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Appendix

A.1. Proofs of the results in Section 3.3

To prove Proposition 1, we use the following lemma, that gives a general representation

result by means of DP mixtures.

Lemma 1. Let G be a r.p.m. on a measurable space © and q be a probability measure
on {1,2,...} with mass q; on j.

(i) Suppose that G ~ DP(aQq), where Qo is a discrete probability measure on ©,
Qo =372, 90, Then a.s.

G = ijééj’
=1

where the weights (p1,p2,...) define a r.p.m. p on {1,2,...} having mass p; on j, with
p~ DP(aq).
(i) Suppose that G ~ [ DP(aQ)du(Q), p being the probability law of the r.p.m.

Q= Z;; qjég;, where 07,605, ... are random quantities with values in ©. Then a.s.

o
G =2 _pids;.
j=1

where the weights (p1,p2,...) define a r.p.m. p on {1,2,...} with p ~ DP(aq).
Proof. (i) If G ~ DP(aQo), then as. G = 3772, w;dg:, where the w;’s have a stick-

breaking prior and the 6; are i.i.d. according to ()o. Since Qg is discrete,

0o 0o
G=) (>, w)de =) pide,.
j=1 @07 =¢; j=1

For any measurable partition (A, ..., A.) of {1,2,...}, we can find a partition (B, ..., B.)
of © such that B; contains the uniques &; with j € A;, ¢ = 1,...,c. Then, p(4;) =
ZjeAi pj = G(By), for any i = 1,...,c. Thus, (p(A1),...,p(Ac)) has the same probabil-
ity law as (G(Bh),...,G(B)), i.e. a Dirichlet distribution Dir(aGo(By),...,aGo(B.)) =
Dir(aq(A1), ..., aq(Ac)), where q(A;) = > ;c 4, ¢j- Thus p ~ DP(aq).

(ii) Conditionally on @, the finite sum representation of G is obtained from (i) and
the result follows. ]



As a special case, if ¢ has support {1,...,k}, kK < oo and 67,...,60; are ii.d. accord-
ing to a probability measure Gy, then G ~ [ DP(aQ)du(Q) implies G = Z§:1 pjég;
a.s., with (p1,...,px) ~ Dir(aq,...,aq); that is, G ~ DPy((aq,...,aq),Go). In

that sense, we say that the DP; can be represented as a mixture of Dirichlet processes

J DP(aQ)du(Q).

Proof of Proposition 1
(i) If G ~ [ DP(aQ)du(Q), by Lemma ?? we have, a.s.,

G= Z Z J1,~-7Jm59;“, O

with p ~ DP(aq). Thus, G has the same probability law of a r.p.m. with a hDP(aq, Gp)

prior.

Point (ii) follows from (i) by considering a probability measure g with support {1, ..., lz:}m<5
An analogous result can be proved for the functional hDP. Let G be a probability

measure on RP, 63,05, ... g Gy and q a probability measure on {1,2,...}”. Let Q

be the r.p.m. on R” characterized by the family of finite-dimensional distributions

Qzl,.. T Z Z Adz1,...,x ]17 S 7jm)69;f1 (@1),-0% (2m)> (1)
Jj1=1 Jm=1
for all (z1,...,zm), and let Qi be defined analogously, replacing q with a probability
measure qj, with support {1,...,k}’, k < co. Denote by p and j, the probability laws
of Q and Qy, respectively.

Proposition 3. Let G be a random probability law on IRP and Q and Qy, be defined as
above. Then,
(i) a hDP(aq, Go) prior for G can be represented as the mizture of functional Dirich-

let processes [ fDP(aQ)du(Q);
(ii) a hfPDy(arar, Go) prior for G can be represented as the mixture of functional

Dirichlet processes [ fDP(axQp)dpr(Qy)-

Proof. (i) If Q ~ [ fDP(aQ)du(Q), then the finite-dimensional distributions Qg, ... ..
of Q have probability law [ DP(aQg, ...z, )dpu(Q). Therefore, by Proposition 1, the prior
process [ fDP(aQ)du(Q) a.s. selects probability measures on R” characterized by the

(consistent) family of finite-dimensional distributions

le,‘., Z Z Pzq,....x jl? e a]m)(S@* (z1),...,0 (xm)

Jji=1 Jm=1



where pg, .. 2., ~ DP(0Qy, ... 2,), and pg, ., are the finite-dimensional distributions
of ar.p.m. p ~ DP(aq). Therefore, we have that Q has the same probability law of a
r.p.m. with distribution hfDP(aq, Go).

Point (ii) follows from (i) by considering a probability measure q with support on
{1,...,k}".

