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NON MONOTONICITY OF APPROXIMATION IN LFP

SANDRA FORTINI (*)
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SunT0o. — In questo articolo si dimostra che 'approssimazione di funzioni con nu-
clei di sommabilita non &, in generale, monotona negli spazi LP sul toro N-dimensionale.

La dimostrazione si basa su proprietd teoriche della misura di Lebesgue; un’analoga
proprietd si potrebbe, dunque, dimostrare per gruppi compatti generali.

1. - Introduction

If K. is the Féjer kernel, by Plancherel formula, it is trivial
that | f~Ka* f|, 1 0. For p # 2 this fact is no longer true (see [1]
and [3]). For a general approximate unity there are results for C (T%) [2].

In this paper it is proved that the approximation is not monotone
in LP (T™) for a large class of approximate unities, which includes clas-
sical kernels.

(*) Dipartimento di Matematica, Via Saldini 50 - Milano.
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2. - Results

Let [K.} be an approximate unity (or summability kernel) on the
N-dimensional torus TN = RNZN = [-1/2, 1/2]N, N > 1, i.e a family
{Kojner+ where:

LN K. (t)dt = 1

SE—P || Kn “1 <M

vo, 0<8<1/2 if Co={zeT:|z|> 5

then gC|Kn(t)|dt—*0, n— .

Let us indifferently name B the Lebesgue space LP (T™), 1 < p <
< o, or the space of continuous functions on the torus, C(TV) and
denote its norm by |- |g.

It’s well known thath if f € B, then K, * f is an approximation
of fin B, ie.

lim | f~Ka* fla=0.

In some recent papers, [1], [2], [3], L. Colzani, L. De Michele
and D. Roux proved there is a good control of the oscillation of
j| f-Ku.*f "B; nevertheless for quite general approximate unities, the-
orem 1 says that this approximation is not momnotone in LP, p # 2.

THEOREM 1. - Let pe R, 1 < p < oo, p # 2. Let K, be an ap-

proximate unity, Kn € LP (T™) v n.
Then ¥ m there exist n, n > m and a function f € LP (TY) such that

| f~Ea*fl, > | f~En* 1], -

If p =1 the theorem 18 still true with the wadditional hypotesis
K.z 0.
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We prove theorem 1 for 1<p<2, 2<p< o and p=1,
separately.

PrOOF. - The case 2 < p < oo.
We need the following.

LEMMA 2. - Let p,a,b,A,B,C be in R, p > 2, A > 0. Let ®(a, b)
be the function

1) P(a,b)=abeA +ab® '« B + (a®+b°) « C.

Then there exist ao and bo such that @ (a,d) > 0 ¥ (a, b), a < ao,
b < be.

PrOOF OF LEMMA 2. - Since p > 2, there exists e < p—2. If
a = b (1) becomes:

®(a,b)=b* e A +bP*e B+ (B 4b") - C.
Since A > 0, and 2+e¢ < min (p+¢, 2+2¢, D),
®(a, by — 0"

® (a, b) is therefore definitively positive when b — 0. |
Let’s return to the proof of theorem.
Let n > m.

Almost every x € [~1/2, 1/2] is a Lebesgue point of K, and Kn.
Moreover

an(cc)dw= ij(x)dx.

Therefore there exists o € [—1/2, 1/2]N such that



76 SANDRA FORTINI

Km(—wu) > Kn(—xo)

and such that zo and —xo are Lebesgue points for both K, and Kp.
Moreover we can assume that the origin is a Lebesgue point
for K, and K., since all the matter is translation invariant.
Let a <1 and b€ R be s.t. (1) is positive when

A = Km(—wo) e Kn(—ﬂﬁo), B = Km (930) = Kn(fl’?o), C = Km (0) - Kn (O) .

