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Building Blocks

© Stochastic Interest Rates and Equity Price: Vasicek
(1997) model for the interest rates;

© American Equity Options: represent the majority of
exchange-traded derivatives and their valuation may be
challenging;

© Do (possibly) negative stochastic interest rates affect
the optimal exercise policies of American equity call and put
options?

o Battauz et al. (2015) find that constant negative interest rates
impact on American call and put options
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Novelties and Results

The contribution of this work is twofold:

© A new lattice-based approach for the discretization of a
financial market with equity and stochastic interest rates.
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Novelties and Results

The contribution of this work is twofold:

© A new lattice-based approach for the discretization of a
financial market with equity and stochastic interest rates.

@ The characterization of the optimal exercise policy of American

equity options under (possibly negative) stochastic interest
rates;
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The Market

Section 2

The Market
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The Market

@ As in Vasicek (1977), we assume a mean reverting process for
the short-term interest rate. Under a risk-neutral measure Q:

dr(t) = k(0 — r(t))dt + o, dW2(t)

o r(0)=ry € (—1,+00),

e k speed of mean reversion,
o O long-term mean,

e o, volatility.
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The Market

@ As in Vasicek (1977), we assume a mean reverting process for
the short-term interest rate. Under a risk-neutral measure Q:

dr(t) = k(0 — r(t))dt + o, dW2(t)

r(0) =rp € (—1,400),

 speed of mean reversion,

f long-term mean,

o, volatility.

@ A risky equity is traded. Under Q:

dS(t) = S(t) (r(t) — q) dt + S(t)osdWE(t)
o 5(0)=5 € RT,

e ¢ constant annual dividend yield,
e os volatility.
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The Market

@ As in Vasicek (1977), we assume a mean reverting process for
the short-term interest rate. Under a risk-neutral measure Q:

dr(t) = k(0 — r(t))dt + o, dW2(t)

r(0) =rp € (—1,400),

 speed of mean reversion,

f long-term mean,

o, volatility.

@ A risky equity is traded. Under Q:

dS(t) = S(t) (r(t) — q) dt + S(t)osdWE(t)

) 5(0) = 50 S R+.
e ¢ constant annual dividend yield,
e os volatility.

o S and r are correlated: Cov(dWg,dW®) = pdt.
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The market

@ The investor can trade frictionlessly in the following assets:
o the lognormal risky security S,

S(t) = Soexp [/otr(T)dT— <q+ Uf) t+aswg@(t)] :
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The market

@ The investor can trade frictionlessly in the following assets:
o the lognormal risky security S,

S(t) = Soexp [/otr(T)dT— <q+ Uf) t+aswg@(t)] :

o the money market account B (the numéraire of Q),

B(t) = By exp [ /0 t r(s)ds} :
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The market

@ The investor can trade frictionlessly in the following assets:

o the lognormal risky security S,
t o2
S(t) = Spexp [/ r(7)dr — <q—|— 25> t—{—ang@(t)] ;
0
o the money market account B (the numéraire of Q),

B(t) = By exp [ /0 t r(s)ds} :

o a family of zero coupon bonds with maturity 7 up to T:

p(t,7) = B2 [5(17)] — oAt ) — B(t,7)r(t)]. €
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American options

@ Let o(S(T)) be the payoff at maturity T of the option on S:
eg p(S)=(S—K)torp(S)=(K-5)"
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American options

@ Let o(S(T)) be the payoff at maturity T of the option on S:
eg p(S)=(S—K)torp(S)=(K-5)"

@ The value of the Euoropean option at t is:

re(t) = B? |(S(T) 517 | emmm
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American options

@ Let o(S(T)) be the payoff at maturity T of the option on S:

e.g ¢(5) = (5—K)"orp(5) =(K—5)"

@ The value of the Euoropean option at t is:

re(t) = EQ {so(sm)—

@ The value of the American option at t is:

ra(t) = ess sup E {msm)

t<t<T
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The Quadrinomial Tree

Section 3

The Quadrinomial Tree
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The quadrinomial tree

