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Borrowing constraints



Universita Bocconi — PhD in Economics © 2012 Prof. Marco Maffezzoli

Optimal consumption under certainty

 The standard optimal intertemporal consumption/saving problem:

o0

max U, = B ul(cy)

{CS st } ;O:t
S=t

s.t. ap1 = (1 +1i)a;+y: — ¢y

e The Euler equation:
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* Being 1" < 0 for the strict concavity of the return function:

r
q ACH_] — O lf l — p

 If i = p, then ¢, = c; hence:
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]
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* The NPG condition imposes the natural borrowing constraint, 1.¢. q,
> -p for all > 0, where:

o0

_ Vs
b - lnf Z (1 _I_l')S—t+1

S=t _

e Let us now suppose that our individual faces a more stringent and
potentially binding borrowing constraint

* More precisely, let us impose that a,> -¢ for all > 0, where 0 < ¢ <b
1s exogenously given (we can set, without loss of generality, ¢ = 0)
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 The first order and slackness conditions for the dynamic optimization
problem can be combined to form the following “Euler inequality:”

/

. u'(c;) > (1 +D)Pu'(csr) if a1 =0
u'(ci) = (1 +D)Pu'(ci1) if amr > 0
.

» The implications as far as the dynamics of the optimal consumption
path are straightforward, and depend on the relationship between the
interest rate i and the rate of intertemporal substitution p

* The simplest case arises when i > p: 1n this case, ¢,.; > ¢, for all £ > 0;
hence, lim, , ¢, = 0 and consequently, being the exogenous income

level bounded by assumption, lim,_,  a,= oo
3
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* Consider now the case in which i = p:
*c,.;>c,and c,=y, whenevera, ;=0
*c,;=c,assoonasa, ;>0

e Note that consumption will never decrease over time, since saving 1s
freely permitted and the individual prefers a constant consumption path

 The natural question that follows 1s whether ¢, will converge or not to
a finite limit in the long run; it can be shown that:

lim;..c; = sup,y,

where:

Vs
(1+§)%"

S=t 6

’\Sl
l
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1 +1



Universita Bocconi — PhD in Economics © 2012 Prof. Marco Maffezzoli

 The intuition 1s simple:

* The borrowing constraint may bind only when the individual tries
to transfer purchasing power from the future to the present because
permanent income 1s expected to increase

* As soon as permanent income 1s expected to remain constant or
decrease over time, the incentive to borrow disappears

* Hence, the increase in consumption has to stop as soon as permanent
income reaches its maximum value

* From that date onwards consumption has to remain constant, being the
individual finally free to smooth consumption over time
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* Finally, consider the case in which i < p: 1n this case, ¢,> ¢, ; as long
as the individual 1s not credit-constrained, i.e. as long as a, ;> 0

* Being c(a) strictly increasing in a , it has to be that a,> a,,; as long as
a,.; > 0: hence, we can expect the individual to reach the borrowing
limit in finite time

e Furthermore, we can conclude that once our individual becomes
credit-constrained, she remains constrained forever

* The intuition is straightforward: if a,= 0 and a,, ;> 0, then u'[c(0)]
< u'[c(a,.;)]. But if c(a) 1s a strictly increasing in a, then c(a,,;) >
c(0); hence u'[c¢(0)] > u'[c(a,,;)]: a contradiction!
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* Note however that the Euler equation alone i1s not enough to
characterize the dynamics of ¢, when the individual 1is credit-
constrained: we need further pieces of information about the dynamics
of exogenous income

A natural step forward 1s to assume that income is constant at some y
> (: 1n this case, ¢, will converge from above to y 1n finite time, and will
remain constant form that date onwards

e Summary:

1. If; > P, then limt_mo C; = +00 and liInt_moat = +00,
2. Ifi = p, then lim,.»c; = sup,y,, converging from below.

3. Ifi < pandy, = y, then lim, ;__ c; = y, converging from above.

9
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Optimal consumption under uncertainty

 The standard optimal stochastic consumption/saving problem:

max U; = E;

{Cs:as+1};o=t

o0

D B uley)

S=t

s.t. a1 = (1 +Da, +y; — ¢y
imE,| —2L— [ >0
e (T +iY
e The Euler equation:
Efu'(cu)] = Iz (c1)

(1+i)pB
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* We can rewrite the Euler equation as:

Ef(+D)™ B (cmn) ] < (A +0) Bul(cr)

* Hence:

Et(Mt+1) < Mt

where:
M,=0+D'Bu(c;) >0

* Hence, M, follows a nonnegative supermartingale y
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A well known convergence theorem of Doob for supermartingales
states that:

P(limM, - M} 1

[—00

where M 1s a random variable such that E(M) < +oo

« If i > p, then lim_,_(1+i))f'= oo, and therefore M, can converge to a
finite limit only 1f lim,_,_u'(c,) =0

* If u 1s unbounded this evidently implies that lim, ,,c, = o and

consequently that lim,_,_a,=o0
12
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« If i = p, then (1+i)8 = 1 and M,= u/(c,); can we conclude in this case
that ¢, will converge to a finite limit? In general the answer 1s no

* We can show that, if the utility function 1s bounded and the exogenous
income process 1s “sufficiently stochastic:”

o0

Vs
vary Z (1 _|_l°)S—t 2 §D

S=t

then:

I
ek

P 1iIIlC; = OO} P(limt_,ooat = OO) =1

[—00
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 The same result obtains when the exogenous imncome process 1s iid
and the utility function unbounded, or when the marginal utility of
consumption 1s convex, 1.€. when u'’(+) > 0

* Finally, 1if i < p, then lim,__(1+7)p’= 0, and therefore M will surely
converge to zero

* Hence, the result P(lim,_,, M,= 0) = 1 does not necessarily imply that
lim,_, c,= oo, but leaves open the possibility that both ¢, and a, converge
in the long run to stationary, and finite, random variables

14
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Section |l

Markov chains

15
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A time-1nvariant, discrete-state Markov chain is characterized by:

* An n-dimensional state space:

S = 4S1,82,...,8u )

* A nxn non-negative transition matrix /7 (right stochastic matrix),
such that:

n
Zi=1 Hij =1 11 = PI’Ob(le = sj|xz — Sl’)

* A nx1 non-negative vector x,, such that:

n

o = 1 o = Prob(xg = s;)

16
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* Note that:
PrOb(Xt+2 = Sj|.xt = Sl')

n
- ZPI'Ob(tz = 8j[x41 = Sm)Prob(x1 = sulx, = s;)

m=1

= inimnmj = 11y’

m=1

* In general:

k
Prob(x.x = sjx; = s;) = T

17
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* This implies that the unconditional distribution of x, 1s given by:

m, = (I 7o

T ¢ =Pr0b(xl-t = Si)

* Note furthermore that:

/
i = 1w,

 An unconditional distribution 1s called stationary (ergodic) 1f it
remains unaltered over time, 1.e. 1f it satisfies:

n=11'rn

18
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* Note that:

1-II"z =0

* In other words, & 1s just an eigenvector associated with a unit
eigenvalue of II', pinned down by the normalization, ) ;= 1

e The matrix IT 1s stochastic, 1.e. 1t has only nonnegative elements and
1ts rows sum up to one: hence, II' has at least one (possibly more) unit
eigenvalue, and that there 1s at least one (again, possibly more)
eigenvector satisfying (1-Il")x =0

* [f there 1s one and only stationary distribution z,, and lim, ,_,= 7., for
all possible 1nitial distributions, then the Markov chain 1s
asymptotically stationary with a unique invariant distribution

e Let II be a right stochastic matrix with all strictly positive elements,
re. with 77, > 0 for all (ij): the associated Markov chain is
asymptotically stationary and has a unique stationary distribution 19
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 There are four ways to calculate the invariant distribution r_:

e [terate until convergence on:

/
i1 = 11Ty

 Calculate the eigenvalues and eigenvectors of /I’ and take the
normalized eigenvector associated to A=1:

20
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» Define:

A=AATA A

(n+1)xn

It turns out that 7 1s equal to the n+1 column of A4.

* Note that:

I, -IT
1/

© 2012 Prof. Marco Maffezzoli

l,=n-Or+1pur = {0, —II + 1)1

Hence:

oo = (Ly =TT + 1) 1,

21
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Bewely models:
The basic framework
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* Bewley models are characterized by a continuum of ex-ante i1dentical
and ex-post heterogeneous households that trade a set of non-state-
contingent securities

* In the basic framework, there is no aggregate uncertainty

* In the steady state, aggregate variables are constant over time, as in a
deterministic representative agent economy

e Uncertainty, however, plays an essential role at the individual level:
1diosyncratic shocks introduce an incentive for self insurance

* The availability of a non-contingent asset allows households to buffer
consumption against adverse shocks

* The 1nability of fully insure against bad shocks will generate
precautionary savings

23



Universita Bocconi — PhD in Economics © 2012 Prof. Marco Maffezzoli

At the individual level, the employment status evolves according to a
discrete Markov chain characterized by S={s,,s,,...,s.,} and IT