O]

To prove Proposition 2 we use the following lemma.

Lemma 2. Let Gy, k > 1 and G be r.p.m.’s on ©, with Gy, ~ [ DP(ayxH)duy(H) and
G ~ [DP(aH)du(H). Let Hy ~ py and E(Hg(-)) = Hog, such that the family of
distributions (Ho i, k > 1) is tight. If ap — o, 0 < a < 00 and py, converges weakly to p

as k — oo, then the sequence Gy, converges to G in distribution.

Proof. Let 7, = [ DP(oxH)dpp(H) and # = [ DP(aH)du(H). For any partition
(B1,...,B¢) of ©, we have

m(G(B1) < t1,...,G(B.) <t.) = /Dir(tl, conste;aH(BY), .o o H(Be))dpg (H),

where Dir(-,...,-;a1,...,a.) denotes the Dirichlet d.f. with parameters (aq,...,a.). The
Dirichlet d.f. is bounded, and is continuous in its parameters (being degenerate on the
appropriate subspaces if some parameters go to zero). Thus, if o — « and py converges

weakly to p for k — oo, then
m(G(B1) <t1,...,G(B.) <t.) — /Dir(tl, coste;aH(By), ... ,aH(B))du(H),
that are the finite-dimensional laws of 7. Since
E(Gi(2)) = E(G((2) | H) = E, (H(z)) = Hox(2),

the family {7,k > 1} is tight, by Theorem 2.5.1 in Ghosh and Ramamoorthi (2003).
Therefore, m, — 7 weakly, i.e. G — G in distribution.
]

Proof of Proposition 2

Let mp = hD Py (axqr, Go), for k > 1. Proposition 1 shows that 7 can be represented
as [ DP(axQy)duy. Therefore the results follow from Lemma 2 if we show that {Gy(-) =
E(Gk()),k > 1} is tight.

Let Gog,...i.,1j = 1,...,m be the marginal distribution of Gy at coordinates (i1, ..., 1.).
For any subset A = (A1 x Ay x A,;,) of R™, we have

E(Gk(A)) = Z Qk(j7 . ,j)Go(A) + Z Z Qk(jl,j, - 7j)G071(A1)G072 ..... m<A2 X oo X Am)

J1 J#n
+ ot Y @k dm)Goa(Ar) - Gom(Am).
1#iaAFim



For any € > 0, we can find a compact set M = (M x Ma x M,,) such that M; is compact
and Go;(M{) < ¢/m. This implies that, for any k& > 1,

Gr(M®) = E(GL(M®)) = E(Gp(M{U---UMS)) < E ZG,“ ZGOZ

Proof of Theorem 1

Result (i) is known, see Ishwaran and Zarepour (2002), Theorem 3.

Let us prove case (ii). It is useful to write Gy as Gj = Z;’ilpk(j)ég;, where
(pr(1),pr(2),...) define a random probability measure py on {1,2,...} with support
{1,...,k}. By assumption, (px(1),...,pr(k)) ~ D(agx(1),...,aq(k)), and is easy to
see that this is equivalent to py ~ DP(aqy), where g is also regarded as a probability
measure on {1,2,...} with support {1,...,k}.

Since, gx(j) — ¢(j) for any j, by assumption, and ¢ is a probability measure, from
theorem 3.2.6 in Ghosh and Ramamoorthi (2003) it follows that pr — p, with p ~
DP(aq). Therefore, by Slutsky’s theorem, Gy = 372, pi(i)der — G = Py p(7)do:,
which completes the proof. o

Proof of Theorem 2
We illustrate the proof of (i) for m = 3. Then

k k
= Z ijla]27j3 1]1 9;]2 GTJB

Jji=1 Jjz=1

with weights p ~ D(aqy). Let

k1= Y (i d9), o= > w59, as= >, @i g)
J=12,... 0,5=1,2,...;i#] 0,5=1,2,...;5i#]

Ck4 = Z qk’(]v]vz)a Ck5 = Z Qk(za]al)
0,5=1,2,...;5i#] 0,5=1,2,...5i#]

Then we can write G}, as
Gr = T Gk 4 Tho G2k Th3 GBFR) 4 Tha GWF) | Ths GOHR)
where

1 = Y. p(,4.5) ~ Blacki, a(l — k1)),

j=12,..