@ Apply 1td's Lemma to Y(t) := In(S(t)/So), we get:

dY(t) :,Ltydt+05dW5(t)
dr(t) = pdt+ o, dW,(t)

where py = (r(t) — g — 02/2) and p, := k(0 — r(t)).
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The quadrinomial tree

@ Apply 1td's Lemma to Y(t) := In(S(t)/So), we get:

dY(t) :,Ltydt+05dW5(t)
dr(t) = pdt+ o, dW,(t)

where py = (r(t) — g — 02/2) and p, := k(0 — r(t)).
@ Consider the discretizations:

Y(t)+AYT r(t) + Art
S /
Y(t+ At) r(t+ At)

pN p
Y(t)+ AY~ r(t) + Ar~

Anna Battauz (Universita Bocconi) - Advances in Decision Analysis 2019

American Options and Stochastic Interest Rates



The quadrinomial discretization

@ Let {iAt,i=0,...,n}, At = T/n be a discrete uniform partition
of [0, T].
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The quadrinomial discretization

@ Let {iAt,i=0,...,n}, At = T/n be a discrete uniform partition
of [0, T].

@ We discretise the processes Y(t) = In5(t)/So and r(t) with
{Yi, ri}i=o,...,n such that

(Y;+AY T, r; + Art) with probability gy,

(Yoo rian) = (Y;i+ AY™T, ri+ Ar~) with probability q,q¢
bl (Y;i+AY ", ri+ Art) with probability qq,
(Yi+AY ", ri+ Ar~) with probability qq4qg
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The quadrinomial discretization

@ Let {iAt,i=0,...,n}, At = T/n be a discrete uniform partition
of [0, T].

@ We discretise the processes Y(t) = In5(t)/So and r(t) with
{Yi, ri}i=o,...,n such that

(Y;+AY T, r; + Art) with probability gy,

(Yoo rian) = (Y;i+ AY™T, ri+ Ar~) with probability q,q¢
bl (Y;i+AY ", ri+ Art) with probability qq,
(Yi+AY ", ri+ Ar~) with probability qq4qg

@ There are eight parameters to set: Guu, Qud, Gdu» Gdd» AY T and
ArE.
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The quadrinomial discretization

@ Therefore, we impose 8 conditions:

E[AY] = (Gus + Gua) AYH + (Gau + Gaa) AY ™ = py At
E[Ar] = (qus + Gou)Ar* + (qud + qua) Ar~ = p, At
EJAY? = (quo+ qua)(AY ) + (quu + Gaa)(AY ) = o} At
Ee[Ar?] = (Gus + Gau) (Ar)2 + (Gua + Gaa)(Ar=)2 = 02At

EAYAr] = quAY*+Art + quAY+Ar+
+qawAY " Art + gAY~ Ar~ = posa, At

Quu + Gud + 9du + Gdd

AY+

Art

—-AY~
—Ar—
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The quadrinomial discretization
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The quadrinomial discretization

@ Therefore, we impose 8 conditions:

E[AY] = (Gus + Gua) AYH + (Gau + Gaa) AY ™ = py At
E[Ar] = (Gus + Gaa) Ar" + (qud + Gaa) Ar~ = p1, At
EAY? = (qus+ qua)(AY*)? + (qau + qaa) (AY )2 =03 At
E[Ar?] = (Guu + Gau) (Ar) + (Gua + Gaa)(Ar™)? = 02At

E(AYAr] = quAYTArt + quAYTAr—+
+qawAY " Art + gAY~ Ar~ = posa, At

Quu + Qud + Gdu + Gdd

AY+

Art

—AY~
—Ar—
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The quadrinomial discretization

@ Therefore, we impose 8 conditions:

E[AY] = (Gus + Gua) AYH + (Gau + Gaa) AY ™ = py At
E[Ar] = (Guu + Q) Ar* + (qug + qaa)Ar~ = p At
EJAY? = (quo+ qua)(AY ) + (quu + Gaa)(AY ) = o} At
E[Ar?] = (Guu + Gau) (Ar) + (Gua + Gaa)(Ar~)? = 02At

EAYAr] = quAY+tArt + quAY+ Ar—+
+qawAY " Art + gAY~ Ar~ = poso, At
Quu + Qud + Qdu + Gdd =
AY+ =AY~
Art LA
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The quadrinomial discretization

@ Therefore, we impose 8 conditions:

E[AY] = (Gus + Gua) AYH + (Gau + Gaa) AY ™ = py At
E[Ar] = (qus + Gou)Ar* + (qud + qua) Ar~ = p, At
EJAY? = (quo+ qua)(AY ) + (quu + Gaa)(AY ) = o} At
Ee[Ar?] = (Gus + Gau) (Ar)2 + (Gua + Gaa)(Ar=)2 = 02At

EAYAr] = quAY*+Art + quAY+Ar+
+qawAY " Art + gAY~ Ar~ = posa, At
Quu+ Qud + Gdu + Gaa =1
AY+
Art
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The quadrinomial discretization

@ Therefore, we impose 8 conditions:

E[AY] = (Gus + Gua) AYH + (Gau + Gaa) AY ™ = py At
E[Ar] = (qus + Gou)Ar* + (qud + qua) Ar~ = p, At
EJAY? = (quo+ qua)(AY ) + (quu + Gaa)(AY ) = o} At
Ee[Ar?] = (Gus + Gau) (Ar)2 + (Gua + Gaa)(Ar=)2 = 02At

EAYAr] = quAYTArt + quAYTAr—+
+qawAY " Art + gAY~ Ar~ = posa, At

Guu + Gud + Gdu + Gdd

AY*

Art

—AY~™
—Ar—
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The quadrinomial discretization

@ The solution is:
AYT =oyVAt=—-AY"
Art = a,\/At = —Ar~

py pr At + py Art + p AYY + (14 ploroy

Quu =
40,05
—py At + py Art — p, AYF 4 (1= p)osoy
Qud = 4
or0s
—py e At — py Art + p, AYJr + (1= p)ooy
ddu = 4
or0s
 py At — py Art — ,u,AY* +(1+ p)a,ay
ddd = 4
0r0s

with py := (r(t) — g — 02/2) and p, == k(0 — r(t)).
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The quadrinomial discretization

@ The solution is:
AYT =oyVAt=—-AY"
Art = a,\/At = —Ar~

py pr At + py Art + p AYY + (14 ploroy

Quu =
40,05
—py At + py Art — p, AYF 4 (1= p)osoy
Qud = 4
0,05
—py e At — py Art 4 p, AYJr + (1= p)ooy
Adu = 4
0,05
 py At — py Art — ,u,AY* +(1+ p)a,ay
ddd = 4
0,05
with py := (r(t) — g — 02/2) and p, == k(0 — r(t)).

(1+p)

°At—>0:>ququd_> >Oandqud7qdu_>@>o'

more..
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A graphical intuition

YSrAY
Y +2AY
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The Quadrinomial Tree

A graphical intuition

* Tree extremes

25
2
tn 18
1
05
0
02
01 - 1
4 06
0.1 04
0z
T 02 ¢ +
T=1 n=125

So=105=005rp=0, k=07 6=0020, =001 p=05

@ The computational complexity is quadratic in the number of steps.
(e.g. 1252 = 15'625 << < 2125 ~ 1038 possible final values)
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Convergence results

@ Following Stroock and Varadhan (1997), based on Nelson and
Ramaswamy (1990):

Convergence of the bivariate approximation

The bivariate process defined above converges in distribution to the
solution of the stochastic differential equations of S and r. CEZ
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Convergence results

