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Abstract

This paper presents a framework for applying prediction markets to corporate decision-making.
The analysis is motivated by the recent surge of interest in markets as information aggrega-
tion devices and their potential use within firms. We characterize the amount of outcome
manipulation that results in equilibrium and the impact of this manipulation on market prices.
(JEL: D71, D82, D83, D84)

1. Introduction

Markets have long been praised for their ability to pool the many bits of informa-
tion that are otherwise dispersed across agents in the economy.! More recently,
the wisdom of markets as prediction tools has been popularized by best-selling
author James Surowiecki (2004) and is currently attracting attention in prominent
business and policy circles.?

Prediction markets are incentive-based mechanisms designed to pool infor-
mation about future events. Arguably, prediction market forecasts are often more
accurate and less expensive than those obtained with other more traditional fore-
casting methods, such as expert opinions or pools (see, e.g., Berg and Rietz 2006).
Itis then natural to take these markets inside the firm and use them to produce infor-
mation relevant for corporate decision-making. Championed by companies such
as Hewlett-Packard, Yahoo!, and Google, prediction markets are now being used
by a small but growing number of organizations.®> These developments have the
potential to change drastically the way information is processed in organizations.
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1. See, for example, Hayek (1945) and Grossman (1976).

2. For example, see the collection of essays in Hahn and Tetlock (2006a) and King’s 2006 article
in Business Week.

3. See Plott and Chen’s 2002 report on Hewlett-Packard’s pioneering experiment.
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In prediction markets, assets are created whose final cash value is tied to a
particular event (e.g., Will a new factory be opened by the end of the quarter?)
or a parameter (e.g., How many units of a product will be sold during the next
quarter?). Prediction markets are based on the idea that the equilibrium price
should reflect the information possessed by the market participants. Essentially,
prediction markets are particularly simple financial markets that are created with
the purpose of collecting information, but serve no liquidity purposes.

Despite the hype in the press, there is a limited amount of theoretical analysis
in this area. In this paper, we present a modeling framework that can guide practi-
tioners and researchers to understand the role and improve the design of corporate
prediction markets. As Wolfers and Zitzewitz (2006) stress, prediction markets
must overcome a number of challenges in order to be used as effective predic-
tion tools. In a corporate setting, market designers are often concerned about the
possibility of outcome manipulation. Also being members of the organization,
market participants are often in a position to take actions that directly influence
the chance of project success.

We consider a simple prediction market set up to gather information about the
chances of a binary event, such as the timely completion of a corporate project.
In our model, more optimistic traders bet on success while pessimists bet against
success. As a side effect of the prediction market, optimists have an incentive to
improve the chances of project success, while pessimists manipulate the chances
in the opposite direction.

We show that this game among traders leads them to wasteful activities, partly
offsetting each others’ manipulations. Moreover, in the model we find that the
manipulations of optimists and pessimists typically do not perfectly offset each
other. Hence, introducing the prediction market helps the corporate executive to
become more informed about the chance of project success, but it also directly
influences this chance.

To the best of our knowledge, ours is the first formal analysis of outcome
manipulation in prediction markets. See Hanson (2006) and Wolfers and Zitzewitz
(2006) for informal discussions of outcome manipulation. The different problem
of price manipulation—according to which traders have an interest in affecting
the market price because they want to affect decisions based on that price—has
been analyzed theoretically by Hanson and Oprea (2004) and Hahn and Tetlock
(2006b) and empirically by Rhode and Strumpf (2006).*

4. See also Goldstein and Guembel’s (2006) interesting analysis of manipulation when stock prices
affect the allocation of resources. By selling short, a manipulator can reduce the intrinsic value of
the underlying asset and then profit by buying later at a lower price. In their model, manipulation is
“trade based”, but triggers indirectly a change in the underlying outcome, which is determined by
the firm’s investment decision (which, in turn, is based on the information contained in the stock
price). In our model, instead, traders affect directly the outcome.
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While couched in the context of prediction markets, our model contributes
also to the wider literature on manipulation in financial markets. Outcome manip-
ulation is a version of “action-based manipulation” (i.e., manipulation based on
actions that change the actual value of the assets), in the nomenclature proposed
by Allen and Gale (1992). See Vila (1989) for an alternative model of action-based
manipulation, in which market participants cannot observe whether a manipula-
tor is present. In our model, instead, all traders are allowed to manipulate the
outcome and their presence is commonly known.

