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Abstract

“Incomplete information” means lack of common knowledge of the rules of
the game (e.g., of the outcome function), or of players’ preferences over
(lotteries of ) outcomes. The most basic representation of strategic
interaction with incomplete information, a structure called game with
payoff uncertainty, allows meaningful strategic analysis (e.g., a
generalization of rationalizability and self-confirming equilibrium), but does
not allow traditional equilibrium analysis, according to which each player is
somehow able to “divinate” the decision functions of co-players. Such
more standard analysis can be performed by adding to the basic structure
a belief structure, which is an implicit representation of players’ exogenous
interactive beliefs, thus obtaining a so called “Bayesian” game. Equilibria
of Bayesian games can be computed as Nash equilibria of their strategic
forms.

[These slides summarize and complement Sections 8.5-8.6 of Ch. 8 of GT-AST ]
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Hierarchies of Beliefs

@ Strategic reasoning should presumably consider not only (exogenous)
beliefs about 6, but also beliefs about the (exogenous) beliefs of other
players. Consider first a finite, two-person game with distributed
knowledge of 6 (for notational simplicity): j # i, in general, j is not
only uncertain about 6; but also about p' € A(®;).

o p' € A(®,) =first-order beliefs of i about 0}, these are beliefs about
the “primitive uncertainty.”

e j is uncertain about (6;, p') € ®; x A(©))

o = j holds beliefs ¢/ € A (©; x A(®;))=second-order beliefs, or
beliefs about (primitive uncertainty and) the first-order beliefs of others.

e By coherence: marge, ¢ = p/ [if ¢ has finite supp.,

P 0;) =Y (6,.9)]

@ No reason to stop at the second order = beliefs hierarchies!
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Bayesian Games: The “Ex Ante” Metaphor

@ To avoid hierarchies of beliefs, which are complex mathematical
objects, Harsanyi suggested to use an implicit representation of beliefs
about beliefs by means of a mathematical structure very similar to the
one we used to define correlated equilibrium (6.2 of GT-AST, Lecture
9), but with a different interpretation.

@ Metaphor: a state of the world w € () is selected “at random,” each
i € [ initially holds “prior” p; € A(Q)) then gets “signal”

t; = Ti(w) € T; called the type of i, which also includes i’s private
information about 6: 6; = 9;(t;).

@ Why is it only a metaphor? Because we do not really assume that
players start all symmetrically ignorant and then “learn” their types,
we only claim that, for equilibrium analysis, it is “as if” this were the
case.
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General Bayesian Games: Definition

@ To ease notation, assume distributed knowledge of 8 (neglect @g).

A Bayesian Game is a structure [assume finite sets for simplicity]

BG = (1.0, (®;, T;, Ai, 0;, Ti, pi, ui)ier)

where

»Viel 0: T, — 0, 1,:Q— T; (onto), Vt; € T;, p; (t7(t;)) >0
(no player ex ante rules out any type of hers),

>Viel u:OxA—R

e (¥j07;) (w) = Vi(ti(w))=private information of i/ about 6 at
state w.

@ The sub-structure (I, Q), (©;, T;, T;, ¥, pi)ics) is the belief structure
(also called “type space”) of the Bayesian game.
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Types As “Tastes & Thoughts”

o Types a /la Harsanyi: t; € T; is called the type of player /, it
determines i's “tastes and thoughts.”

@ Beside i's private information (6; = 9;(t;)), t; determines i's beliefs
about every exogenous unknown, such as 0; (j # i) or opponents’
beliefs about exogenous unknowns.

@ Exogenous unknowns depend on w. Beliefs of player i at state w are
given by p; (-|Ti(w)): for all t; and E C Q)

plEle)= Y )

w/eEﬁrfl(t;) Pi (Ti_l(ti>)

(recall, we assumed p; (Ti_l(t,'>) > 0 for each t;).

e We also write p;(t;)[E] = pi (E|t;) to emphasize that i's (subjective)
probability of E is a function of t;.
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Bayesian Games: Comments

o Comment 1: We assume informally that the situation represented by
BG is commonly known, or at least transparent to the players.
[Transparent=True and Commonly Believed]

o Comment 2: Interpretation:

o (Il) “genuine” Incomplete Information vs

o (AIC) Asymmetric Information about the realization of an initial move
of Chance.

e There are important and relevant differences in interpretation, but the
Bayesian-game mathematical structure may represent both!