@ Following Stroock and Varadhan (1997), based on Nelson and
Ramaswamy (1990):

Convergence of the bivariate approximation

The bivariate process defined above converges in distribution to the
solution of the stochastic differential equations of S and r. CEZ

@ Exploiting Mulinacci and Pratelli (1998):

Convergence of the Snell envelope

If the lattice-approximated underlying converges in distribution to a
stochastic process, so does the American option value on the underlying.
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American Options

Section 4

American Options
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The American Put Option, r constant, r > 0

wa(t) = sup EQ [(K — S(T))Jre_”] = F(t,x), x=35(t)

American put value, fixed ¢, r(t) > 0, K = 1

—— Tmmediate payoff

— F(t,z)
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The American Put Option, r constant, r < 0

ma(t)= sup EC[(K—S(r))Te ] = F(t.x), x=S(t)

0<r<T—t
American put value, fixed ¢, 7 <0, K =1
2 —— Immediate payoff
—F(1,5)
q
1
08|
I
I
> el
0.6
I
I
I
04t
1
1
02
! 1
| Exercise region 1 Cor
ola H
0 1 2
X0 T §

r<0 = F(t,0) > K
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The Free Boundaries, r < 0

@ 4>0 < q<r—o0%/2: atradeoff triggers optimal early exercise.

@ The functions t — x*(t),x*(t) are called the upper/lower free boundaries.

Anna Battauz (Universita Bocconi) - Advances in Decision Analysis 2019

American Options and Stochastic Interest Rates



The Free Boundaries, r < 0

@ 4>0 < q<r—o0%/2: atradeoff triggers optimal early exercise.
@ The functions t — X*(t), x*(t) are called the upper/lower free boundaries.
@ Atany t < T the investor look at the current value of S, 5(t):

o if S(t) < x*(t) U S(t) > x*(t) — wait

o if x*(t) < S(t) < X*(t) — exercise
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The Free Boundaries, r < 0

@ 4>0 < q<r—o0%/2: atradeoff triggers optimal early exercise.
@ The functions t — X*(t), x*(t) are called the upper/lower free boundaries.
@ Atany t < T the investor look at the current value of S, 5(t):

o if S(t) < x*(t) U S(t) > x*(t) — wait

o if x*(t) < S(t) < X*(t) — exercise

<0, K=1T=1

——Upper boundary
Lower boundary

04

02
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Stochastic r

Section 5

Stochastic r
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Stochastic r

The value of an American put option in the market with stochastic r:

7A(t) = ess sup EZ |(K —S(r))"e” Je f(Z)dZ}

t<r<T

S(r) = S(t)exp ([; r(2)dz — (g + 0§/2)7 + o5(Ws(r) — Ws(1))).

Anna Battauz (Universita Bocconi) - Advances in Decision Analysis 2019

American Options and Stochastic Interest Rates



Stochastic r

The value of an American put option in the market with stochastic r:

7(t) = ess sup E2 [(K —S(1)) e I f(Z)dZ}

t<r<T
S(r) = S(t)exp ([; r(2)dz — (g + 0§/2)7 + o5(Ws(r) — Ws(1))).

VA is a deterministic function

7A(t) =: F(t,x,r)
where x = S(t) and r = r(t). [ more. ]
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Stochastic r: properties of F(t,x, r)

@ Fix t and r. F(t,x,r)isstill > (K — x)" and it is still decreasing
and convex in x.
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Stochastic r

Stochastic r: properties of F(t,x, r)

@ Fix t and r. F(t,x,r)isstill > (K — x)" and it is still decreasing
and convex in x.