* Hours are fixed and normalized to unity: hence, labor income amounts
to w,s,, where w, 1s the wage rate

* Households are allowed to invest in a single asset, and a, denotes
individual asset holdings at the beginning of period ¢

* Let us discretize the state space, and constrain asset holdings on
finite-dimensional grid (a more general approach will follow):

A={¢<a <a,<..<a,;

* The parameter >0 represents a borrowing constraint
24
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» Without aggregate dynamics, factor prices remain constant, 1.e. w,= w
and r,=rforallt>0

* Hence, given the aggregate factor prices {w,r} and the initial
conditions {a,,s,}, households solve the following problem:

{amitiy

max U= FE Z,Bfu(ct)
_ =0 —

s.t. am1 = (1 +7r)as +ws: — ¢y

a € A

* Here 0<G<I represents the intertemporal discount factor, u(-) 1s C?,
strictly increasing and strictly concave, and such that lim__,, du(c)/dc =
+00; we also impose that p(1+r)<l1 -
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* The Bellman equation for the previous recursive problem becomes:

a'eA

v(a;,s;) = max{u[(l +r)a; +ws; —a']+f3 ZH]’ZV(CI,,SZ)}.
z=]

* A solution to this problem can be represented as a value function
v(a,s) and the associated policy function a=g(a,s)

* Being the objective function concave and the constraint set convex,
the policy function 1s a deterministic single-value function of the
current state vector; we can define an indicator function such that:

1 ifg(ass;j) = a;

L(a;,a,,s;) = :
(@i @1:57) 0 ifg(ans;) # a;

26
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* To 1dentify the unique solution we can iterate until convergence on the

following recursive scheme, given an initial guess for v,

vk+1(a,-,sj) = max u[(l + r)a,- + WS; — a'

a'eA

* Define nx1 vectors v; and n>xn matrices Ry, with j=1,2,...,m:

v; (@)
R;(i,h)

e Furthermore, define:

(mn)x1

= v(a,-,sj),

— u[(l + r)a,- + WS, — ah],

(mn)xn

1+ 8 Mivi(a,s:)
z=1]

27
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 The recursive scheme can be represented in matrix notation as:

Vir1 = max[R+ BII® 1,)v, ].

* The policy function, and the corresponding indicator function, may be
represented by a set of nxn matrices G

1 ifg(a;,s;) = ay

Gi(i,h) = :
]( ) 0 ifg(a,—,sj) + aj

28
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* Denote as 4, the unconditional distribution of {a,s,}:

A:(ai,s;) = Prob(a; = ai,s; = s;)

© 2012 Prof. Marco Maffezzoli

* The exogenous Markov chain and the optimal policy function induce a
law of motion for the distribution 4,:

Prob(a;1 = a;,8.41 = Sj)

J

v

Unconditional #+1

n 2
= ZZ PI’Ob(ClHl = ai|a = aAp, St = SZ) X

J

h=1 z=1 M
Policy function

Prob(s.1 = sj|s; = s;) X

Transition probability

Prob(a, = a;,s; = s;)

J

-

Unconditional ¢

29
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* Note that:

7
1 1fg(a ,Sz) = a;
PI’Ob(ClHl — ai|Clt = ap, St = Sz) — g( h )

0 ifg(as,s:) + a;
\

Prob(s;; = Sj|St = S;) = HZJ'

* Hence:

Aeet@is7) = D Y Go(h, DTy aps:) = D Y. Iyda,s.).

z=1 k=1 z=1 {aa;=g(as:);

30
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* A stationary distribution is a time-invariant distribution 4 such that:

A(ai,sj) = zm:zn: Gz(h,l.)nzjl(ah, SZ)9

z=1 h=1

* The previous relationship can be written in matrix notation as:

vec(A) = Q' vec(r),

[11G; TGy -+ 111Gy G 0
Qu| MG MG MG | gl 0 ©
HlmGl HZmGZ Hmme 0 0 Gm

— - - - 31
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* vec(A) can be interpreted as the ergodic distribution of a Markov chain
characterized by the transition matrix @, and constructed combining the
dynamics of both the exogenous and endogenous states

e For the Law of Large Numbers, the stationary distribution 4 will
reproduce, in the limit, the fraction of time that individual households
spend in each state

* From the aggregate point of view, 4 reproduces the fraction of the
population in state {a,,s;} along the stationary equilibrium

*In other words, 4 can be interpreted as the steady-state
distribution of financial wealth
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