Tk2 = Z p(27]a]) ~ ﬁ(ack,% Oé(l - Ck,?))a
§,j=1,2,...5i]

Ths = > p(i, j,1) ~ Blacks, a(l — cx5))

Z,],l:1,2,,27£]7$l



where (3(a,b) denotes the beta density with parameters a, b, and

Gih = 3 P4, ) 5o
] Tk,1 J
]:1,2,... 5
P, 7,7
G2k Z (WM) 067 6% ,.0%,
i)j:1,2,,,.;i¢j s
p(J,4,J
g =y b
1,5=1,2,...;5i£] Tk,3 3,174,275,
p(J, 7,0
Gk Z Mée%l,e*z,g%
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Z?]yl:LQ,,'L;é]#l 7Tk75 LT s
Let ¢; = limgoockj, j = 1,...,5. Note that each c; is finite, and they cannot be

all zero since ci 1 + -+ + ¢ 5 = 1 for all k. By the continuity properties of the Beta
distribution in its parameters, we have that, for each j = 1,...,5, m ; converges in law
to mj ~ B(acj, a(l — ¢;)). Furthermore, by (i) of Theorem 1,

if ¢; >0, GIF) — G ~ DP(ac1Go);

if cg >0, G®*) — G ~ DP(acaGo1Go23);

if s >0, GOR) — G2 ~ DP(acsGo,1Go,2Go.3), where the convergence is in distribution.
It follows that

in distribution, and extending a known property of the Dirichlet distribution (see Ghosh

and Ramamoorthi (2003), (4) on page 91) to Dirichlet processes, one can show that
G ~ DP(a(c1Go + c2Go,1Go 23 + c3Go.2Go .13 + 4G 3Go,12 + ¢5G0,1G0,2Go,3))-

(ii) We can write

Ge=>_ > plit,--rim)oor 0o

71,17 jm,m
J1=1 Jm=1

™. analo-

regarding py as a probability measure on {1,2,...}"™ with support {1,...,k}
gously for g;. By assumption, the weights p(-) have a joint Dirichlet distribution D(aqy),
but we can equivalently say that pr ~ DP(aqy). Since g — ¢ and o — «, we have that

pr — p with p ~ DP(aq) and G} converges in distribution to

o (o]
6= 3 3 el
1=l jm=
which has a hDP(aq, Gy) prior. o



A.2. MCMC algorithm for the applications of Section 5

We detail the full conditionals for the approximate jittered posterior of the model in
Section 5. The prior q is the discretization of a continuous distribution with uniform
marginals. Using the notation in Sections 4.1 and 5, let Uj(x;) = Fy(L;), with L; ~
N(0, 03 R(¢q)). Here, the jittered approximation is a perturbation of the latent Lj;,
Li(z) = Li(z) + ei(z), with g;(z) ~ N(0,7%). So, U; = Fy(L;). The variance 7? is
fixed at a value that guarantees that ﬁ, and U; share the same allocation structure
with high probability. As a rule of thumb, we suggest to take n = 0,/10, since for
such a value o7/(n* + 07) = 0.99, and PU; € Cj...j.) = P(U € Cj,..;.). The
sensitivity analyses performed in our simulation studies show that the results don’t show
any significant improvement for smaller values of n. Following Section 4.3, given the one-
to-one correspondence between U; and L;, we consider L;|P ~ P,P ~ DP(« Fém)), with
Fém) = N(0,02 R(¢q)). The jitter and the model for ¢ specify the relevant distribution
for the Gibbs sampler. The algorithm can be described as follows.

e The vectors L; are updated component by component. For notational convenience,
let .Ziﬂ' = IN/l(x]) and LiJ = Li(l‘j), j = 1,...,m, 1 = 1,...,n. Then, with
probability w,., f/i,j is sampled from the univariate normal N (Li’j,n2) truncated

r—=1

over the interval (Jq o1 ( Z ) ,0q o1 (%)], r=1,...,k, where ® is the gaussian
cdf. Here, forr=1,...,k,

@)oo (5)-2) )

X exp {—1(1/5(%‘) - Mi(xj) - 9:(%‘))2}

g
S
R
A
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e Since the L; = (L;(x1),...,Li(z,))T are samples from a DP, they are updated

through a Pélya Urn scheme. Accordingly, the vector L; is either sampled from the
-1

multivariate normal N(,]%Lz‘, A), A = <77%Im + U%R*l(%)) with probability wq

or is one of the existing L7 in the DP urn (see (??)) with probability w;, where

(67

_ 1 TA—1
wo = (27T)n/2d€t(A)1/2 exp{_iLl A Ll}>
o m; _1 *T 1 % .
w]—i\/mexp{ 2Lj Liy, j=1,....k,

where m; is the frequency in cluster j.

e Update 07,...,0; as described in Section 4.3 and the other hyperparameters ac-

cording to their (standard) full conditionals.
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