@ Forx=20

F(taoa r) = sup EQ |:Ke_f0n r(z)dz}
0<n<T-t

= sup Kp(0,7)
0<n<T-t

Hence, F(t,0,r) > K <= p(0,n) > 1 for some n € [0, T — t].
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Stochastic r: properties of F(t,x, r)

Plotting p(0, 7)

k=12 o0,=1% 6=15%

1.002
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r stochastic

Jointly necessary conditions for the existence of a double
continuation region at t and given r(t) = r:
[INCO| the current level of the interest rate r is such that
ra —6,(a+ (T — t)) > 0 with a = <721 < 0 where
0, = 0 for the American put (resp. 0, = 0 4 2252 for the
American call);
[NC1] the dividend yield is non positive, g < 0;
INC2| for some S, me(t,S,r) = ¢(S), where mg(t, S, r) is the value of
the European option, and ¢(S) is the immediate option payoff.

more...
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Stochastic r

American put, r stochastic, g = 2%

T=1,n=125S=K=1,05 = 10%, ro = 0%, 0 = 2%,k = 1,0, = 2%, p = 0.0

* Lower Boundary + Lower Boundary
Upper Boundary * Upper Boundary
* Tree extremes 257 » Tree extremes

3 . Strikeprice ....................... T
s : :
2r] .
2 : :
: <0 r>0 r>0
o 15 oW 1ske .
; : <0 p<0 p>0
05 M .
o ol :
0.05
05 0
-0.05
t 10 r 3,

t

eo

7F =6.565%, 7" =6.973%, 7y, =6.570%

The Early Exercise Region is increasing w.r.t. r
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Stochastic r

American put, r stochastic, g = —2%
T=1,n=125S =K = 1,05 = 10%, ro = 0%, 0 = 2%, & = 1,0, = 2%, p = 0.0F

 Lower Boundary| « Lower Boundary

« Upper Boundary| * Upper Boundary

N * Tree extremes 250 o Tree extremes
D Srkamicn | |rreereeeeenee e .

D<o r<0 r>0

 Lower Boundary|
* Upper Boundary|
« Tree extremes

NCS

1
t 01 ’ - o

nF =4763%, 7 =5240%, 7w/ g, =5.030%
[ ore )
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Stochastic r

American call, r stochastic, g = 0%

T=1,n=1255 =K =1,05 = 10%,r0 = 0%,0 = 2%,k = 1,0, = 2%, p = 0.05

* Lower Boundary + Lower Boundary
pper Boundary * Upper Boundary

o L Tree extremes 2511 e Tree extremes
o+ Strkeprice | |ttttrrerteeereesseeces .
s G .
2
4
]
2
1
0
0
01 05
005 P R T R R R .
05 o
-0.05 o
t 1 0.1 r -0.08 004 002 0 002 0.04 0.06

F =6.339%, 7" =6.339%, 7/g, =5.979%

The free boundary is increasing w.r.t. r
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Stochastic r

American call, r stochastic, g = 2%

T=1,n=1255 =K =1,05 = 10%,r0 = 0%,0 = 2%,k = 1,0, = 2%, p = 0.05

Lower Boundary * Lower Boundary
Upper Boundary « Upper Boundary
5 |_® Treeextremes 2511 e Tree extremes
« Strkepige | |tttrrerrerererees oo
5 - Pd :
2t 7/ .
4 : 7 :
: r<0 r>0 Fr>0:
s mosr :
B : w<0 <0 & pn>0
1 [ S ovaneUsets MENUERE DESDIN IUPDES DSUD:
0
0
L P P .
S0 004 002 0 002 004 008

7t =5.314%, 7" =5396%, 7/, =5.163%
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Stochastic r

American call, r stochastic, g = —2%
T=1,n=1255 = K = 1,05 = 10%, ro — 0%, 8 = 2%, . — 1,0, = 2%, p — 0.05

3
 Lower Boundary| « Lower Boundary
« Upper Boundary| « Upper Boundary
o Ls_Tree extremes 25H o Tree extremes
D Srkamicn | |rreereeeeenee e .
s e :
. \ :
w3 w s *‘}
B H
' B P
o cr<o r<0 r>0
0 H
~__ 01 oshs 1 <0 p>0 >0
~ s GHSNLEZ R s
0s o
a0
t oo ’ S5 oo oo o oz oor oo
-
o
« Lower Boundary| « Lower Boundary
« Upper Boundary, « Upper Boundary
4|+ Tree extremes « Tres extremes
25
2
w15 .
'
05
0
0
T~ o1
~_ 005
0s o
a0
i 01 .