Our model is based on Ottaviani and Sgrensen’s (2005) analysis of ratio-
nal expectations equilibrium when risk-averse traders have heterogeneous priors
and private information. Whereas Ottaviani and Sgrensen focus on the bias that
is generated by the presence of wealth effects, in this paper we abstract from
wealth effects by considering the special case with constant absolute risk aversion
preferences.

The paper proceeds as follows. In Section 2 we present the model. In Section 3
we analyze the model, focusing on the issue of outcome manipulation. We
conclude in Section 4.

2. Modeling Framework

We consider a prediction market written on the realization of a binary event. To
fix ideas, suppose that E is the event that a corporate project is completed by
a given deadline. Following the rules of the Iowa Electronic Markets (see Berg
and Rietz 2006), there are two Arrow—Debreu assets. Asset 1 pays out 1 currency
unit if event E is realized, and O otherwise. Asset 2 pays out 1 currency unit if
the complementary event E° results, and 0 otherwise. Traders can enter the asset
market by first buying an equal number of both assets, the bundle priced at 1.
Subsequently, they can trade the assets with other traders. Hence, markets clear
when the aggregate demand for asset 1 precisely equals the aggregate demand
for asset 2. By arbitrage, the sum of the prices of the two assets is equal to one
because any trader can obtain back the dollar invested by purchasing both assets.
Hence, we focus on the price of the asset paying in event E and denote this price
by p.

A key feature of prediction markets is that the traders do not have a liquidity
motive to trade. Hence, we assume that the initial wealth endowment w; of trader
i is constant with respect to events E and E€. Trader i has subjective prior belief g;.
In addition, before trading, trader i privately observes signal s;. Although traders
have heterogeneous priors, we assume that they interpret information in the same
way—in the language of Milgrom and Stokey (1982), traders have concordant
beliefs.
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Trader i revises the subjective prior ¢; to form the posterior belief 7; by
incorporating the information contained in private signal s; as well as in the
market price. Trader i’s preferences are represented by the subjective expected
utility

miui(wi(E)) + (1 — mi)u; (w; (EY)).

We confine attention to the analytically convenient case of the Constant Absolute
Risk Aversion (CARA) utility, u; (w) = —exp(—A;w), where A; is the Arrow—
Pratt coefficient of absolute risk aversion.

Traders are members of the corporation, and we assume that they have an
opportunity to directly affect the chance that the corporate project succeeds.
Specifically, trader i chooses a degree of manipulation m; € R. Given signals
s = (s1,...,57) and manipulations m = (my,...,my), trader i’s subjective
posterior chance 7; (s, m) that event E is true satisfies

I I
log —n,(s m) = log _4 + E log —f(m ) + E m;. (1)
—4i I i=1

Thus, the manipulation m; describes how far trader i moves the log-likelihood
ratios of each trader’s posterior beliefs.> We assume that manipulation is costly,
so that ¢(m;) is subtracted from the individual’s wealth, where c is a differentiable
and strictly convex function with c¢(—m) = c(m) for all m.

We study the market in a fully reveling rational expectations equilibrium.
The price p then reveals the log-likelihood ratio for updating,

I I
f il E)
l= log ————+ + m;. 2)
; F(si1E€) ; ’
Taking as given the price p and the residual information £_; := £ — m;, trader i

then chooses the asset position as well as the manipulation m; to maximize his
posterior expected utility. The chosen portfolios clear the market.

Before turning to the characterization of the equilibrium, we stress our
assumption that traders behave perfectly competitively when taking as given the
price, yet have direct influence on the beliefs of others through the manipulation.
By making this perhaps unrealistic assumption, we stress our focus on outcome
manipulation rather than price manipulation. In addition, this assumption makes
the model easy to analyze.

5. This is one of many possible formulations of outcome manipulation. We wish to give traders the
chance to add and subtract from the probability of outcome success. Given that individuals have het-
erogeneous prior beliefs, our simple and manageable formulation allows the trader to simultaneously
move all individuals’ posterior beliefs equally far.
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3. Outcome Manipulation
3.1. Individual Manipulation

The following result states the intuitive fact that a trader who adopts a non-neutral
position in the asset market will choose to manipulate the outcome in the direction
that favors the asset position’s return. When x;; denotes trader i’s final holding
asset k, the net position is defined as Ax; = x;1 — x;2.

