi ;

define Ūi as follows:

Ūi : ×j∈IΣj −→ R
σ 7−→

∑
θ∈Θ Pi (θ)ui (θ, ζ(σ (θ))),

with σ (θ) = (σj (θj ))j∈I , Pi=any prior generating (pi (·|θi ))θi∈Θi
.

Definition
The ex ante strategic form of Γ is the simultaneous-move game
AS(Γ) =

〈
I ,
(
Σi , Ūi

)
i∈I

〉
.
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Bayesian Equilibrium

Definition
A (randomized) Bayesian equilibrium of Γ is a (randomized) Nash
equilibrium of AS(Γ).

We will consider pure and randomized equilibria.

In randomized equilibria players use extended (type-dependent)
behavior strategies (randomized decision rules)

(β i (·|θi , ·))θi∈Θi = (β i (·|θi , h))θi∈Θi ,h∈H ∈ B
Θi
i := (×h∈H∆(Ai (h)))Θi ,

where β i (ai |θi , h) is the probability of choosing ai given θi and h.
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Interpretation of Extended Behavior Strategies

Possible interpretation: conditional distributions in heterogeneous
populations of agents.

Let

πi (θi , si ) be the fraction of agents in pop. i of type θi who play si ,
for Xi ⊆ Si , πi (θi ,Xi ) =

∑
si∈Xi πi (θi , si ),

Si (h) and Si (h, ai ) have the usual meaning.

Then

β i (ai |θi , h) =
πi (θi ,Si (h, ai ))

πi (θi , Si (h))
if πi (θi ,Si (h)) > 0.
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Ex Ante Strategic Form of Example 1

Ex ante strategic form:

2\1 L′.L′′ L′.R ′′ R ′.L′′ R ′.R ′′

u 1, ? 0.5, 0.5·? 2, 1.5+0.5·? 1.5, 1.5
m 1, ? 1.5, 1+0.5·? 1.5, 1+0.5·? 2, 2
d 1, ? 2, 1.5+0.5·? 0.5, 0.5·? 1.5, 1.5

L′.L′′ is dominated by R ′.R ′′.
Pure equilibria: (R ′.R ′′,m), (R ′.L′′, u), (L′.R ′′, d).
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Mini-Poker
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Mini-Poker: Equilibrium

With p (θ1, θ2) = 1
6 , unique partially randomized equilibrium:

pl. 1: Bidding with the King is dominant, β1 (B|K1) = 1;
pl. 2: folding with the Jack and calling with the King is dominant
conditional on B, β2 (f |J2,B) = β2 (c |K2,B) = 1;
with this, E (u1,B |Q1) = − 12 > −1 = E (u1,L|Q1)⇒ β1 (B|Q1) = 1;

in eq. β1 (B|J1) = 1
3 ⇒ µ2 (J1|Q2,B) =

1
3
1
6

1
3
1
6+ 1

6
= 1

4 ⇒ pl. 2

indifferent; β2 (c |Q2,B) = 1
3 ⇒ pl. 1 indifferent.
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(Im-)perfect Bayesian equilibrium: an example

Like Nash equilibrium, Bayesian equilibrium allows for
non-maximizing choices at histories that are not supposed to occur
in equilibrium.

Profile (`′.`′′, d) is an “imperfect”Bayesian equilibrium, because d
is a “non-credible threat” (u dominates d given r).
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Ex Ante Strategic Form of Game in Fig. A

The ex ante strategic form (assuming, w.l.o.g. in this case, a
common prior) of the game depicted in Fig. A is:

1\2 u d
`′.`′′ 1, 2.5 1, 2.5
`′.r ′′ 0.5, 2 0.5, 1.5
r ′.`′′ 1.5, 2 0.5, 1.5
r ′.r ′′ 1, 1.5 0, 0.5

Note: u dominates d conditional on r in the multistage game,
hence u weakly dominates d .

Furthermore, ` dominates r for θ′′, hence `′.`′′ dominates `′.r ′′, and
r ′.`′′ dominates r ′.r ′′.

Iterated admissibility yields (r ′.`′′, u) in 2 steps (r ′.`′′ is the unique
best reply to u). This– the intuitive solution found earlier– is also
the unique “perfect”Bayesian equilibrium of this game.
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Bayesian equilibrium and the problem of (im)perfection

In multistage games with complete information the
“imperfect-equilibrium”problem has been addressed using the
notion of subgame perfect equilibrium (SPE).

While we do not necessarily subscribe to the orthodox view that
SPE is the “right”way to deal with these problems, we will adopt
the orthodox view as a working hypothesis and extend the SPE
idea to multistage Bayesian games, thus defining some kind of
“perfect”Bayesian equilibrium (PBE).
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