7E =7511%, 7 =7511%, =gy, =7.102%
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Section 6

Conclusions
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Our results:

@ We developed the quadrinomial tree, a new lattice-based
approach to discretize a financial market with a risky equity
correlated with a stochastic interest rate.

@ We investigated the properties of Americanoptions in the
stochastic interest rate framework ~~ double continuation
region, early exercise of American call options on zero-dividend
equity.

@ We characterize the optimal exercise policy of such options for
different sets of parameters.
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Our results:

@ We developed the quadrinomial tree, a new lattice-based
approach to discretize a financial market with a risky equity
correlated with a stochastic interest rate.

@ We investigated the properties of Americanoptions in the
stochastic interest rate framework ~~ double continuation
region, early exercise of American call options on zero-dividend
equity.

@ We characterize the optimal exercise policy of such options for
different sets of parameters.
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The bond pays 1 to its holder at T and its price at t € (0, T) is
labelled with p(t, T). By no arbitrage valuation, we have

p(t, T) = E¢ {ﬁ‘ ft} =[EY lexp {— /Ot r(s)ds]

that admits a closed formula solution as derived in Section 3.2.1 of
Brigo, Mercurio (2007):

p(t, T) _ eA(t,T)—B(t,T)r(t)

-/—:t:|7

where:
B(t,T) = 1(1—e"’“(T_t))
K
o? o?B(t, T)
At T) = _ Y (T —¢)) - 22\ 1)
1) = (0-25) (66 1) - (T - 1) - ZEL
... ]
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-
The probabilities

@ Recall that py := (r(t) — g — 02/2) and p, := K(0 — r(t)) and:

py prAt + NYAr+ + NrAy+ + (L + p)oroy

Quu =
40,05
—py prAt + NYAr+ - MrAy+ + (1 — )UrUY
Qud =
40,05
—py At — yAr+ + MrAy+ + (1 — p)O’rO'y
Adu = 4
0r0s
_ pypcAt — pyArt — ,u,AYJr + (14 p)ooy
Addd 4
0r0s
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The probabilities

@ Recall that py := (r(t) — g — 02/2) and p, := K(0 — r(t)) and:

py prAt + NYAr+ + NrAy+ + (L + p)oroy ;

Quu = 0
40,05
—py At + NYAr+ - MrAy+ + (1 — )UrUY ?
Aud = >0
40,05
—uy,u,At— yAr++u,AY++(1 —p)O’rO'y ?
qdu >0
40,05
_ pypcAt — pyArt — ,u,AYJr +(1+p)ooy 7
qdd >0
40,05
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The probabilities

@ Recall that py := (r(t) — g — 02/2) and p, := K(0 — r(t)) and:

py prAt + NYAr+ + NrAy+ + (L + p)oroy ;

Quu = 0
40,05
—py At + NYAr+ - MrAy+ + (1 — )UrUY ?
Aud = >0
40,05
—uy,u,At— yAr++u,AY++(1 —p)O’rO'y ?
qdu >0
40,05
_ pypcAt — pyArt — ,u,AYJr +(1+p)ooy 7
qdd >0
40,05

@ Each inequality is quadratic in r(t).
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-
The probabilities

@ At any t, the four inequalities are satisfied when:

Luugrg?uu
r<r,gJr=rud
r<rg,Ur=rq,
Tag < r < Tdd
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-
The probabilities

@ At any t, the four inequalities are satisfied when:

Luugrg?uu
r<r,gJr=rud
r<rg,Ur=rq,
Tag < r < Tdd

@ If p>0:

Tud Ty Lo Tya  Q Ty Ty Tga Ty
Quu = 0
Gua 2 0
Gau > 0
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The probabilities

@ At any t, the four inequalities are satisfied when:

Luugrg?uu
r<r,gJr=rud
r<rg,Ur=rq,
Tag < r < Tdd

@ If p>0:
Lud Ty L) Tya  Q Ty Ty Tga Ty
quu > 0
Gua 2 0 .
Gau > 0

@ g,4 and gy, may become negative!
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The probabilities

@ At any t, the four inequalities are satisfied when:

Luugrgfuu
r<r,gUr=ru
r<rg,Ur=rg,
Tgg < r < Tqd

o If p < 0:
Tuw Toued Tud Tag O Tuw T Teiu Tdd
rid dd
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The probabilities

@ At any t, the four inequalities are satisfied when:

Luugrgfuu
r<r,gUr=ru
r<rg,Ur=rg,
Tgg < r < Tqd

e If p<O:
Tuu Tud Fud Tad 0 Fuw  Tau T Td
Gu = 0
Gud = 0 .
Q= 0 . .
@ g, and may become negative!
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The probabilities

@ When might negative probabilities appear?

T
-0.15 -0.1 -0.05 0 0.05 01 0.15
0

« Negative probabilitiy nodes
01F| e (t)

. (7,0)

02| o Tree extremes

Section at S =0; r(0) =0, 6 =0.02, o, = 0.01, xk = 0.7, S(0) =1,
0s=015g=0,p=05 T=1 n=125
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The probabilities

@ When might negative probabilities appear?

-0.15 -0.1 -0.05 0 0.05 01 0.15
0

« Negative probabilitiy nodes
01| o (D)

. (70

0.2F| o Tree extremes

Section at S =0; r(0) =0, 6 =0.02, o, = 0.01, xk = 0.7, S(0) =1,
0s=015g=0,p=05 T=1 n=125

@ Nevertheless, Q(“reaching the blue point”) ~ 1076,
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Convergence results

Convergence of the discretization

Let A1-A4 hold. Then X; := (Y;,r;) 3 X(t).

Al the functions u(x,t) and o(x, t) are continuous and o(x, t) is non
negative;
A2 with probability 1 a solution (X;): to the SDE:

t

t
X: = Xo +/ M(Xs,s)ds—i-/ 0(Xs,s) - dW(s)
0 0

exists for 0 < t < +oo and it is unique in law;

A3 forall, T >0
lim sup  |JAYE| =0

nH00 | x]|<6,0<t<T

lim sup |ArE| = 0;
N0 |x(|<6,0<e<T
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-
Convergence results

A4 let X;; indicate the j-th entry of X; and let F; = o(Xx,..., X;) be the filtration
generated by the discrete bivariate process (X;). Define:

it [ afe) | ama = [ T00D

E9[Xir1, — Xij1 i
T

"
E%[(Xit1,1 — Xi1)

Xiy1,j — Xi )| Fi
(O = X617 ¢,

EQ
where p; j(x,t) = and O'izj(X, t) =

—

n
Xis1o — Xi2)|F:
j=1,2. Let pi(x,t) = 12 = Xi2)l Pl

sl

p(x, t) = o1(x, t) - o2(x, t)’ where oj(x, t) is the j-th row of o(x, t). Then, for all
5T >0,
im  sup i t) — p(x 0] =0
oS x| <50<eST

lim sup [lo?(x,t) — o2(x,t) - ba]| =0
n*}+OOHXHS670§t§T‘ (1) (x, 1) - I2|

lim sup pi(x,t) — p(x,t)] =0
S s e t) = oo )

where 1, is the column vector with all of the n entries equal to one.
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-
The European Put Option

The price at t = 0 of an European put option on S with strike K is equal
to

7E(0) = Kp(0, T)N(—db) — Soe 9T N(—d})
with:

Kp(0, T 2 =
2, p(0, T)

)

b = d—\/T3 7,

Z%,-,— = 03T +2050,p (

k2
5 (3+e 2T —4erT _2xT
—0, 2/(3 .