PROPOSITION 1.  Trader i chooses a long net position, Ax; > 0, if and only if
the trader’s manipulation satisfies m; > 0.

Proof. The portfolio (x;1, x;2) and manipulation m; give final wealth in the two
events
w; (E) = wjo — c(m;) + xi1 — pxit — (1 = p)xin
= wip — c(m;) + (1 — p)Ax;,
w; (E) = wip — c(m;) + xi2 — pxi1 — (1 — p)xin
= wjp — c(m;) — pAx;.
Given p and £_;, the trader chooses Ax; and m; to maximize posterior expected
utility m;u; (w; (E)) + (1 — )u; (w; (E€)) where, from (1),

T qi

log = log +0_; +m;. 3)

L= l—gi

The necessary first-order condition for Ax; is
i (1 — pu;(w; (E)) = (1 — ;) puj (w; (E©)). “4)

The necessary first-order condition for m; is
dm , ,
—u; (w; (E)) — miu;(w; (E))c' (m;)
dm;
dmi c ’ oy
= - wii(ED) + (I = miju; (wi (E7))c (my). (&)
4

Using dm; = dn; /((1 — m;)m;) and (4), this can be rewritten as

(1 — p)m; (u; (w; (E)) — u; (w; (E)))

clmi) = u (i (E)

(6)

Thus, trader i chooses a long net position, Ax; > 0, if and only if w;(E) >
w; (E©), if and only if ¢/(m;) > 0, if and only if m; > 0. O
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3.2. Equilibrium Characterization

The CARA assumption is convenient, because it allows for a simple characteri-
zation of the equilibrium price and trades. The relative risk tolerance of trader i

is denoted by ; = (1/A;)/(X—,(1/A;)).
PROPOSITION 2.  Define the market prior q by

1

Z log

log 1 (7

— - %

The market price p is the posterior probability of event E given this prior and
incorporating the log-likelihood ratio £ that summarizes all the private signals
and outcome manipulations. Trader i’s equilibrium position is

1 gi q
Axi = — |1 —1 . 8
i Ai<0gl_qz' Ogl—q) ®
Proof. With the CARA utility function, (4) is solved by
1 1-— j
Axi = —log [ —P2 L), ©)
A,‘ p 1—m i

Because the two assets are supplied in equal amount, the price p clears the market
when

1
Z Ax; = 0. (10)

Combining (9) and (10), we obtain that the equilibrium price obeys

I
_Zrllog =Z og

where the log-likelihood (2) incorporates all the relevant private information as
well as the aggregate outcome manipulation. Note that the price is an increas-
ing function of £ and hence fully revealing. Finally, inserting (11) into (9), we
obtain (8). Ll

log +¢, (11)

By (8), a trader’s equilibrium net position is a function of the prior disagree-
ment with the average belief. Notice that the outcome manipulations m do not
enter here—this is the essential advantage of the CARA assumption. The result
that the equilibrium price is equal to the market posterior belief (given the market
prior (7) and incorporating all private signals and manipulations) is special to the
CARA setting, as shown by Ottaviani and Sgrensen (2005).
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3.3. Aggregate Manipulation

As we have already observed, optimistic traders with ¢; > ¢ choose m; > 0.
On the other hand, pessimists choose a negative amount of manipulation. In
principle, these manipulations could cancel out. We provide a simple two-trader
illustration to show that, as a rule, there is non-negligible aggregate manipulation
in equilibrium.

PROPOSITION 3.  Suppose that there are two traders with equal constant abso-
lute risk aversion, A1 = Aj, and different subjective prior beliefs. Let £* =
log(1 — q) — log g where q is the market prior given by (8). Then the aggregate
manipulation m| + my is positive when £ < £* and negative when £ > £*.