Let ¢ R", 5 < (a"xo“/SN)N and & = an.
Let B (0, 8) and B (xo, n) be the balls with centers 0 and x; and

measures &6 and 7, respectively.
Let f e LP(T™ be the function:

) f@) = XBo,5 T bXB(xo,n)

where xg is the characteristic function of the set E.
We prove that, for 5 small enough,

Dy =|f-Ka*fl; - | f-En*fl;>0.
We notice that
Dy > Lm) Uf@ - K@ - [f@ - Kn*f@[] dz +
¥ LM ({f@-E*f@F - |f@ - Ea* f@ ][ do +
- |EE{|f(m) —Earf@ ) - | f@) - En* f (@[] de]
where K is the set:

E = TN\ (B(0, 8) UB (zo, 1)) -
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Moreover if # and x—x are Lebesgue points for K, and K,
we obtain, vi=m, n:

K mﬁdti#—bj Ki(x—-t)dt =
0,8 (=8 B(zo,n) (&~2)

®*H@ - |

= 6K (2) + bnKi (x—m0) + ¢i,s () + iy ()

where

bis (@) /g =1+ me [Ki(@—t) — Ki ()] dt — 0, n— 0
din @) /5 =1y« L(xnm) (Ki(x—1t) — K;i (x—20)) dt =

=1/p me) [Ki (x—20—8) — Ki(x—wm0)] ds — 0 when 5 — 0.

a) We notice that
IL{I f@ - K f@] - |f@) - Kn* f@ ) dz| <

®) < IL[lKn*f(x)r’ — | Kan* f@]) de| <

< (&[5 + | Kal;) -

FE<ow.
b) Let us consider
jg(og) {If(x) - Ka *f(m)|p - |f(m) = Km*f(&b‘)[p] dx
on the Lebesgue set of K, and K.. We notice that
_ W P _
gB(o,a)lf K* [ dn =

= L(U # {1 — paK; () — pbnK; (x—20) — pebis () — Dhiy (@) + v ()] do
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where
v @ = 2417 () [ @)
We prove that:

§B(0,5) dis () dx = o (n?)

. .. 2
jB(O,B) $in (#) d& = 0 (1)

= 2
SB(O,Y}’Y(SU) dz = o).
In fact
lfﬁj : dx__{zﬁzj S -1 — K,
|( n°) B(0,5)¢’6(x) | a’l S teB(O,ﬁ)‘K(x t) — Ki (0)| dt do +

+ a?/s? E j | Ki (x) — K; (0)|dt de <
2€B(0,8) 4 teB(0,8)

£2/26j Ki(s) — K;i(0)| ds 1/6] (@) — Ki —
SEB(O,ZS)I ® ] ds + #<B(0,5) | Ki (@) — Ki(0)| dw — 0
when n — 0.
Analogously
2 . = .
L XB(O,&) iy (2) dz — 0 when 7 — 0
and
L(o,a) v @) dz <

+o0

2,() [LB(W | K (@—1)] dt + j

< LeB(O,&) — IKi (z-1) | dt] dr <

EEB(xg,ﬂ)
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+o
n—- P
< & Z; 51 (n) [1/5 LEB(O,za) |Ki (s) - Ki (0)\ ds +

+1/6S

B |Ki(s) - K:i(0)| ds + 2 | Ki (0)| + 2/a|K;(@o)|]" = 0 (n?).

Therefore, since 0 and z are Lebesgue points of Kj,

. p —
L(O’ﬁ) | f-Ki* [P de =

Ki (x) dx — pby Lr(o . Ki(x—2o)da + 0 (n°) =

) mid— 53(0,5)
= an — pa’r’K; (0) — pabr’Ki (—2o) + 0 (%)
By the same procedure as in b):
(5) Sg(x N (F-Ei* )] dn = b7 — pab®™'n’Ki (wo) — pr'bPK: (0) + 0 (07).
0,7,

Therefore, by (3), (4) and (b)

Dy = pn* {ab (Km (—20) — Kn (—20)) + ab®" (Km (o) — kn (w0)) +

+ (@ +8%) (Km (0) — Ka (0)] = O (n") > pr* & (2,0) — O (n)°
where & (a, b) is the (1), when
A =Kn(—x0) — Kn(—20), B = Kn(wo) — Ku(®), C=Ku(0) - Ka(0).
Therefore
| f~Ea*flp = | f~Eu*fl; — 0 when 7— 0

since Km(—20) — Kn(—%0) > 0. (]
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PROOF OF THEOREM 1. - The case 1 < p < 2.