—14+e T +kT
K >+
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-
The European Call Option

The price at t = 0 of an European put option on S with strike K is equal
to

7E(0) = Soe 9T N(dy) — Kp(0, T)N(db)
with:

d = (In — =357 — qT> ,
2 Kp(0,T) 2707

)

b = di—\/Z3 7,

Zg,-,— = U%T—FQUso'rp(

—14+e T + kT

K >+
K2

2 <3 +e 2T — 47T — 2/@T>

r 2k3
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VA as a deterministic function

In the market described above, the value of an American put option
on S is of the form:

VA = F(t,S(t), r(t))

with F: [0, T] x Rt x R — R™ given by:

1
F(t,x,r)= sup E© [exp <—/ r(s)ds> :
0<n<T—t 0

_ (K_Xexp (/077 r(s)ds — <q+%a§) 77+05Ws(77)>)+]

and r(0) =r.
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- ________________________________________________
Proof of necessary conditions [NCO], [NC1], [NC2]

[NCO] for the put option <= F(t,0,r) > K iff

"
sup E© [exp (—/ r(s)ds)} > 1.
0<n<T—t 0

EQ [exp (— [y r(s)ds)] > ...
>exp (— [y re™ +60(1 — e")ds) =exp(ra —0(a+n)) > 1

e "1 —1
where @ ;= ———.

K
For - ~ 0 the last inequality holds if

<—1+%)(r—9)—9>0.

oforr>9ifT—t>g- !
kK r—=2o
o forr<Oifkr<0ie r<0.
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- ________________________________________________
Proof of necessary conditions [NCO], [NC1], [NC2]

Proof of [NCO] for the call option.

E® |(S(r) — K)Te o f<s>ds} — E? <? ~ 50

= (s [520)

11 )+Ke“’75(0)]

—gr )
EQ° {e 5(0)] _ g [e‘ 5 r(s)ds} = p,(0,7)
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- ________________________________________________
Proof of necessary conditions [NCO], [NC1], [NC2]

since with respect to th S-martingale measure Q°

{ B ()= g+ o2yt +[os 0]-aWe (e
) = w0~ r(t) + 2=2)dt + [orp o /T— p2] - AW (2)

and lto's formula delivers

d (%) _ % (g r(e)dt—[os 0] aw® (1))
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e
Free boundaries w.r.t. t

T=1,n=125S=K=1,05 = 10%, ro = 0%, 0 = 2%,k = 1,0, = 2%, p = 0.0

r=2% r=-1%
a3

* Lower Boundary
 Upper Boundary

25/ o Tree extremes
* Strike price

* Lower Boundary

* Upper Boundary
251 o Tree extremes

* Strike price

0 01 02 03 04 05 06 07 08 09 1 0 of 02 03 04 05 06 07 08 09 1
t t

Figure: r—sections of free boundaries for the American put option. Left
panel r = 2% and g = 0%. Right panel r = —1% and ¢ = —2%.
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Free boundaries w.r.t. t

T=1,n=125S=K=1,05 = 10%, ro = 0%, 0 = 2%, k = 1,0, = 2%, p = 0.0

r=-2%
3 3
 Lower Boundary
* Upper Boundary o
* Tree extremes =
*_Strike price

* Lower Boundary
« Upper Boundary

25: o Tree extremes 25
* Strike price

O o1 02 03 04 05 06 07 08 09 1
t

Figure: r—sections of free boundaries for the American call option. Left
panel r = —2% and g = 0%. Right panel r = —5% and g = —2%.
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The binomial tree of CRR

In their seminal work Cox, Ross, Rubinstein (1979) provide a
binomial discretization of the lognormal security S(t).

S(t)u?

W _ (r—q)At_
where u = e”VAt, d =u!, and g, = S——1.
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