Proof. Using the CARA utility function and expression (8) for Ax;, (6) can be
simplified to

(= pmi(gi —q) — U —gi)q)
Ai(l —q)qi
Without loss of generality, suppose that g; > ¢2. As we have observed, then
m1 > 0 > my. Using convexity and symmetry of the cost function, notice that
mq + my > 0if and only if ¢’(m1) + ¢'(m2) > 0. Because [(1 — 7;) pl/[7; (1 —
)1 =10 —giql/lgi(1 — g)], we can rewrite (12) as
mi(l—p)—U—m)p
A; '
Thus, ¢/(m1)+c’(mp) > Oifand only if (71 +72) /(1 -1 +1—m2) > p/(1—p).
From (11) we have p?/(1 — p)? = [m1/(1 — m1)][72/(1 — m3)]. Using this fact,
we obtain that (7) + m2)/(1 — 71 + 1 — m) > p/(1 — p) if and only if

c'(m;) =

(12)

(my) = (13)

[r1(1 —m1) — m(1 — mp) ][y — 2] > 0.

Because g1 > ¢, we always have w| > 77, so the second factor is positive. The
sign of the first factor is positive when 7| is closer than 5 to 1/2. Precisely when
{ < €* we have p < 1/2, and hence 7; > p closer than 7y < p to 1/2. In
sum, we have proved that m| + my > 0 if and only if £ < £*. The same line of
arguments shows that m; + my < 0 if and only if £ > £*. O

COROLLARY 1. Consider two traders with equal risk aversion and dif-
ferent priors. When the signal-based information log(f (s1|E)/f (s1|E€)) +
log(f(s2|E)/f (s21E€)) is below €*, then m| + my > 0 and € < £*.

Proof. First, it m| +my < 0then £ < £*, but that would contradict the proposi-
tion. Second, if m| +my > 0is so large that £ > £*, there is again a contradiction
to the proposition. O
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When the realized signal-based information log(f(si|E)/f(s1|E€)) +
log(f(s2|E)/f (s2] E€)) is precisely £*, the situation is perfectly symmetric. The
price is 1/2, and the traders’ posterior beliefs are equally far from 1/2. Both
traders attempt to manipulate the outcome in their desired direction, but in the
symmetric situation they choose equal magnitudes of manipulations, and hence
my +my =0.

When, instead, the signal-based information is below £*, traders’ subjective
posterior beliefs are lower, and the optimist’s belief must be closer than the pes-
simist’s to 1/2. Manipulations move the log-likelihood ratio of the subjective
probability by a given distance, but the trader with beliefs closer to 1/2 sees
a faster change in the outcome’s probability. This gives a greater incentive to
manipulate, so the optimist chooses a greater manipulation than the pessimist,
and hence m1 + my > 0. Still, the corollary establishes that the positive amount
of manipulation is not so strong as to completely overwhelm the signal-based
information, for in equilibrium ¢ < £*.

3.4. Discussion

We have found that the agents choose to manipulate the chance of the project’s
success when they are given the opportunity to do so. Although each trader finds
it in his private interest to manipulate the market, the manipulations of traders
on the other side of the market counteract some of this effort. Thus, part of the
traders’ costly manipulations are socially wasted.

Outcome manipulation may also interfere with the intentions of the corpo-
rate decision maker, who cannot merely regard the prediction market as a tool for
collecting information. On the other hand, the market does convey information to
the decision maker, and it does permit traders to gain from trades on belief differ-
ences. We leave to future research a complete analysis of the welfare implications
of opening the market.

In our setting with CARA preferences, the price resulting in the prediction
market can be usefully interpreted as a posterior chance of the event given all
information and manipulations. The results of Ottaviani and Sgrensen (2005)
suggest that this neutrality result is a peculiar property of the CARA model. More
generally, we expect the extent of manipulation to interact with information and
create a bias in the interpretation of the price as a probability.®

6. See also Manski (2006), Wolfers and Zitzewitz (2005), and Gjerstad (2005) on the interpretation
of prediction market prices as probabilities.
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4. Conclusion

Although economists have long praised the ability of markets to aggregate dis-
persed information, they have also identified important barriers to the aggregation
of information—such as the no-trade theorem and the occurrence of herd behav-
ior. This paper identifies outcome manipulation as another potential obstacle to
the use of markets within corporations.

We believe that prediction markets provide economists with a fascinating
laboratory for testing and finessing theories of individual and collective decision-
making. In turn, economic analysis can offer insights for the practical development
of prediction markets. As we have argued in this paper, the operation of prediction
markets can interfere with more traditional ways of doing business. We leave to
future work the empirical quantification of outcome manipulation in these markets
and the formulation of solutions.
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