o Comment 3: A Bayesian game is “simple” if, for each i/,
Harsanyi-types t; coincide with information types 6; (Vi, T; = ©; and
U; is the identity), which means that exogenous beliefs are pinned
down by private information. In economic models it is often unclear
whether types just represent private information, or they are also a
parameterization of subjective beliefs going beyond private
information.
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States and Beliefs About Types (Optional)

e Preliminary: Fix f : X — Y (finite sets for simplicity) and
u € A(X). The induced probability measure on Y is given by the
pushforward map p +— po f1:

VEy CY, (pof ') (Ey):=p(f1(Ev))= ) p(x)

x:f(x)€Ey

e Each map w — pi(7i(w))[-] is “transparent”. This will allow to
unravel a hierarchy of beliefs from each type t; of each player i.

e (Two players, i # j) First, derive from p;(t;) € A(Q)) the beliefs
pi(ti) := pi(ti) o 'rj’l € A(T;) of a type t; about the co-player’s
type:

vt € Tp pi(t)[t] = pit) [ (1)
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First-Order Belief Maps (Optional)

o Next derive the first-order beliefs p!(t;) := p;(t;) o 191-_1 € A(®;) of
each t; about 0;:

v0; €0y pi ()01 =}, Bilt)[t]
tjﬂj(tj):ej

= pi(t)[8;1(8)].
@ We derive the first-order belief map

P Ti = A(©)).
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Second-Order Belief Maps (Optional)

@ The functions (l9j,p}) 1 T — ©; X A(®;) (j = 1,2) are transparent.

@ Therefore, the second-order beliefs of each t; are given by
pi (ti) = pi(ti) o (8, p}) " € A(O; x A(©))):

¥(0),5}) € ©; x A(©:), pi (1:)[0;. pj] = pi(ti) ]
t::(8;(t)).p; (£;))=(8;.7})
= pi(t)[(8;, p}) (8, ))]-
o It can be verified that p} (t;)[-] =marge p? (t;)[:].

@ We derive the second-order belief map

R INCIRYN(D)
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Hierarchies of Exogenous Beliefs (Optional)

@ The full recursive construction is as follows. Suppose that, for each
ti € Tj, pi ()], . pf(t;)[] (beliefs of t; up to order k) have been
determined.

e Then we have a map
(ﬁj,pjl,pjg, ...,pjk) 1 Tp = 0 x A(©;) x A(O; x A(©;)) x
o and the (k + 1)-order beliefs for of each type t; of i are
pi () = pilti) o (8, P} pF, . pf) T

o It can be verified that p¥(t;)[-] can be obtained from pf™*(¢)[-] via
marginalization, as it should be.

o We derive the (k + 1)"-order belief map
Pt T, = A (O X A(@)) X A(O; X A(©))) X ...)
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Bayesian Equilibrium

@ In general, players’ choices depend not only on their basic private
information, but more generally on their types.

e Types may be interpreted as true information (possibly correlated
with the information of others) or simply as a “parameterization” of
beliefs about 6 and beliefs about co-players’ beliefs.

@ We now revert to notation p; (+|t;), more suggestive of the
“information interpretation” of types and a bit easier to parse.
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Definition of Bayesian Equilibrium

o Fix a profile of decision functions o_; = (0 : Tj — A;)j4i-
@ The expected payoff for type t; of choosing a; given 0_; is

]E”—i (ui,a,-|ti)
- ;)p/ (w|ti) ui(8i(i), 0-i(T—i(w)), ai, o—i(T-i(w)))
= Z:T .'E)i (t_ilti) ui(0i(t;), 0—i(t_;), aj, 0—i(t_;))

where p; (tf,'|t,'> = pi (T_l

—i

(t—i) |ti) (cf. pages above).

Definition

A Bayesian Equilibrium of BG is a profile of decision functions
(0i: Ti — Aj)ics [often called “strategies’] such that

Viel vVt eT,;, 0','(1’,‘) € arg ma,i( ]Eg_,. (u,-,a,.|t,-).
a;€EA;
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Strategic-Form Payoffs

@ Bayesian equilibrium of BG can be equivalently restated as a Nash
equilibrium of an associated auxiliary game with complete
information: the ex ante strategic form (there is also an interim
strategic form, we do not consider it in these slides). Therefore we
often say “Bayes-Nash” equilibrium.

o Ex ante strategic form. It refers to the metaphor that was
previously introduced to explain the elements of the Bayesian game:
oi: T; — Aj is a strategy (contingent plan of action) formulated by
i ex ante. The expected payoff induced by (¢, 0_;) is

Ui(oij,o—;) =

Y pi(w)ui(¥i(Ti(w)), 8-i(T-i(w)), oi(Ti(w)), o —i(T-i(w))) (1)

we)
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Strategic Form and Equilibrium

Definition

(Strategic form) The ex ante strategic form of BG is the static game
(I, (i, Ui)ier), where, for each i € I, U; is defined by eq. (1) and
g o= (A,‘)Ti.