LEMMA 3. - Let p > 1 and let {Ki} be an approvimate unity
st Kn€ LP(T™), vn Then Ymin > m such thot

(6) | Kul, > | Kal, -

PROOF OF LEMMA 3. - We have only to prove | K, Hp — o when
n — . As it’s well known

| &, > | Ba

;.

Moreover, since Vj|Ka(j)| — 1 (n— ), |Kuf, — o. =

Let’s return to the proof of the theorem.

Let » be such that |Ka|, > | Kn ||p.

As in the previous proof, we can suppose the origin is a Lebesgue
point for K, and K.

Then, vy, 0 < 7 < mB(0, ), we consider the ball B (0, ) with
center 0 and measure n. Let f be the function:

f = XB(@O,p) *

We prove that
Dy=|f-Ka*fly = | f~Ka* f[} >0

for 5 small enough.
We notice that, if z is a Lebesgue point for K, and for K,
Vi=mn

K * f(x) = jB(G,n) Ki(x—t)dt = 9K (x) + i, ()

where ¢i, (2)/ 9 — 0 when n — 0.
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Moreover as we noticed above

B(0,n)

5 i @) = 0 (7).
lsos

§ Z( 1)“ (Ki*f)(ﬂ:)}ndx=o(n2) when n— 0.

B(0, 6) B(0,8) n=

Then we obtain, evaluating S | /=K * f|° dz on the Lebes-

B
gue set of Ky e Knm )

¥ p —-—
L(o,n) | f-Ei* f | dz =

M (1 — pnKi () + péing (@) + v (@) do =

Il

!B(C',n)

1 — prPKi (0) + o () when 4 — 0

]

since the origin is a Lebesgue point for K, and for Km.
If we name N, the summability kernel 1/n xpo.n)

| $imin |, = | Ki—Ny * Ki |,—0 when 7 — 0.
It follows Vi =m,m
SE | By f P de = L]nf{i(x) + i (@) " de = 9P SE | K@) dz + o(r®) .
In fact, if

Ei={ze¢E: K (x)=0],

E,=[zeE: Ki@ =0, |K@)] < 2| ¢in @)/ 1]},

we obtain, since m (Ei,) — 0 when n — 0,
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(8)

7° jE | Ki @) + ¢iy @) /9 |° dae =

7° Y | ¢in @) /9 |7 dz + npj | Ki @) + i (@) /0 |" do +
qu Ei.ﬂ

* | K @) + iy (0) /9 |° de =

P
1 jE\Ei\Ei‘.,

=" [E "?bi,n(x)""?'pdx + ,qu |K1(-%') + ¢i,1,-(x)l'ﬂp dz + o (n°) =

ENEMNES,

=q° "Kl "§ + Ryn®

where

+00

Z (ﬁ) | i (@) / 7 " | K () [ de +

< 5‘
"= Ipene, =3

a2 160 @10] [B@F " o <

+c0

= jE\Ei\EW HZ:;_ (2) 2°™ | b0 (@) / P de +
#1610 @ /by 1K Lypey — 0 when 7 — 0.

Then, by (6), (7) and (8)
Dy = 1" En(0) = Ka(0) + 0() + ° (|Ea|? = | En]?) + 0 7) — 0*

when 7— 0 v1 <p< 2.
D, is therefore definitively positive when 77— 0, i

PROOF OF THEOREM 1: The case p = 1.

Let p =1, Ky and Kn positive.
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We can suppose 0 is a Lebesgue point for K, and Km s.t.
K (0) > K, (0).
Let f be the function:
J @) = xaom n € R, [n] < 14.

We notice 0 < f*Ki(@) < 1, voe IV, vi=m,n. Therefore

Lnilf(a:) —Ka*f@] - | f@) — Kn* f@)]} do =

+ SE (Kn* f(#) — Kn* f ()] dz + SB(O,B){—Kn*f(a:) + Kn* f@) dz =

=2 L:(O,n) (Em—Ko) * f @) do = 24" [Ka (0) = Ka (O)] + 0 (") — 07
when n — 0. a

3. - REMARKS. We already have noticed theorem 1 holds for clas-
sical kernels: Féjer, De La Vallée-Poussin, Poisson.

We conclude observing that in our construction only measure the-
oretical properties of the Lebesgue measure are used; therefore an
analogue of theorem 1 holds for general compact groups.
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