(Bayesian and Nash equilibrium) A profile (¢;);c; is a Bayesian equilibrium
of BG if and only if it is a Nash equilibrium of the ex ante strategic form
of BG (game (I, (%i, Uj)jer)).

@ Prove the theorem as an exercise: recall, for all t; € T;,
pi(t;) := pi (Tl-_l(t,')) > 0; with this, use “book-keeping” and
expected-utility tricks.

e Hint: Obtain U; (0;,0-j) =
Yot Piti) X e, Pi (t=ilti) ui (8; (t)  0—i (t-i) 0 (ti)  o—i (t-i)),
maximize each t;-term separately w.r.t. a;. O
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o Consider the following game with payoff uncertainty where pl. 1 (row)
is informed and pl. 2 (col.) is not (key payoffs of pl. 2 in bold):

¢ Tr 0710 Tr
G a | 4021 a |11]00
b [31]1,0 b |01]20

o Let @ 20, Q= {, "}, % (W) =0, 8 (") =0",
T (W) =t], 1 (W) =t], T2 (W) =12 (V") =1,
p1 (9') =pm (9') = p. Then the ex ante strategic form is

0’1\0’2 4 r
a.a 3p+1, 1—p | 2p, p
ab | 4p, 1—p| 2 p
ba | 2p+1, 1| p, 0
b.b 3p, 1 2—p, 0

[Unique equilibrium (a.a, £) obtained by iterated dominance IFF p < 1/2]
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Bayesian and correlated equilibrium

e Special case: complete information, ® singleton, or (pseudo more
generally) for all i € I, a € A, 0’0" €O,

U,'(Q/, a) = uj (9//, a) .

@ Even in this case, we may have a Bayesian game BG (called
“Bayesian elaboration” of the complete information game G) with
| > 1 and |T;| > 1 for some i.

e If BG has common prior (CP: Vi, pj = p € A(Q))) a Bayesian
equilibrium of such BG is a correlated equilibrium of G; without
CP, an equilibrium of such BG is called subjective correlated
equilibrium of G.
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Equivalence of Bayesian Equilibrium and Rationalizability

Theorem

Fix a (finite) game with payoff uncertainty G.

(1) For every Bayesian game BG based on G, every Bayesian equilibrium o
of BG and every state w € (), the corresponding profile of information
types and actions is rationalizable in G

(0 (ti (w)) 0 (Ti (w))) ;) € PT (O X A).

(2) Conversely, there is a BG based on G [possibly with heterogeneous priors]
and a Bayesian equilibrium o of BG such that

(9i0Ti,0i 0 Tj)je; () = p% (O X A),

where w — (8; 0 Tj,0i0T);¢; (w) = (Fi(Ti (w)), 0 (Ti (W))) ;¢

[A similar result holds for Directed Rationalizability.]
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Sketch of Proof

o Use results on rationalizability and sets with the best reply property
(BRP). In GT-AST you can find the proof for the special case when
there is complete information and Bayesian equilibrium=subjective
correlated equilibrium.

o Recall: p; (-|tj)) € A(T—;) beliefs of type t; about co-players’ types
(under complete information, types are payoff-irrelevant).

@ Fix subjective CE 0. Let C; = 0; (T;) C A for each i. For each t;,
action o (t;) € G is justified by the following conjecture:
Di ('|t,') o (U’_,')il €A (0’_,' (T_,')> =A (C_,'). Thus, C C p(C)
(BRP) (with C = X ¢/ (), which implies o (T) = C C p® (A).

@ Find BG s.t. ... Let C = X;¢;C; = p* (A). Then C =p (C). Let
O = X T, let each T; be a “copy” of (; via a bijection ¢;:
T; &4 C;. Each a; € C; is BR to some conjecture B; (ai) € A(C-)).
Let p; (t_,'|t,') = ﬁi (0’,’ (t,')) (U’_,' (t_,')) for all t; and t_;. Prior: e.g.,
pi (') = 77 Leer bi (1ti). ©
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